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1. Introduction

The studies of metamathematical properties of non-
classical theories are based on a variety of models such
as topological models, Beth model and Kripke model.
Moschovakis  developed a  topological model
(Moschovakis, 1973) for intuitionistic second-order
arithmetic and developed semantics (Moschovakis,
1987) for a theory of lawless sequences. Van Dalen
(1978) constructed a Beth model for intuitionistic
analysis. In his book (Dragalin, 1987) Dragalin studied a
general Beth-Kripke model (BK-model) that combines
forcing from Beth model and realizability from Kripke
model. The applications of BK-model in (Dragalin,
1987) include different versions of intuitionistic
arithmetic and analysis. Most applications of the
aforementioned models are for intuitionistic sequences
of natural numbers (e.g. choice sequences and lawless
sequences). In (Kachapova, 2014; 2015) we created a
Beth model for intuitionistic functionals of high types: 1-
functionals (sequences of natural numbers), 2-
functionals (sequences of 1-functionals), ..., (n + 1)-
functionals (sequences of n-functionals). That model
was based on the relational definition of Beth model
by van Dalen (1978).

In this study we describe the general concept of Beth
model from the topological point of view. The
topological version has a simpler definition than the
relational version and is consistent with the definition of
a general algebraic model for an axiomatic theory as in
(Dragalin, 1987). In this study we apply the topological
version of Beth model to the intuitionistic theory SLP of
high-order functionals from (Kachapova, 2015),
including lawless functionals and the “creating subject”.
It can be seen that the topological version of Beth model
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simplifies some constructions and consistency proofs. In
metamathematical proofs we use classical logic.

2. Preliminary Concepts

The introductory theory in this section follows the
book by Dragalin (1987).

2.1. Logical-Mathematical Language. Axiomatic
Theory

Definition 2.1

A logical-mathematical language of first order (or
logical-mathematical language, or just language in short)
is defined as a sequence Q = (Srt, Cnst, Fn, Pr), where

1) Srt is a non-empty set of sorts of objects and for
each sort = € Srt there is a countable collection of
variables of this sort;

2) Cnst is the set of all constants of the language;

3) Fn is the set of all functional symbols of the
language;

4) Pr is the set of all predicate symbols of the
language.

In the language ) we can construct terms, atomic
formulas and formulas as usual.

Definition 2.2

Axiomatic theory (or just theory in short) is defined
as Th = (Q, I, A), where each of the three objects is
described as follows.

1) Q is a logical-mathematical language.
2) [ is the logic of the theory. We will use only the
intuitionistic logic HPC (Heyting’s predicate calculus).
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3) A4 is some set of closed formulas (i.e., formulas
without parameters) of the language Q; it is called the
set of non-logical axioms of 7/. When axioms are
stated as non-closed formulas, it means that they must
be closed by universal quantifiers over all parameters.

The notation 74 F¢ (formula ¢ is derivable in the
theory 7h) means that ¢ is derivable in the logic / from a
finite subset of the axiom set A.

2.2. Pseudo Boolean Algebras
Definition 2.3

A pair (B, <) is called a pseudo Boolean algebra
(p-B.a.) if B is a set, < is a binary relation on B and they
satisfy the following 9 conditions.

1) a<a.

2) a<b&b<c=a<ec
For any a, b € B there exists an element a A b € B
such that:

3) anb<a,anb<b,

4) c<a&c<b=>c<anh.
For any a, b € B there exists an element a v b € B
such that:

5) agavb,b<Lavh,

6) a<c&b<c=>avb<c
For any a, be B there exists an element (¢ © b) € B
such that:

7y an(aob)<b,

8) crnasb=c<(aDb).

9) There exists an element | € B such that for any a €

B:l<a.
The element L is “falsity” and the element 7= (L >
1) is ”truth”.
Definition 2.4
Suppose (B, <)isap.B.a., Wc Band a € B.
1) ais denoted AW and is called the intersection
or conjunction of IV if
a) (VeceW)(a<c)and
b) foranydeB,(Vce W)(d<c)=>d<a.
2) a is denoted VW and is called the union or
disjunction of W if

a) (Vce W)(c<a)and
b) foranyde B,(Vce W)Y(c<d)y=>a<d
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Definition 2.5

A p.B.a. (B, <) is called complete if for any W < B
there exist AW € Band VW € B.

2.3. Algebraic Model of a Language

The following is definition of an algebraic model
with constant domains. For brevity we call it just an
algebraic model.

Definition 2.6

An algebraic model of the language Q is a sequence
A= <B, D, C’n—st\ FAn, 13\r> of objects defined as follows.

1) B is a complete p.B.a.
2) To each sort = of the language Q the function D
assigns a non-empty set D,, which is called the domain
of elements of sort 7.
3) To each constant of sort z the function Cnst assigns an
element ¢ € D, .
4) Function Fn assigns values to functional symbols of
Q in the following way.

Let fbe a functional symbol of sort 7 with arguments
of sorts my, ..., m. Then for any ¢,€D,....q,€D,,

qeD,, j:\n(f,q1 ,...,qk,q) €B.

Fn satisfies the following conditions (1) and (2).

V{F’\’l(f’q“"'aqkaQ)‘ ‘IEDn}:T' (D
If g # ¢’, then:
Fn(f gy veenynq) A F(f ) g ) =L ©))

5) If P is a predicate symbol of QQ with arguments of
sorts 7y, ..., @y, then forany ¢, €D, ..., q, €D, :

Pr(P.q,,...q,) € B. 3)

An evaluated term is a term of the language Q, in
which all parameters are replaced by elements from
suitable domains. An evaluated formula is a formula of
the language Q, in which all parameters are replaced by
elements from suitable domains.

Definition 2.7

Suppose ¢ is an evaluated term of sort 7 and ge D;.
The set |[[t~q|| is defined by induction on the
complexity of z.
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1) Iftisan element of D,, then

T ift=gq,
lt~ql= )
L otherwise.

2) Ifrisaconstant cand ¢ = Cnst(c), then

T ifc=q,
lt~ql= .
L otherwise.

3) Suppose tis f'(¢1,..., t;), where each ¢ is an evaluated
term of sort 7;, i = 1, ..., k. Then

I~ gll =V {Fn(f.q,giea) Aty = ] A

/\Htk ~ qu \ q, € D”l sees(), € D”k}.

Lemma 2.8

For an evaluated term ¢ of sort «:
\/{Ht~qH‘ quﬂ}:T.

Definition 2.9
For an evaluated formula ¢, ||¢|| is defined by
induction on the complexity of ¢.

1) Suppose ¢ is an atomic formula P(¢y, ..., ;), where each
t;is an evaluated term of sort 7z, i = 1, ..., k. Then

lpll =V { Pr(P.gp.na ) A ~ a2

A "tk ~ qk||| G €D, gy € D”k}.

m

In particular, if each 7 is an element p; € D, , then

||(/)|| = ﬁ; (Papls-"apk)'

2) Ay anli =1l il

3) My vall =l v Il

B M=l =1l =l

5 ILi=L

6) |IVxux)|| = AUl | g€ D,}, where x is a variable
of sort 7.

7 Fx )l = V{|HUQI | g€ D,}, where x is a variable
of sort 7.

Theorem 2.10. Soundness Theorem.

Suppose @ is a formula of Q and ¢’ is @ evaluated by
elements of appropriate domains. Then the following hold.
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1) HPCF o= || =T.
2) If ¢is a closed formula, then
HPCto = |o|=T.

2.4. Topological Space
Definition 2.11

A pair ¥ = (X, S) is called a topological space if it
satisfies the following conditions:

D)
2)
3)
4)

S is a collection of subsets of X,
JeS, X e S,

A,Be S= 4N BeS,
wWcS=>UwWes.

Elements of S are called open sets and S is called the
topology on X.

Definition 2.12

Suppose ¥ = (X, S) is a topological space. A collection H
of subsets of X is called a base of the topology S if every 4
€ § can be written as a union of elements of H.

Then we say that H generates the topology S.

Lemma 2.13

Suppose H is a collection of subsets of X. H is a base
of some topology on X if it satisfies the following two
conditions:

1) X=UH,
2) (VAI, AzeH)(VxeAlﬂAz) (3A3EH) (XEA3 c AlmAz)

Lemma 2.14
Suppose Y = (X, S) is a topological space. Then (S, <)

is a complete p.B.a. with the operations given by:

1=0, T=X,
AANB=ANB, AvB=AUB,
A>B={xeX|(ICeS)(xeC&CNAc B)}.

AW=NW,VW=UW.

2.5. Completion Operator
Definition 2.15
Suppose Y =(B, <)isap.B.a.and ¢ : B—>B.

1) ¢ is called a completion operator on Y if the
following 4 conditions are satisfied for any a, b € B:
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a)
b)
c)
d)

a<s Ca,
as<b=> cCcas< ¢h,
CCa=Ca,

a=Canrasch=a< c(anb).

2) An element ae B is called complete if ¢ a = a.

3) Denote CI(B) the set of all complete elements of B.

Lemma 2.16

Suppose ¥ = (B, <) is a p.B.a. and ¢ is a completion
operator on Y. Denote Y = (CI(B), <). Then Y" is also a
p.B.a. with the operations given by:

L =¢(L),
an"b=anb,
av'b=C(avb),
a>"'b=a>h.

If Y is a complete p.B.a., then Y is also a complete
p-B.a. and

AW = AW,
VAT = 6 (VD).

3. Beth Model

The following definitions of Beth frame, Beth algebra
and Beth model are modified from the definitions of
Beth-Kripke frame, Beth-Kripke algebra and Beth-
Kripke model given in the book (Dragalin, 1987). Some
accompanying lemmas and theorems are proven here;
other proofs can be found in (Dragalin, 1987).

3.1. Beth Frame

A tree is a set M with partial order < such that for
any xe M the set {yeM |y > x} is a well-ordered set. We
fix a tree (M, <) till the end of this section.

Definition 3.1

1) A path in M is a maximal linearly ordered subset of M.
2) A path through an element x is a path containing x.
3) For any ae M denote

0(a) ={all paths through a}.
The triple (M, <, Q) is called a Beth frame.

3.2. Beth Algebra
Definition 3.2
1) For any xeM, [x] = {yeM | y < x} is called the

peaked cone generated by x
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2) Collection of all sets [x], x € M, satisfies the conditions
of Lemma 2.13, therefore it is a base of a topology on
M. This topology is called the order topology

Thus, we get a topological space (M, Op(M)), where
Op(M) denotes the set of all open subsets of M in
the order topology

3)

By Lemma 2.14, (Op(M), <) is a complete p.B.a.

Lemma 3.3

For any subset A of M:

A is open in the order topology
& (Vae A)(VbeM)(b<a=be A).
Proof

Follows from the definition. o
Definition 3.4
For any U < M denote:

CU={aeM|(VSeQ(a))(SNU % 2)}.

Lemma 3.5

The operator C defined above has the following
properties.

1) C: Op(M) - Op(M).
2) Cis a completion operator on the p.B.a. (Op(M), <).
3) For any open subsets 4 and B of the set M:

CANCB=C(ANB).

Definition 3.6

Denote Y = (Op(M), <). It is a complete p.B.a. The
operator C from Definition 3.4 is a completion operator.

Thus, by Lemma 2.16, Y = (CIOp(M)), <) is a
complete p.B.a. It is denoted B(M, <, Q) and is called the
Beth algebra generated by the Beth frame (M, <, Q).

Theorem 3.7. Operations in Beth Algebra.
Operations in the Beth algebra are given by:

1Y)
2)
3)
4)
5)
6)
7)

UNV=UNYV,

UV V=CUuup),

U V={aeM|(Vb<a)be U=be )},
T=M,

1= {acM| Q) =2},

AW=N0W,

VIW=CUw).
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Proof

Follows from Lemma 2.16. o

Lemma 3.8

1) For any subsets 4 and B of the set M:
CAv CB=C(AUB).

2) For any collection W of subsets of M:
V{ca| dewl=c(Uw).

Proof
1) We need to prove:

C(CAUCB)=C(4UB).

By properties of completion operator, A < CA, AUB
< CAUCB and C(AUB) < C(CAUCB).

To prove the inverse, it is sufficient to show that
CAUCB < C (AUB).

Since 4 ¢ AUB, we have CAc C (AuUB). Similarly
CB c C(AuB) and C4A U CB c C(AUB).

2) is proven similarly. o

3.3. Beth Model
Beth model is a particular case of an algebraic model.
We will use the notation f: a = b, which means that f
is a partial function from set a to set 5. The notation Z4
means that the object Z is defined.
Definition 3.9

A Beth model for a language Q = (Srt, Cnst, Fn, Pr)
is an algebraic model <B, D, @Tst, FAn, 7“7> with specific

definitions of B, Fnand Pr .

1) B=B (M, <, Q) is the Beth algebra generated by the
Beth frame (M, <, Q).
Elements of M are denoted a, £, 7, ... .

2) Before defining Fn we define a function Fn .

To each o € M and each functional symbol
f (xq,..., x) with sort 7 and arguments of sorts 7, ...,

m, respectively, the function Fn assigns a partial
function f1! :D_x..xD_~D, such that for any

q, eD” A eD”',qu,,:
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{a \ f[a](q1 ,,__,qk) = q} is an open set and )
C({a‘ f[a](%v--‘h)‘l’})=M: (5)

where C is from Definition 3.4.
Fnis defined by:

ﬁ”(fa‘]l a-"a‘ka‘J):C({a ‘ f[a](% v-"a%):‘I})'

Clearly, Fn satisfies the conditions (1) and (2) of the
Definition 2.6 of an algebraic model.

3) Before defining Pr we define a function Pr .

To each predicate symbol P(xy,..., x;) with arguments
of sorts 7, ..., my, respectively and ¢, € D_.....q, € D_ the

function Pr assigns an open set Pr (P, g, ..., qp)-
Pr is defined by:

1/3\}'(P,q1 ,...,qk) = C(E(P,q1 ,...,qk)).

Clearly, Pr satisfies the condition (3) of the
Definition 2.6 of an algebraic model.
This completes the definition of Beth model.

Notes

1) The component B of the Beth model is uniquely
defined by the tree (M, <).

2) The component Fn is uniquely defined by the
function Fn.
3) The component Pr is uniquely defined by the

function Pr .
4) Thus, to construct a Beth model, one needs to
specify a tree (M, <), a domain function D and

functions Cnst, Fn and Pr .

Definition 3.10

For any « and evaluated term 7 of sort 7 we define #“)
by induction on the complexity of z.

1) Iftis an element of D, then A =1¢.
2) Iftis a constant ¢, then = Cnst (¢)= ¢ .
3) Iftisf(t, ... ), then A0 = f10(d),af"T) .

Since 7 is a partial function, A is not always
defined.
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The set ||t ~ g|| was defined in Definition 2.7 for a By the inductive assumption each |t; ~ g =
general algebraic model. Next lemma specifies it for the C( {a | 41 =g }) By part 1), each {a‘ 1= ¢ } is an
Beth model. 1 ' 1 1

Lemma 3.11

open set. Then by Lemma 3.5.3):

Suppose ¢ is an evaluated term of sort 7 and geD,. ﬁl(f’ql""’qk7q)/\Htl ~q H/\"'/\Hlk N%H
Then
~c({a] 1(qa.)=a))
nefel #=ap)n.nelfel #1-a))
~c({a| /*(g-ma.)=4}

1) {a|A=g} is an open set;
2) fe~ql=C ({a] “'=q}).

Proof ﬂ{a | 4 =ql}ﬂ~~-ﬂ{a | 4 =qk})
1) Proof is by induction on the complexity of z. = C({Of | 1=q, &..&1" =g,
If 7 is an element of D, then {a | /! = ¢} is either T &f[“](ql,...,qk)=q}).

or 1; in both cases it is an open set.
When ¢ is a constant c, the proof is similar.

Suppose ¢ is (¢, ..., &), where each ¢; is an evaluated So
termof sort 7, i =1, ..., k. .
Then f["](tl[“],..., t{f’])=q implies that each ¢*is e~ ql = V{F”(f’q"""qk’q)/\Htl quH/\"'
defined. Alte~a.ll| ¢€Dy g €D, |
S0 =vi{c(lalf'=q &. &1 =g,
{a M=gf= U ({e] /(ama)=4] &f"(q..q.)=a}) | @€ D, .m0, €D, }
@1<D,,.
aeb,,
ﬂ{a | A4 =ql} ﬂ..ﬂ{a | 4 =qk}). =c| U {0: | =g, &..&1}"1 = ¢,
QeD,, .
By condition (4) of the definition of Beth model, { | web,,
7q,..., g) = g} is an open set. Each {a |1 =g, } is an &f[d](ql ,...,qk)=q})=C({a | =q})

open set by the inductive assumption.

Theref: A=gyi :
erefore {a | 1 = g} is an open set by Lemma 3.8.2) and (6).

2) Proofis by induction on the complexity of z. Lemma 3.12

. ()(] — .
If ¢ is an element of D,, then t. So each side of For an evaluated term 7 of sort 7

. . |T i t=q,
the equality is d .q
L otherwise.
If ¢ is a constant c, then £/ = Z . So each side of the C[ U {«]| =q}J=T_
T if ¢=q, 10

equality is {

1 otherwise.

Suppose ¢ is (¢, -.., &), where each ¢; is an evaluated Proof

termof sort 7, i =1, ..., k.
Then By Lemma 2.8, V{||t ~ q|| | geD,} = T. So by Lemma

3.11.2) and Lemma 3.8.2),

{a| #=gf= U {a| d1=q &..&d"=q,

qeD;, . T=v lc {0!|Z[a]=q} ‘ qeD,
GeeDyy 6) { ( ) }
&f[“](ql,.,,,qk):q}, =C[qgﬂ {a‘ £l =q}]_ 0

217
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Lemma 3.13

Suppose P(t4, ..., t;) is an atomic formula, where each
t;is an evaluated term of sort 7, i = 1, ..., k.
Then:

lP(t ot )| =] U Pr(P.gmai)

GED, .
Gr €Dy,

ﬂ{a | 1'=q &..& 1} = qk}).

Proof
By Lemma 3.11.2):

Pr(P.gy o)Al ~ g [ Acn ]t ~ g, |
=c(ﬁ(p,ql,.._,qk))nc({a\ . =ql})ﬂ...
ne(fel ')

=C(E(P,ql,...,qk)n{a\ =g & &) =qk}).
SO [Pt seety )| = VAPF(P.gyong ) Al ~ ] A
A ~all @ <D, aen, |

=V {C(E(P,ql,...,qk)ﬂ{a 1 =g, &...

&i=q))| ¢, €D, g <D, |

=c| U (E(P,ql,...,qk)ﬂ{a‘ tl[“]:ql&...&t,[f]:qk})

@<y,

G €D,

by Lemma 3.8.2). 0

Definition 3.14
A forcing relation I- is defined by:
for any a and evaluated formula ¢

alFep & ae"(p".

Theorem 3.15. Properties of the Forcing Relation.
1) Monotonicity of forcing: a IF p & < a= [+ .
ok p (VS e Q(a) 3L e S)PIF ).

3) Suppose ¢ is an atomic formula P(#y,..., #;), where
each ¢, is an evaluated term of sort 7;, i = 1, ..., k. Then

al-p < (vSeQ(a))(3BeS)(3g D, ).
(3q. €D, )[4 = & .. &1 =g, &B € Pr(P.q,....q,) |

Haoarprpyeo(alkp) & (alk p)

5) a ik pvy e (VSeQ(@) GFeSIB I ) or (BIFy)]
6)alrpo (VAL o) (fIF o= LIFy)
Norlos L

) alk-p(VLa)— (BIF @)

9 alrVxpx) & (V<L a) (Vg € D,) (B I+ @q)), where
x is a variable of sort 7

10) o IF 3 x ox) < (VS € Q()) BB e S) 3q e D) (B

I+ ¢(q)), where x is a variable of sort 7

Proof

In the Beth model ||¢|| € CI(Op(M)), so ||¢@|| is both an
open set and a complete element.

1) Follows from the fact that ||¢|| is an open set
2) Follows from the fact that ||¢|| is a complete element
3) Follows from Lemma 3.13

The rest follow from Definition 2.9 and Theorem 3.7. o

4. Axiomatic Theory of Functionals of High
Types

As an application of the topological definition of
Beth model, we construct a Beth model for an
intuitionistic theory SLP of functionals of high types.
We introduced this theory in (Kachapova, 2015) and
constructed its Beth model using the van Dalen’s
relational definition (Van Dalen, 1978). The
topological definition outlined here simplifies some
parts of the construction and proofs.

We define the theory SLP in three steps: We
introduce axiomatic theories L, LP and SLP. In these
theories variables have superscripts for types. A
superscript for a variable is usually omitted when the
variable is used for the second time or more in a
formula (so its type is clear).

4.1. Axiomatic Theory L

The language of theory L has the following variables:
X, V, z, ... over natural numbers (variables of type 0) and
variables of type n (n > 1):
F".G".H",...
A", B",C",...
F". 9", %",... over lawless n-functionals.

over n-functionals (functionals of type n);
over lawlike n-functionals;
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Constants: 0 of type 0 and for each » > 1 a constant
K" (an analog of 0 for type n).

Functional symbols: N”, Ap" (n=1), S for successor,
and +.

Predicate symbols: =, for each n > 0.

Terms and n-functionals are defined recursively as
follows.

1. Every numerical variable is a term

2. Constant 0 is a term

3. Every variable of type » is an n-functional

4. Constant K" is an n-functional

5. [Iftis aterm, then St is a term

6. Ift and ¢, are terms, then ¢,+¢, and ¢,-, are terms

7. If Z is an n-functional, then N"(Z) is an n-functional
(a successor of Z)

8. If Zis a 1-functional, 7 is a term, then Ap'(Z, ) is
a term

9. If Zis an (n +1)-functional, ¢ is a term, then Ap""'(Z,

1) is an n-functional

Ap" (Z, ©) is interpreted as the result of application of
functional Z to term ¢. We also denote Ap" (Z, ©) as Z(?).

Here 1-functional is interpreted as a function from
natural numbers to natural numbers and (n+l)-
functional is interpreted as a function from natural
numbers to n-functionals.

Atomic formulas:

t=, 7, where ¢ and 7are terms;

Z =, V., where Z and V are n-functionals (n > 1).

Formulas are constructed from atomic formulas using
logical connectives and quantifiers. For a formula ¢ its
sort sort(@) is the maximal type of parameters in ¢; it is
0 if ¢ has no parameters.

The theory L has intuitionistic predicate logic HPC with
equality axioms and the following non-logical axioms.

Sx#0,Sx=Sy>x=y.
x+0=x,x+Sy=S(x+y).
x0=0,xSy=xy+x.
Induction for natural numbers:

P (0) A Vx (9 (x) 2 @ (Sx)) DVx9 (%),

where @ is any formula of L.

AW N —

The axioms 1 - 4 define arithmetic at the bottom level.

5.
6.

K™'(x) = K", ~(N"(F") = K")
N'YF"Y(x) = N'(F(x)), N'(F") = N(G") oF" = G"

The axioms 5 and 6 describe K" and N as analogs of
zero and successor function, respectively, on level #.

219

7. Principle of primitive recursive completeness of

lawlike functions:
34Vx(A(x)=1).

where ¢ is any term containing only variables of type 0
and variables over lawlike 1-functionals.

Denote L, the fragment of the theory L with types not
greater than s. The language of L; has one type of
functionals and is essentially the language of the
intuitionistic analysis FIM.

4.2. Axiomatic Theory LP

This theory is obtained from L by adding predicate
symbols and axioms for the ”creating subject”.

Godel numbering of symbols and expressions can be
defined for the language of L. For an expression g we

denote « g+ the Godel number of ¢ in this numbering.
The language of theory LP is the language of L with
an extra predicate symbol Pv_ g (z,)? ) for every

formula @ of L, which has all its parameters in the list
X ; here X is a list of variables X, ..., X;. Traditionally
this symbol is denoted +, ¢ ()? ); it means that the

formula ¢ ()? ) has been proven by the ”creating

subject” at time z.

Axioms of the theory LP are all axioms of L, where
the axiom schemata are taken for the formulas of the
new language, and the following three axioms; in all of
them ¢ is an arbitrary formula of L.

Axioms for the ”creating subject”:

(s (ho)va(r o)
(Cs2) (l—Z (p):(l—ﬁy 0);
(CS3) 3z(+ ¢)=0.

The language of LP, is the language of L; with
extra predicate symbols Pv_; (z.X), where both ¢

and X belong to the language of L,. Axioms of the
theory LP; are all axioms of LP, which are formulas
of the language LP;.

If (4) is a formula of LP, we denote (4,) the version
of (4) with types not greater than s.

4.3. Axiomatic Theory SLP

We can introduce finite sequences in LP and for
any k-functional F use the notation F (n) = < F(0), ...,
F(n — 1) >. We consider the following three axioms
for lawless functionals.
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(LLI) The axiom of existence of lawless functionals:

VaVF" 35" (Vy < x)(F (y) = F(»)).

(LLZ) F'=35"V F £ 5"
(LL3) The principle of open data:
40(5[") S AVY” [ff(x) =9 (x)> (p({/"):|,

where @ is a formula of LP, sort(¢) < n and ¢ does not
have non-lawlike parameters of type » other than 5"
Denote (LL) a conjunction of the closures of (LL1),
(LL2) and (LL3).
For an m-functional F of language LP and n < m we
denote F(0)...(0) as F(0)" for brevity. We consider the
—
following two choice axioms.
(C1) The axiom of choice for numbers:

Vadye(x,y) > EIF’"Vx(p(x,F(x)(O)W1 ),

where @ is a formula of LP and m > max(sort(¢), 1).
(C2) The axiom of choice with uniqueness:

WG (x,G) 2 3F Vg (x. F (x)(0) ),

where @ is a formula of LP and m > max(sort(¢), n +1).
Denote (C) a conjunction of the closures of (C1) and
(C2).
Bar induction axiom:
(BI) VF'EImp(F(x)) A VxVy[(p(y) ) (p(y * <x>)}
N[V (v#(x) 2 v (x) A Vo [o(y) 2w (») ] S w(0).

Axiomatic theory SLP is defined by:
SLP = LP +(LL)+(C)+(BI).
In the name of the theory SLP, S stands for strong, L for
lawless and P for proof (relating to the “creating subject”).
The fragment SLPs is defined by:

SLP. =LP + (LL‘\ )+ (CS)+ (BL).

5. Application of the Topological Beth
Model

As an application, we construct a Beth model for any
fragment SLP, (s >1) of the theory SLP. This is sufficient

220

for the proof of consistency of SLP, since any formal
proof in the theory SLP is finite and therefore it is a
proof in some fragment SLP;.

5.1. Notations

A sequence of elements xg, x1, ..., X, is denoted
x = {xg, X1, ..., X,y and we denote /th(x) =n +1.
The symbol * denotes the concatenation function:

(3% 0%, ) (s Y10
= <x0,xl s X Voo W) ,...,yk>.

For a sequence x, (x), denotes its n™ element and
X (n) denotes the initial segment of x of length » for any

n < Ith(x). So if x = {xy, x1, ..., X,—1) and n < m, then x (n)
= X0y X1y veey Xp—1)-

For a function f on natural numbers, f (n) denotes the
initial segment of fof length #, that is the sequence (f(0),

f), .., f(n=1)).

For a function f of two variables denote

0=l fx).

Next we introduce a few notations for a fixed set b.

1. ™ is the set of all sequences of elements of b that
have length ».

2. b is the set of all finite sequences of elements of 5.

3. On the set b* a partial order < is defined by the

following:
y<x ifx is an initial segment of y.
With this order 5* is a tree growing down; its root is
the empty sequence < >.

Suppose (d, <) is a partially ordered set and
fi(dxo)= c.

1. fis called monotonic on d if for any x, yed,

v <x=0cf).

2. fis called complete on d if for any path S in d,
U{™|x e S} is a total function on .

5.2. Beth Model 4% for the Language L;

Fix s>1. To construct a Beth model % for the

language L,, we will specify a tree (M, <), a domain

function D and functions Cnst , Fn and Pr .

1) First we introduce a triple of objects {(a;, di, <) by

induction on k; here =<, is a partial order on d,.
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®  ay= w, the set of all natural numbers

o dy={x)|x € q,}; thus, each element of d, is a
sequence of length 1

= is generated by the order < on «;

x) <o () if x < y, that is the sequence y is an initial

segment of the sequence x.
For (x) ed, we denote [h({x)) = Ith(x) and call it the
length of (x).

Fork>1:

a, ={f| f:(afk,lxa))?‘ak,l and f is complete
and monotonic};

d, = 0 (af)'") xa™ x...x al(cm));

m=0

=< is defined by:

<

x =,y if for each i < k, (x); < (y),, that is the sequence

(), is an initial segment of the sequence (x),.

If x € ay™x...xa,™, we denote Ih(x) = m and call it
the length of x.

We take M = d; with partial order <. ;, which we

denote just <.

With this order M is a subtree of the direct product of
trees aop*, ..., as-1*. M is a non-countable tree growing
down. Its root is &€ = <<>,...,.<>>.

%/_/

s

1) Next we define a domain for each sort of variables.
a) Domain for natural numbers is ay = w.
b) Domain for k-functionals is a; (k= 1, 2, ..., s).
¢) Domain for lawlike k-functionals is
b, = {f €aq, | £V is a total function}.
d) Before defining a domain for lawless

functionals we introduce an auxiliary set ¢; (k >

1):

¢ = {g | é&:(oxa,)—>a,_ and Vn(f(") is a bijection on ak)}.

Elements of ¢, are called k-permutations. For any k-
permutation ¢ we define v, (¢) as the function f € g, such
that for any n € w, x € d;;:
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£ (xn)= {§ O({(x),,),) i n<n(x),

undefined  otherwise.

Domain for lawless k-functionals is:

L=m©)Eeat, k=1,2,..,s.

Clearly, b, c ayand [, c a4, k=1, ..., s. For any a and
k <s, lh(a) = lth({o)y).

2) Next we define Cnst , that is interpretation C for

each constant C.

a) 0=0.
b) The interpretation of constant K* (k= 1, ..., s) is
given by the following:

K'(x,n)=0 for any ne w and xe d;

K*"'(x,n)= K" for any ne @ and xed.

Next we define Fn. This means defining a partial
function 4 for each functional symbol 4 and a € M.

a) If@is- or+ then 6 = 6.

b) A successor function S* of type k (k=0, 1, ..., 5)
is defined by:

3)

S(x)=x+L  S"(f)=8"¢f.
Functional symbol S is interpreted by: S = S°.
Functional symbol N*is interpreted by: N1 = s*,

¢) Functional symbol Ap* is interpreted by:

ApI(f.n)= f(@(k).n) forany ne o, fea;, k=1, ..., s.
Thus, at each node a the values of a k-functional f
depend not on the entire a but only on its first &
components.
Due to the definition of g, the conditions (4) and (5)
of the Definition 3.9 of Beth model are satisfied.

4) The only predicate symbols in the language L are
equalities =, (=10, 1, 2...).

Pr is defined by:

(0= 9)-]

T ifp=q,
L otherwise

For any p, g €ay. Clearly, Pr (p =q) is an open set.
This completes the definition of the model 4 for the
language of Lj.
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For the general case of Beth model we already defined:

71 where Z an evaluated term or n-functional
(Definition 3.10) and
the forcing relation o I+ ¢ (Definition 3.14)

5.3. Extending the Model 4% to the Language
SLP;

First we extend the model to the language LP,. For
that we need to interpret the extra predicate symbols

Pv ¢ W(z,)? ) , where both ¢ and X belong to the
language of Lj.
Definition 5.1

Consider a formula @ of L, with all its parameters in the

list X, ..., X, which is denoted X in short. For brevity we
denote the predicate Pv_(z.X)as P, (z.X). We define:

Pr(Bong)={a| 3y[azy&in(y)=n&y - o(7)]}.

where, g is the list gy, ..., gy.

Let us show that Pr (P, n,g) is an open set in the
order topology. Suppose ae Pr (P, n,7 ). Then there is y
suchthata < y&lh () =n & y I+ ¢(g ). Then for any
B <a wehave f <y,s0f € Pr(Po, n, q).

The language of SLP, is the same as the language

LP,, so the extended model 4 is also a Beth model for
the language of SLP;.

Lemma 5.2
alF B, (n.g)< (vSeQ(a))(3reS)[h(y)=n&y - o(7)].

Proof

Proof follows from the definitions. o

5.4. Soundness of the Model 4 for the Theory
SLP;

Theorem 5.3. Soundness Theorem.

SLP o = B IFp.

Proof

Proof is by induction on the length of derivation of ¢.

Here we provide proofs only for the case of the
axioms (CS1) — (CS3) for the “creating subject”. We
prove these in all detail to illustrate our application of the
topological Beth model. Other, more technical proofs
can be found in (Kachapova, 2014; 2015).
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We use the notations of Definition 5.1.

Proof of %, I- (a)

(CS1) is (F, @)v—(F, 9). It is sufficient to prove:
el By (n.g)v=F (n.q).

By Theorem 3.15.5) it is equivalent to:

(vSeQ(s))(3aeS)|alk B, (n.g) or al--F, (n.q)]

Consider a path Se Q(¢). Fix ae S with lh(a) = n.
There are two cases: o IF ¢(g) or a ¥ ¢(g) (we use
classical logic in metamathematics).

Casel. alr ¢(q).
Since /h(a) = n, by Lemma 5.2 we have a I+ Py(n,q ).

Case?2. a ¥ ¢(q).
We will show that in this case a I+ —Py(n,q). By
Theorem 3.15.8), it is equivalent to:

(VB =a)-(BIF P, (n.7))-

Suppose S I Py(n,q ) for some f < a. Consider an
arbitrary S;e Q(f). By Lemma 5.2, there is y €S; such
that lh(y)=n &y I+ ¢ (q).

Since S;€Q(f) & B < a, we have aeS;. Both a, y €5
and /h(a) =n=Ih(y),soa=yand a IF ¢ (g).

Contradiction. Therefore — (8 I+ Po(n, q)):

Proof of % I+ (aTz)

(CS2) is (F: @) (k.1 @). It is sufficient to prove:

elr P, (n.q)> P, (n+m.q).

Fix a. Suppose a IFPy(n, g). Consider S €eQ(a). By
Lemma 5.2, there is y € S such that /4 (y) = n and
Y k@ (q).

There is f €S with [h () = n + m. Since f < y, we
have f I (g) by monotonicity of forcing (Theorem
3.15.1)). This proves a IFPy(n + m, g ).
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Proof of % I (a)

(CS3)isTz(F. @ = 0.
It is sufficient to prove: ¢ I+ 3z Py(z,q) = ¢ (gq),
which is equivalent to

€lF3zR, (2, 9) > 0(q) 0
and
el o(q)>3zP, (2.9). ®)
Proof of (7)
Suppose for some «,
al-3zP, (2.7). €))

We need to prove a IF¢(g). Consider a path SeQ(a).

By (9), there is fe S and »n such that S I+ Py(n,q ). Then
SeQ(p) and by Lemma 5.2, there is yeS with ylF¢p(q ).
Thus,

(‘v’S eQ(a))(EIye S)(;/ I+ go(n?)).
By Theorem 3.15.2), a I+ @ (7).

Proof of (8).

Suppose for some a, a I-@(g). Take n = [h(a).
Suppose Se Q(a). For any S; € Q(a) there is y = a with
Ih(y)=n& y - ¢ (q); so by Lemma 5.2, a I+ Py(n,q ).
Hence a I+ 3z Py(z,q ). O
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6. Conclusion

In this study we describe detailed steps of construction
of Beth model from the topological point of view. The
model is applied to intuitionistic functionals of high types
and the theory SLP that includes lawless functionals, “the
creating subject”, bar induction and some choice axioms;
the model is used to prove the consistency of SLP. The
topological version of Beth model and our model, in
particular, can potentially be useful to investigate
other intuitionistic principles with respect to
functionals of high types.
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