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Power Basis

Introduction

Proof of the famous Weierstrass Approximation
Theorem was found by (Bernstein, 1912). Polynomials,
called Bernstein polynomials, are defined with the help
of probability theory as follows:

Let f: [0,1] —R. The Classical Bernstein polynomial
fis Bo(fx) = Zizof(%j(ﬁj X< (1) n = 12, |
Later, Bernstein polynomials, bringing them into an
intensive field of research were found to have many
remarkable features.

In this article, we have studied polynomials that are
simply defined, incredibly useful mathematical tools that
can be calculated quickly in computer systems and
representing a wide variety of functions. Consider that:

p(X)=a, +ax+ax +--+ax"

as a linear combination of certain basic polynomial
represents a polynomial {(1, x, X, x3,--x"}. Generally, a
polynomial function with a degree less than or equal to
n, can be expressed as:

i. A set of polynomials equal to or less than n forms
a vector space: Polynomials can be added
together, multiplied by a scalar and all vector
space properties apply

ii. (i) The set of functions {(1, x, x?, x3,--x"} forms a
basis for this vector space - that is, the polynomial
of any degree less than or equal to n is uniquely a
linear combination

//////4 Science

Publications

Abstract: In this article, we give an overview of other commonly used
basis for the triple sequence space of Bernstein polynomials, the
Bernstein basis and put forward a matrix representation of Bernstein
polynomials for the triple sequence space and its many useful properties.
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Often called the power basis, this basis is just one of
the infinitely many bases for the triple sequence space of
Bernstein polynomials. Bernstein polynomials play an
important role in other areas of mathematics and
approximation theory. They also play an important role
in physics. So now we give the definition of these
polynomials and their important properties:

1. They are non-negative throughout the interval [a, b]
2. They are symmetric.

We can write Brsi(f,X) =Br.ms-ntk (@ + b-a(f,x))
3. Each continuous polynomial has only one maximum

in the interval [a, b] at x:a+(b_a)m +(b—a)n+
r S

b-a)k . .
% , according to the interval value theorem

4. The set of degrees (r, s, t) of these polynomials form

part of the unityas >°' > > B_(f,x)=1

5. Always a Bernstein polynomial can be expressed as
a linear combination of polynomials of higher
degree as follows:

B sy ey (F1X)= (?)(%)(%j Bro (%)
(P eatr

There are (rst)" degree Bernstein polynomials. For
mathematical convention, we usually set Byt = 0 if m, n,
k<0 orm>r n>s, k>t Moreover, the Bernstein
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polynomials can be defined in term of forward

differences as follows:

B (f.X)

_ Z;ZOZZZOZLOAW f (0)(&1)[5)[{() Kk (1 _ X)(m*')+("*5)+(k4)‘

Let K be a subset of the set of positive integers
NxNxN and let us denote the set {(m, n, k) e K: m<u,
n <v, k <w} by Kww. Then the natural density of K is

K
| “”W‘, where |Kyw| denotes the
VW

given by 5(K)=Ilim

u,v,Ww—a

number of elements in Kyw. Clearly, a finite subset has
natural density zero and we have 5(K°) = 1-&K) where
K¢ = N\K s the complement of K. If Ky < Ky, then
AK1) < AKz).

The Bernstein operator of order rst is given by:

B (f.x)

r s mnk Y/ r/ st mens m=r)+(n-s)+(k—
R Y e

where, f is a continuous (real or complex valued)
function defined on [0, 1] and:

(I

Throughout the paper, R denotes the three-
dimensional real space with the (X, d) metric.
Consider a triple sequence X = (Xmnk) Such that
Xmk€ R, m,n, kKeN.

Let f be a continuous function defined on the interval
[0, 1]. A triple sequence of Bernstein polynomials
(Brsi(f,X)) is said to be statistically convergent to 0eR,
denoted by st-lim x = 0, provided that the set:

= i —m)ni(s—m) (=K )

K, ::{(m,n,k)eN3:‘ank(f,x)—f(x)‘Zg}

has natural density zero for any ¢ > 0. In this case, 0 is
called the statistical limit of the triple sequence of
Bernstein polynomials. i.e., §K¢) = 0. That is,

1

rst

lim ‘{msr,ngs,kgt:‘ank(f,x)—f(x)‘zg}‘:o.

r,s,t—w

In this case, we write 5~limBmnk(f, X) = (f, X) or Bmnk(f,
X)—sg f(x).

Let f be a continuous function defined on the interval
[0, 1]. A triple sequence of Bernstein polynomials
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(Brst(f,X)) is said to be statistically analytic if there is a
positive number M such that:

5({(m,n,k) €[ B (F0)— F () """ > M}) 0

That is:

0.

Iim,lsyt%%‘{(m,n,k)S(r,s,t):‘ank(f,x)— ™ > }‘

A triple sequence (real or complex) can be defined
as a function x:NxNxN—R(C), where N,R and C

represent the set of natural numbers, real numbers and
complex numbers respectively. Different types of the
triple sequence concept were introduced and first
explored by (Sahiner et al., 2007; Sahiner and
Tripathy, 2008; Esi, 2014; Esi and Catalbas, 2014;
Esi and Savas, 2015; Esi and Sapszoglu, 2012; Esi
and Subramanian, 2018b; Esi et al., 2017a; 2017b;
Dutta et al., 2013; Subramanian and Esi, 2015; 2017a;
2017b; Esi and Subramanian, 2018a; Subramanian
and Esi, 2018; Velmurugan and Subramanian, 2018;
Hazarika et al., 2018; Subramanian et al., 2019; 2018;
Debnath et al., 2015; Aiyub et al., 2017; Sharma and
Esi, 2013), many others.

A Basis of the Bernstein Polynomials of Triple
Sequence Spaces

Why is the basically triple sequence of Bernstein
polynomials, Bernstein polynomials of order n a basis
for the triple sequence of polynomials of order n! equal
to or lower?

It covers the triple sequence space of polynomials -
any polynomial of order less than or equal to n can
be written as a linear combination of Bernstein
polynomials

This easily covers triple sequence space of
polynomials and the power basis of any member of
the Bernstein polynomials in terms of power can be
written as a linear combination of notice

(i)

(i)

They are linearly independent-that is, there exist
constants Co, €1, C2-+-Cn SO that the identity:

0= C;Booo,re (X) +CBiyt (X) +.--+C B

n=mnk,rst (X)

holds for all t, then all mnk, ¢/ s must be zero.

If this is true, we could write:
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OzcoBooo,rsn( )+CB111r5(( )+ -+C B (x)

n=mnk, rst

w55 o G
clz'mz::1za:1<—1>~4’+“*“+<“>(ra)@(a)@w@w+-~-+

o
e
er s

polynomials can be written as:

+xB

defined as follows:

Since the power basis is a linearly independent set, d
we must have that: G B (x)
C,=0 (1.1)
T YHEE-. e
1 £em=0 Lemin=0 Lk =0 - ' SpaceS
e (e oo
ank‘rst(f’x)
which implies that Co = C; =Co = - =C, = 0. (Co is
clearly zero, substituting this in the second equation

gives C; = 0, substituting these two into the third

equation gives ...). form,n, k=0,1,2,--,1,5,t.

Brst (X) = (1_ X) ank,rfl,sfl,t—l(x)

(m-1,n-1,k-1),(r-1,s-1,t-1) (X)

The Bernstein polynomials of degree (rst) can be
defined by blending two Bernstein polynomials of
degree n = 1. So, the (mnk)" (rst)" degree Bernstein

forO<m<r,0<n<s, 0<k<tand the derivative of
the (rst)" degree Bernstein polynomials are also
polynomials of degree (r-1, s-1, t-1) and they are

= rSt|:B(m—l,n—l,k—l)‘(r—l,s—l‘k—l) (X) - ank,(r—l‘s—l,k—l)(x):|

Bernstein Polynomials for Triple Sequence

The Bernstein polynomials of degree rst are defined by:

YOS Y (”::tk)( )(;J(l‘()xwmk (1 x0T

1><1018 Booo.111 15 x10% Booo.222 L x10%4 Booo,233
\\ y\‘
05| \. 1
10 05 %
0 RS \ / 0 o ‘
05 %o 519 / 05 %
i \
-l \ O o _,v/ _l \
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x108 %106 %108
1 x1018 =ZEEREL 0 x10% Bi11,222 x10% Bi11333
7 7 N /
0.5 P 2t/ N b3
= / /
0 — 41/ 0 =
/ / /
0.5 5 o -6 ‘/
A K:) -1 [
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x108 x108 x108
10X10% B222.222 L %1055 Ba22,333 %1054 Basz sz
\ 05
\
51 \ of S— y of — o
»‘\ /( \\\ K ,/
N # i/
0 o 4 B
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
x108 %108 x108

Fig. 1: The triple sequence of Bernstein Polynomials of degrees 1, 2 and 3
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There are (r +1) (s +1) (t +1), (rst)" degree Bernstein
polynomials for mathematical compatibility we usually
set Bnkrst =0 form, n,k<Oorm>r,n>s k>t ltis
quite easy to write the coefficients of these polynomials

(rrnj(ﬁ)(lt(j from Pascal's triangle, the exponents in the x

term increase as m, n, k increases and the exponents on
the (1-x) term decrease by one as m, n, k increases. In
simple cases, we get (Fig. 1):

e The triple sequences of Bernstein polynomials of
degree 1 are:

Booo,nl(x) = (1_ X)3 ) Blll,lll(x) =x.

e The triple sequences of Bernstein polynomials of
degree 2 are:

B000222( ) ( ) B111222( ) (1_X)318222,222(X):X6'

e The triple sequence of Bernstein polynomials of
degree 3 are:

Buoo,a3 (X) = (1_ X)9 Biyrsas (X) =9x’ (1_ X)s '
Bzzz‘333(x) =9x° (1_ X)3 ) 8333,333 (X) =x".

Converting the Bernstein Basis to the Power
Basis for Triple Sequence Spaces

Since the power basis {1, x, x?, x3---,x"} forms a basis
for the triple sequence of Bernstein polynomials of
degree less than or equal to n, any Bernstein polynomial
of degree n can be written in term of the power basis.
This direct Bernstein polynomial can be calculated using
the following definition of the binomial theorem:

ank rst( X) Zm OZn Ozk 0

(o) jf[ P ——
iy

((@wmzmzmz

=D I N1
TR
1

= Z;:OZ::OZL:O(

T

71)(m—u]+(n—v)+(k—w)

) u)+(n-v)+(k-w)
S
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We have used the binomial theorem to expand (1-x)"
u)+(s—v)+(t—w)l

To prove that each power basis element can be
expressed as a linear combination of Bernstein
polynomials, we use the degree elevation formulas and
induction to calculate the following:

XU X(X(uf1) n X(v—l) n X(w—l))
n

XZ@ZLZ‘?W%Vq“xQB

k=0 k(1 ~1)(5-1)(1= 1)(X)

)
)

- Zm uZn vZk w/ 1 \/ s1 3/ 1\
( X1 [v_lj

(u ril)[vn_lj(wk_l)
Z e 1(ur 1)[\/5_1](\/\/11) ((r::tk)) Bk (X)
(

oo,
T )

where the induction hypothesis was used.

A Matrix Representation of Bernstein
Polynomials for Triple Sequence Spaces

For example, until the 1990s as a systematic
review of Bernstein polynomials theory (Lorentz,
1986; Videnskii and Polynomials, 1990) are also
presented. New articles are constantly coming out
(Esi and Catalbas, 2014) and new applications and
generalizations are discovered (Li et al., 1997,
Petrone, 1999). A generalization of Bernstein
polynomials containing q-integers was proposed by
(Lupas, 1987). However, the g-analogue of the
Bernstein operator as handled by Lupa-s gives rational
functions rather than polynomials.

In many applications, it is helpful to Bernstein
polynomials of a matrix formulation. When looking at
only a linear combination in terms of point products,
they are simple to develop.

Given a polynomial that can be expressed as a linear
combination of Bernstein's elementary functions:

B(t):COBOOO,rst(X)+C18111,rst( )"" -+C,B ( )

n—mnk,rst

It's easy to express this as the dot product of two
vectors:
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CO
Cl
B(t) = [BOOO‘rst (X) Blll,rst (X) o ank‘rst (X)] .
Cn
We can convert this to:

booo,ooo 0 0 0. 0 fo
0
blll‘OOO b111‘111 0 0 0 c
B(t) = ‘:1 x )t X"] bzzz,ooo b222,111 bzzz,zzz 0 0 . '
b b b b €

'mnk,000 'mnk,111 'mnk 222 'mnk, rst

where the bjj are the coefficients of the power base used
to determine the respective Bernstein polynomials.
Notice that in such a case the matrix is the lower
triangular matrix.

In the quintic case (n = 5), the matrix representation is:

_ -,
1 0 0 0 0 O
Cl
-5 5 0 0 0 0
5 -6 5 0 0 0 C.
B(t)={1 x x* x® x* x° C
) [ J—l 5 -5 1 0 0f°
C4
4 5 4 -4 5 0
C5
3 6 -4 4 -5 3

1 0 0 0 0 0 o0]¢c,]
5 5 0 0 0 0 ofc
5 6 5 0 0 0 0|C,
B(t):[x6 X x® xt X xe} -1 5 51 0 0 0}C,
4 5 4 -4 5 0 ofc,
3 6 -4 4 5 3 0JlC,
|7 -8 4 -3 5 -3 7)C]
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