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ABSTRACT 

The aim of this research is to study the nonexistence of global weak solutions for systems of fractional 
power. The method relies on a suitable choice of test function. 
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1. INTRODUCTION 

Since the articles of Fujita (1966) and OSEU 
(1968), critical exponents have attracted the attention of 
a sizable number of researchers. Fore valuable surveys 
of Fujita type theorems for equations as well as for 
systems of reaction-diffusion equations we refer to 
Levine (1990); Samarskii et al. (1995); Bandle and 
Brunner (1998) and Levine (1990). Escobedo and 
Herrero (1991) considered the system: 
 

p q n
t t

0 0

n
0 0

u u u , v v v , t 0,x IR

(S) u(0,x) u (x) 0, v(0,x) v (x) 0

u ,v L (IR )∞

 = δ∆ + = ∆ + > ∈


= ≥ = ≥
 ∈

 

 
with δ = 1, p, q > 0, they derived global existence and 
blow-up results for (S). They showed that all positive 
solutions of (S) blow-up in finite time for: 
 

( )max p,q 1n
pq 1 and

2 pq 1

+
> ≤

−
 

 
Then in Fila et al. (1994) extended the results to the 

case where 0 ≤ δ ≤ 1. They use the same technique as in 
(Escobedo and Herrero, 1991) and a property satisfied by 
the heat kernel. In a recent paper, Igbida and Kirane 
(2002) considered, with respect to the nonexistence of 
global solutions, the more general system: 

( )

p
t 11

q
t 21 22

t 31 32

r
33

u ( )(a u) h(t, x) | v |

v ( )( a u) ( )(a v) k(t, x) | w |

IK w ( )(a u) ( )(a v)

( )(a w) l(t, x) | u |

u(0,x) 0, v(0,x) 0, w(0,x) 0

 + −∆ =


+ −∆ − + −∆ =
 + −∆ + −∆
+ −∆ =
 ≥ ≥ ≥


 

 
for p, q, r > 0, aij measurable, positive and bounded 
functions. The conditions on h, k and l required are: 
 

2

2

2

0 h(R ,Ry) O(R )

0 k(R ,Ry) O(R )

0 l(R ,Ry) O(R )

µ

κ

λ

 < τ =
 < τ =
 < τ =

 

 
Let us note in passing that Renclawowicz studied the 

completely coupled Fujita-type system: 
 

( )
p

t
q

t
r

t

u u v (t, x) Q

R v v w (t,x) Q

w w u (t,x) Q

 = ∆ + ∈
 = ∆ + ∈
 = ∆ + ∈

 

 
with p, q, r > 0, n ≥ 0 and nonnegative bounded 
continuous initial values. She proved that, if pqr ≤ 1, 
then any solution is global, while when pqr > 1 and: 
 

( )n 1
max 1 p pq, 1 q rq, 1 r rp

2 pqr 1
≤ + + + + + +

−
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then every nontrivial solution exhibits a finite blow-up 
time. She also uses Fujita’s method. Rencławowicz 
(2000), she extended her study to a diagonal system of n 
equations. The aim of this study is to establish new 
results on the blowing-up of solutions to systems of the 
following type Equation 1: 
 

1

32

5 64

t

p2
t 11

q2 2
t 21 22

2 2 2
31 32 33

r

u | x | ( ) (a u) h(t,x) | v |

v | x | ( ) (a u) ( ) (a v) k(t,x) | w |

w | x | ( ) (a u) ( ) (a v) ( ) ( w)

l(t,x) | u | u(0,x) 0, v(0,x) 0, w(0,x) 0

α
α

αα
β

α αα
γ


+ −∆ =


   + −∆ + −∆ =    

    + −∆ + −∆ + −∆ α 
   
= ≥ ≥ ≥

 (1) 

 
where, p, q, r > 0 and real, aij are measurable, positive 
bounded functions and the nontrivial nonnegative 
functions h, k and l are assumed to satisfy Equation 2: 
 

2

2

2

0 h(R ,Ry) O(R )

0 k(R ,Ry) O(R )

0 l(R ,Ry) O(R )

µ

κ

λ

 < τ =
 < τ =
 < τ =

  (2) 

 

The nonlocal operator ( )2

β
βΛ = −∆  is defined by: 

 
1v(x) F (| | F(v)( ))(x)β − βΛ = ξ ξ  

 
for every v ∈ D(Λβ) = Hβ(IRN), where Hβ(IRN) is the 
homogeneous Sobolev space of order β defined by: 
 

N 2 N

N 2 N 2 N

H (IR ) {u S'; u L (IR )} if IN,

H (IR ) {u L (IR ); u L (IR )} if IN

β β

β β

= ∈ Λ ∈ β∉

= ∈ Λ ∈ β∈
 

 
where, S' is the space of Schwartz distributions; where F 
denotes the Fourier transform and F−1 its inverse, h(x, t) 
is positive function satisfies certain growth condition. 
The fractional Laplacian Λβ is related to Levy flights in 
physics. Many observations and experiments related to 
Levy flights (super-diffusion), e.g., collective slip 
diffusion on solid surfaces, quantum optics or 
Richardson turbulent diffusion, have been performed in 
recent years. The symmetric β-stable processes (β ∈ (0, 
2)) are the basic characteristics for a class of jumping 
Levy’s processes. Compared with the continuous 
Brownian motion (β = 2), symmetric β-stable processes 

have infinite jumps in an arbitrary time interval. The 
large jumps of these processes make their variances and 
expectations infinite according to β∈ (0, 2) or β ∈ (0, 1], 

respectively. Let us also mention that when 
3

2
β = , the 

symmetric β-stable processes appear in the study of 
stellar dynamics. The time fractional derivative has long 
been found to be very effective means to describe the 
anomalous attenuation behaviors. It is absolutely clear 
that our system (1) is more general than those cited 
above. We use a versatile method which has been 
employed by Pohozaev and Tesei (2000) and used by 
Hakem (2005). Before setting our theorem concerning 
(1), let us define the solutions we use. 

1.1. Main Results 

Let r
locL ((0, T) × IRn, l dtdx) be the set of all 

functions u: (0, T) × IRn → IR such that ∫K |u|r l dt dx < ∞ 
for any compact K ⊂ (0, T) × IRn. 

Definition 2.1: 

The 3-tuple (u, v, w) such that u ∈ C([0, T]; 
1
locL (IRn))∩C([0, T]; 1

locL ((0, T)×IRn, l dtdx)), v∈C([0, 

T]; 1
locL (IRn))∩C([0, T]; p

locL ((0, T)) IRn, h dtdx)) and 

w∈C([0, T]; 1
locL  (IRn))∩C([0, T]; q

locL  ((0, T)) IRn, k 

dtdx)) is called a solution to system (1) if: 
 

( )

1

2

3

5 64

p 2
0 t 11Q Q Q

q 2
0 t 21Q Q Q

2
22Q

r
0 tQ Q Q

2 2 2
31 32 33

nIR

nIR

nIR

h | v | u (0) u | x | a u( )

k | w | v (0) v | x | a u( )

(H) | x | a v( )

l | u | w 0 w | x |

a u( ) a v( ) a w( )

α
α

α
β

α
β

γ

α αα


ζ = − ζ − ζ − −∆ ζ



 ζ = − ζ − ζ − −∆

ζ − −∆ ζ


ζ = − ζ − ζ −

 
−∆ ζ + −∆ ζ + −∆ ζ 

  


∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫

∫ ∫ ∫ ∫






 

 
for any nonnegative test function ζ∈ 2

0C  (IR+ × IRn) with 

ζ(T, x) = 0. If T = +∞, we say that (u, v, w) is a global 
weak solution. 

Here, we require that the initial data are such that a 
local solution exists. Our result is. 

Theorem 2.1  

Let (u, v, w) be a solution of (1) such that u0, v0, w0 ≥ 
0. Let pqr > 1 and: 
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1 3 6 4

2 6 1 5

r p( 2q q q ) 2 r( 2) 2
, ,

pqr 1 r 1
(K) n min

r q( 2) 2 r p( 2) 2
,

qr 1 pr 1

  µ + α − α + α − β − + κ + α − γ + λ + α − γ − + λ +  
− − ≤  

   α + κ − β + α − γ − + λ + µ + α − α + α − γ − + λ +    
 − − 

 

 
Then every nontrivial solution of (1) blows up in 

finite time. 

Proof 

 The proof is by contradiction. Let (u, v, w) be a 
global solution of (1) with pqr > 1 and suppose (K) is 
satisfied. Let ζ be a nonnegative test function such that: 

 

( )

( ) ( )

tQ Q Q

tQ Q Q

r r1 2r
r r r r r2 r 2 rr

p 3 4r r
p p r r rp 2 2r r

q r6
q q pq p2

| x | l | ( ) | , | x | (l ) | ( ) | , | | (l )

(I) | x | (h ) ( ) | , | x | l ( ) | , | | l

| x | (k ) ( ) | , | x | (h ) | (

α α
− −−α β

α α− − −β γ

α− −
γ γ

ζ −∆ ζ < ∞ ζ −∆ ζ < ∞ ζ ζ < ∞

ζ −∆ ζ < ∞ ζ −∆ ζ < ∞ ζ ζ < ∞

ζ −∆ ζ < ∞ ζ −

∫ ∫ ∫

∫ ∫ ∫

% %%

% % % % %

%
% %

% % % % %

% %

% % %

tQ Q Q

q5
p q q2) | , | | (k )

α −









 ∆ ζ < ∞ ζ ζ < ∞

∫ ∫ ∫

%

% %

 

 
 As u(0, x), v(0, x), w(0, x) ≥ 0, using (H) we 
have, for ζ ≥ 0 Equation 3-5: 
 

p
t 11Q Q Q

1
2h | v | | u || | || || | x | | u || ( ) |α

∞

α

ζ ≤ ζ + α −∆ ζ∫ ∫ ∫  (3) 
 

q
t 21Q Q Q

22 Q

2
2

3
2

k | w | | v || | || || | x | | u || ( )

| || a || | x | | v || ( ) |

β
∞

γ
∞

α

α

ζ ≤ ζ + α −∆

ζ + −∆ ζ

∫ ∫ ∫

∫

  (4) 

 

r
t 31 32Q Q Q

33Q Q

a4
2

a5 6
2 2

l | u | | w || | || a || | x | | u || ( ) | || a ||

| x | | v || ( ) | || a || | x | | w || ( ) |

γ
∞ ∞

γ γ
∞

α

ζ ≤ ζ + −∆ ζ +

−∆ ζ + −∆ ζ

∫ ∫ ∫

∫ ∫

 (5) 

 
where, ||a21||∞ = 

t ,x
max ||a21|. To estimate ∫Q|u||ζt|, we 

observe that it can be written as: 
 

( ) ( )
1

1 r
r

tQ Qt| u || | | u | l | | l
−

ζ = ζ ζ ζ∫ ∫  
 

using Holder inequality, we have with 
1 1

1
r r

+ =
%

 

Equation 6 and 7: 
 

( ) ( )
1

rr
t tQ Q Q

1
r rr r| u || | l | u | | | l

− ζ ≤ ζ ζ ζ 
 

∫ ∫ ∫
% %

%   (6) 

 

( )
1

1 r
rr r2 2

Q Q Q

r1 1
r r| x | | u || ( ) | l | u | | x | (l ) | ( ) |α

α α
−α

 
 −∆ ζ ≤ ζ ζ −∆ ζ
 
 

∫ ∫ ∫
%

%

%

% (7) 

Next, we set: 
 

( ) ( )

1

11
r r rr

r,l r rr r 2
, 1 tQ Q

1 2
r,l

r

, ,r,l1

A | | (l ) C | x | (l ) | ( ) |

A C A

α
− −

α α
α

α α

  
 = ζ ζ + ζ −∆ ζ      

= +

∫ ∫
% % %%

% %%

 

 
And: 
 

( ) ( )
1 1

r pr p

Q Q
X l | u | and Y h | v |= ζ = ζ∫ ∫  

 
Then using (6) and (7) in (3), we obtain Equation 8: 

 
p r,l

, 1
Y X A α α≤   (8) 
 

We also have: 
 

( ) ( )
1 1

p rq p p,h r (2)

Q Q Q, , ,r,l3 2
k | w | h | v | A C l | u | Aβ α β αζ ≤ ζ + ζ∫ ∫ ∫  

 
And: 
 

( ) ( )
( ) ( ) ( )

1 1

q rr q r

Q Q Q

1

p2 2p

Q

q,k
, 6

, ,r,l , ,p,h54

l | u | k | w | A C l | u |

A C h | v | A

γ α

γ α γ α

ζ ≤ ζ + ζ

+ ζ

∫ ∫ ∫

∫

 

 

 If we set ( )
1

qq

Q
Z k | w |= ζ∫  then we can write 

Equation 9 and 10: 
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( )
3

2q p,h

, , ,r,l2
Z Y A C X A

β α β α≤ +   (9) 

 
( ) ( )2 2r q,k

, , ,r,l , ,p,h56 4
X Z A C X A C Y Aγ α γ α γ α≤ + +  (10) 

 
So Equation 11 and 12: 

 
( )

p p
2pq p pp,h

, , ,r,l3 2
Z C Y A C X Aβ α β α

   ≤ +      
 (11) 

 
( )

( )

2pq q,k

2

pq pq
rpq pq

, , r,l6 4

pq
pq

, ,p,h5

X C Z A C X A

C Y A

γ α γ α

γ α

   ≥ +      

 +   

  (12) 

 
Inserting (11) in (12), we get Equation 13: 

 

( )

( ) ( )

p q,k

p
2p

pq
2 2

pq p
rpq p,h

, ,6 3

pq
q,k
, , ,r,l6 2

pq
pq pq

, ,r,l , ,p,h54

X C Y A A

C X A A

C X A C Y A

γ α β α

γ α β α

γ α γ α

   ≤       

   +      

   + +      

 (13) 

 
Using (8) in (13), we obtain: 

 

(2)

(2) q (2) r,l

pq p
rpq r,l q,k p,h

, , ,1 6 3

pq p
p q,k

, , ,r,l6 2

pq qpq
pq

, ,r,l , ,p,h ,54 1

X C X A A A

C X A A

C X A C X A A

α α γ α β α

γ α β α

γ α γ α α α

    ≤           

   +      

    + +         

 

 
which we write as Equation 14: 
 

pqr 1 p 1 pq 1 q 1X a bX cX dX− − − −≤ + + +   (14) 
 

With: 
 

(2)

(2) (2)

pq p pq p
r,l q,k p,h q,k

, , , , , ,r ,l1 6 3 6 2

pq qpq
r,l

, ,r,l , ,p,h ,54 1

a C A A A , b C A A

c C A , d C A A

α α γ α β α γ α β α

γ α γ α α α

        = =                

    = =         

 

 
Here C denotes a constant that may change in 

different occurrences. Now, by using the ε-Young 
inequality, we obtain Equation 15: 
 

�

�

p 1 pqr 1
1

11

m1 pqr 1 1 1
bX X C( )b ; m , 1

p 1 mm

− − −≤ ε + ε = + =
−

 (15) 

Similarly Equation 16 and 17: 
 

�

�2
22

m2pq 1 pqr 1 pqr 1 1 1
cX X C( )b ; m , 1

pq 1 mm

− − −≤ ε + ε = + =
−

  (16) 

 
�

�

3m
3

33

q 1 pqr 1 pqr 1 1 1
dX X C( )d ; m , 1

p 1 mm

− − −≤ ε + ε = + =
−

 (17) 

 
C(ε) has a different meaning in 15, 16 and 17. Taking ε 
small enough and using 15-17 in 14, we obtain Equation 18: 
 

� � �mm mpqr 1 31 2(1 3 )X a C( ) b c d−  − ε ≤ + ε + +
  

  (18) 

 
Next, we consider φ ∈ C2(IR; IR+) such that: 

 
1 for r 1

(r)
0 for r 2

≤
φ =  ≥

 

 
and 0 ≤ φ ≤ 1 for any r > 0. If we set: 
 

2

2

t x
(t, x) , R 0

R
θ
 +
 ζ = φ >
 
 

 

 
and take θ large enough, we ensure the validity of the 
requirement (I) at the beginning of the proof. At this 
stage, we introduce the scaled variables: 
 

2 1t R , y x R− −τ = =  
 

We have: 
 

s ss sa b c da C R , b C R , c C R d C R≤ ≤ ≤ ≤  
 
Where: 
 

( )( )

( )( )

( )( )

a 1

6

3

2 n r 1
s

r r

2 n q 1k
pq

q q

2 n q 1u
p

p p

 + + λ= α − α − + 
 

 + + 
+ γ − α − + 

 

 + + 
+ β − α − + 

 

 

( )( )
( )( )

b 6

2

s p q q 2 n q 1

2 n r 1
p

r r

 = γ − α − κ + + + 

 + − λ+ β − α − + 
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( )( )

( )( )
( )( )

c 4

d 5

1

2 n r 1
s pq

r r

s q p p 2 n p 1

2 n r 1
q

r r

 + +λ= γ − − α + 
  

 = γ − α − µ + + + 

 + − λ+ α − α − + 
 

 

 
Now, we require: 

 

a b c ds 0, s 0, s 0, s 0≤ ≤ ≤ ≤  
 
which are, respectively, equivalent to: 
 

1 3 6

2 6

4

1 5

2 r p( 2q q q )
n

pqr 1

2 r q( 2)
n

qr 1

2 r( 2)
n

r 1

2 r p( 2)
n

pr 1

 λ + + µ + α − α + α − β − + κ + α − γ ≤
−

 λ + + α + κ − β + α − γ − ≤
−

λ + + α − γ −≤
−
 λ + + µ + α − α + α − γ − ≤

−

 

 
in other words: 

1 3 6 4

2 6 1 5

r p( 2q q q ) 2 r( 2) 2
n min , ,

pqr 1 r 1

r q( 2) 2 r p( 2) 2
,

qr 1 pr 1

  µ + α − α + α − β − + κ + α − γ + λ + α − γ − + λ +  ≤  − −

   α + κ − β + α − γ − + λ + µ + α − α + α − γ − + λ +    
− − 

 

 
 We have two cases: 
 
• Either sa< 0, sb < 0, sc< 0 and sd < 0. In this case, we 

let R → ∞ in (18) to obtain: 
 

pqr 1

R
lim X 0−

→+∞
=  

 
Hence u ≡  0; this implies via (8) that v ≡  0 and 
finally w ≡  0 from (9). That is a contradiction 

• Or sa< 0 or sb < 0 or sc< 0 or sd < 0, i.e., at least one 
of the exponents is not zero. In this case, we get: 

 

R

pqr 1lim X C
→+∞

− ≤ < ∞  

 
So: 

 
r 22 2

RR R
lim l u 0, where {(t,x) : R t x 2R }Ω→+∞

ζ = Ω = ≤ + ≤∫  

 
Now we write (8) in the form: 
 

( )r r r,l
,R R 1

h v l u AΩ Ω α αζ ≤ ζ∫ ∫  

 

and let R → ∞. The right-hand side goes to zero while the 
left-hand side is assumed to be positive. A contradiction. 

Remark 2.1  

 When the system (1) is diagonal (a21 = a31 = a32 = 0), 
the inequalities (8-10) become: 

 
p q r q,kr,l p,h

, , ,1 3 6
Y A , Z YA , X ZAα α β α γ α≤ ≤ ≤  

 
which combined leads to: 

 

3

r,l q,k p,h p

q
p,h q,k

q,k p,h

,

pq
pqr 1

, , ,1 6 3

pqr 1 r,l rq
, , ,3 6 1

pq
pqr 1 r,l pr

, 1, 6

X A A A

Y A A A

Z A A A
β α

−
α α γ α β α

−
β α γ α α α

−
α αγ α

    ≤           

     ≤          

     ≤       

 

 
Now, if we use the scaled variables, we obtain: 
 

pqr 1 pqr 1 pqr 1 31 2X R , Y R , Z R
σσ σ− − −≤ ≤ ≤  

 
where: 

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

1 1 6 3

2 3 1 6

3 6 3 1

2 n r 1
p q q 2 n q 1 p p 2 n p 1

r r

2 n p 1u
q r r 2 n r 1 q q 2 n q 1

p p

2 n q 1k
r p p 2 n p 1 r r 2 n r 1

q q

 + − λ
   σ = α − α − + + γ − κ − α + + − + β − µ − α + + −     

 

 + − 
   σ = β − α − + + α − λ − α + + − + γ − κ − α + + −     

 

 + − 
   σ = γ − α − + + β − µ − α + + − + α − λ − α + + −     
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 The choice of σ1 ≤ 0, σ2 ≤ 0 and σ3 ≤ 0 leads to: 
 

( )

( ) ( ) ( )

( )

1 3 6

3 6 1

6 1 3

2 r p p 2pq pq p pq
n

pqr 1

2 p q rq 2
n

pqr 1

2 q r( p p 2p)
n

pqr 1

 λ + + µ + α − α + α − β − + α + κ − γ ≤
−

 µ + + α + κ − β + α − γ + λ + α − α − ≤
−

 κ + + λ + α − γ + α − α + µ − β + α − ≤
−

 
 Now, if we take the case studied by (Igbida and 
Kirane, 2002): a = β = γ = 0 and = a1 = a3 = a6 = 2, we 
obtain the same results as they did: 
 

[ ] ( )

[ ]

2 p q 2 ( 2)2 r 2 p( 2)
n min , ,

pqr 1 pqr 1

2 q r( 2) 2

pqr 1

µ + +  λ + + κ + λ + + µ + + κ +  ≤  − −

κ + + µ + + λ + 
− 

 
 If we take the case studied by (Renclawowicz, 
1998): a = β = γ = λ = µ = k = 0 and a1 = a3 = a6 = 2, we 
obtain the same results as she did: 
 

{ }2
n min pq p 1,rp r 1,qr q 1

pqr 1
≤ + + + + + +

−
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