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Introduction

For any bounded linear operator 7 from a Banach
space E into a Banach space F there are associated some
decreasing sequences of non negative numbers called s-
numbers satisfying certain conditions. Examples of s-
numbers are approximation, Berrnstien, Gelfand,
Kolmogorov and Tichomirov numbers. Hilbert Schmidt
operators are those operators whose sequences of
approximation numbers are square summable (Pietsch,
1980). Compact operators are those operators whose
sequence of Kolmogorov numbers converges to zero.
For more details about these and other s-numbers we
refer the reader to (Pietsch, 1980; 1987). Shields (1974)
gave representation for weighted shift operators as
formal power series in unilateral shifts and formal
Laurent series in bilateral shifts. He also suggested to
express functions belonging to the space H*() by

f(z):i; 7(n)z" with [ = 20\ J(n) Fm) < o0 where
{B(n)} nls a sequence of positi\n/_e numbers with £(0) = 1
and { 7 (n)} is a sequence of real numbers. In this case,
to see that ||z;|| = A(k) he considered the following:
i ()= G s0 W = 37, ] 12717 = ol 1

= |IZ1* A(k); it is clear that {f;} is an orthogonal basis.
Hedayatian (2004) defined H} to be the space of all

o,

nk

functions 1 (z)=ianz" equipped with the norm |[f]|
n=0
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Abstract: The idea of multiplying a formal Taylor power series by z to
make a right shift operator on the space of all square summable
sequences of real numbers was due to A.L. Shield. In this work, we
consider Taylor power series in m-variables and we give upper and
lower estimations of s-numbers for multiplication of m- right weighted
shift operators. This allowed us to estimate upper bounds for s-numbers
of infinite series of m-right weighted shift operators and give some

Keywords: S-Numbers, Shift Operators, Formal Power Series

1
:(i| a |’ ﬁp(n)]p < oo which is a generalization of the
n=0

space  of all absolutely p summable sequences.

In this work, we consider the space H hy» 1Sp<e0 of

1 = 1=
formal power series  f(Z) >a,z
1
o0
> @, ,)Z;l zy .-~z in m-variables equipped with
oDy

i=0

k=12..m

Il :(Z\al L ﬁp(,)j; <oo, where (a;): NxNx---xN >R

m—times

is a family of real numbers indexed by a multi-index /
and A(0) = By (i) Br (iz)++ B (im), Where 3 (i), i, eN" =
{0, 1,--}, j = 1, 2,---,m are positive weights such that
B(0) = 1 for all j. The family {z’,IeN*} forms an

orthogonal basis to the space H},. We give upper
bounds for s-numbers of a series » c,R’ (where R =
1

HR;‘ and J = (ji, ja,'*, jm) i an index set of m natural

k=1
numbers) of unilateral weighted shift operators.

Basic Definitions and Lemmas
Definition 2.1 (Pietsch, 1980)

By L(E, F), we denote the space of all bounded linear
operators from a normed space £ into a normed space F.
A map s which assigns to every operator TeL(E, F) a
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unique sequence {sn(T)}::“ is called an s-function if the

following conditions are satisfied:

1. |7 =s(T) = so(T) 2> 0 for TeL(E, F)

2. s(U+ V)< 5,(0)+ |V for U, VeL(E, F)

3. s,(UTV) < ||U]| s,(T) ||V]| for VeL(EoE), TeL(E, F)
and Ue L(F, Fy)

4. If TeL(E, F) and rank7<n, then s,(7) = 0

5. s4,) = 1, where I, is the identity map of the space
L

We call s,(7) the n-th s-number of the operator 7.
Lemma 2.2 (Faried et al., 1993)

Let {7;} be a bounded family of real numbers. Then:

sup infr, = inf supr,,

cardi=r+1 ief card S=r igé

where, cardé is the number of elements of the subset of
indices &

Lemma 2.3 (Beckenbach and Bellman, 1971)
Letx; 20fori=0,1,2,,nandj=0,1, 2,
2%,

> 1, then:
1
n [W jp

|: 0\ j=0

m. If p

T35

i=0

Definition 2.4
T By R, and S, we denote the unilateral forward and
backward shlft operators on Hj, defined by:

Ll

R/f(ZI) = Z/f(ZI) = Z Cl(,l ,12,.”11,,,,”’)21 Z2 "'Z] 'Z';'
k=ll.k2:.?._m
and:
f z' —f 0
S./f(ZI)z ( )Z ( )
J
i ) ' ; J l... Im
1;} (’1 Sy el e, )Zl Z, z 2
k=1,2,--.m
respectively.
Lemma 2.5

The powers R? and S} of the operators R; and S; are
B, (i L+ n)

B ly ﬂ/(lz)

and

ﬂ(l

80

ﬂ/([f)

S|l = sup———"= respectively provided that the right-
’ i ﬂ] (1/ + n)
hand side exists.
Proof
Let E; = (0, 0,-- 1, 0,---) (1 in the ™ place). For f{z')
€, WE have:

)

RAF)=2as™ =2/ ()= X q,. f57
and hence,
R\ = sup H
Hf )
1
(z| o B0 B8 ) )2 () |
= Sup ! 1
(= =0 v
(z| a " 7 (i) B ()i (i ))
I
capPilitn)
h ﬁ/ (l/)
On the other hand:
(aza) e
R\ 2 sup - =sup ;
= Sllp ﬂ] (lj +n)
g /3, (1])
A (i’ +n) By the same manner,
Q)
A (i)
, ﬁj (ij + n)
Lemma 2.6

The operators R’ and S’ are bounded on the space

H},, with:
o106 ) )
! B ([1 ) B (iz) B, (l”')
- [s7]=sup Alh) _~() D (i)
1 ﬂ(z +jl)ﬂ2(lz+j2) ﬂm([m+jm)

provided that the right-hand side exists.
Proof

The proof is similar to that of lemma 2.5.
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Main Results
Theorem 3.1

The s-numbers of the unilateral forward weighted
shift operator R’ have the following upper and lower
estimations:

B (il +4 ) B, (l'm + Jvm)

1 e J
A ) () I A A
< inf  sup infﬂl i+ )-.-'B’”(im +j””).
H’ cpprcardz, = 11155 B (il ) B, (im)

Proof
Let &, &, -++&, be a collection of finite sets of natural

numbers such that card & = r; with []r <r+1. We
i=1

consider the following projections P._,P. .---P. on the

space Hjo with rankP, =r, such  that
P, (Za,z’]= z az',j=1,2, -, m and by
AN iy €&, i eN kzj

P.=P_,P_,--P_where £= (&, &, &) then we have

P, (Za,zlj = Za,zl .
I Ieé
Clearly P55‘7 R]Pé is the identity operator on the space
HJ,, and by using Definition 2.1 part (3) and lemma
2.6, we get:

Sr(RJ)>L= 5 (l.l) 1

sup o Pali)
rez By (il +jl) B, (im +jm)
Bi+i)B(i+i) Bulin+in)

A0 a6 A6

Since this relation is true for every i = 1, 2,---, m with
card & =r;, we get:

B (il +j1)ﬁz(iz+jz) ﬂm([m"‘jm)

inf
sup 112\ B (il ) B (iz) B, (im)

Therefore for every [ [r, <r+1, we get:
i=1

s (RJ)Z

r

cardé; =r,

s, (RJ)

= sup

cardé; =r,
Hr, <r+l
i1

Bl +i)B(i+i) Bulin+i)

inf
A EA)

81

On the other hand, from the definition of the s-
numbers, we define a finite rank operator P;R’ by:

P.R’ [Za,zl) = IZ:a,z”J.
Since the approximation numbers are the greatest s-
numbers, we get:
5 (F) e (R) <] 2R
(012
)]

= sup
b )ho

>}‘l’

{Zm PG+ )82 (i +
Ieé
{zm B (i) ,f,’(im)}
I

= sup
(=)o

S =

o N X () B
u B (11 +J1)mﬁm (lm +Jm)|:[€§

AG) A B
S i)

ﬂl (ll +jl )“.ﬁm (im +jm)
ﬁl (ll) ﬂm (jnl) .

Proceeding to infimum, we get:

Bi+i) Bulin+in)

J 1 ..
Ry Y P

By using lemma 2.2 we get:

infﬂl (il + i )ﬂm(lm +jm)-
‘ A0

Ies

<sup

sr(Rf)S int ﬁl(il)

Since this relation is true for every Hr, <r+1,we get:
i=1

) Alrs)

s, (RJ ) < inf  sup
’ £, (i)

- Ieg 1
Hr, <py1cards; = +1 & ﬂl (11 )
=1

End of the proof.
The next proposition gives upper and lower bounds to
the norm of the infinite series of unilateral weighted shift

operators » c¢,R! on the space H /) under the condition

n=0

{cn}io el .
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Proposition 3.2
For the infinite series of unilateral weighted shift

operators Y ¢ R on the space H,

n=0

4oy and for every

{e.], el and 1Sp<oo, we get:

sup[20|c |{ ﬂ(( :)")U’J

= B, (i, +n) &
< R ~
SRy 0y 2!
Proof
For every fiz))e H’ fuy > We get:

m \chza- % Zlekay:
cnRJ"H= sup =0T N gyp M2 —
= e PE) e l7G)]
Zﬁwn%@A@%ﬂMﬂ]
“hiege [
gt eratorae]|
“hiege (=)

By using Lemma 2.3, we get:

AGDEY
0] Z| -

ZCR

n=0

< sup

On the other hand:

(icnR;’j:’
n=0 _

="l

©

PXNSE

n=0

A ) A '(-f )--ﬁl(fm)

Therefore:

:} R Zs?p[g|cn |p[ﬂj/§lj(;-)n)1 J .

82

End of the proof.
Remark 3.3

For p = 1 in the previous proposition, the right and
left estimations coincide to get an exact estimation.

Proposition 3.4

For the unilateral forward weighted shift operator
D¢,R on the space Hj, and for every
J

{c,}lo satisfying Z| ¢,|<wand 1< p <o, we get:

[z Al ]|

s /”1( +Jl).ﬂm(1m J) .
T

<=

Proof
For every f{Z)) € Hj, , We get:
C I
Zicjaj J_] Z “ZZO c,a; ;z
> c,R|= sup 7' /=0 R i S— |
ol IR VIS e I e
_ » i
Z i lc, |‘aI—J‘ﬂl (il )"'ﬁnl(inr)]
Ji=0
| k=lm
= sup
e o ne
_ » i
Z i le, |‘al‘ﬁ1 (ll +j1)"'ﬁm(lm +.jm)]
Ji=0
| k=loem
= sup
I o (=)

By using Lemma 2.3, we get:

ﬁl(’1+Jl) m([m+jm)
<sup - - Z| el
1>-’ B (ll ) B, (lm) J

ZCJRJ
J

On the other hand:
(Z e, R’ j Z'
R=nL 2 1
||

NAGRAD)
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4

(Zm i+ ) B (1,,+jm))1
B (i) B.(in)

_ Z|CJ | |:ﬂ1 i+ :| |:ﬂm i, +]m):|p
J m m
Therefore:

ﬁl 11
o B (il + 7 ):|1 |:ﬂm(lm +]m):|
2sup| D |¢| - -
’|2 { 2 0) 2.00)
End of the proof.

In the following proposition, we get an upper
estimation to the s-numbers of the unilateral forward

1
P

S =

shift operator of the form of an infinite series » ¢, R on

m=0

the space H, .

Theorem 3.5

For the unilateral forward shift operator » ¢, R’ on

n=0

the space ), , the s-numbers of this operator (such that

CH

A1) 2

el") are given by:
R]”J

Let &£ be a subset of the set of natural numbers N
with card £=1:

[T )<
n=0

From

(S
n=0

Since this relation is true for every set & with card £=
r and by using lemma 2.2, we get:

s, (icnRj"j
n=0

This completes the proof.
Theorem 3.6

infﬂ7 ( !

)
nes ﬂ]( ) Z|c|

<

sup

i;.card S=r+l

n=0

Proof

=2k

neé

R - 2cnR7

3.2,

proposition

B (i, +n)
) 2t

ngd

we get

< sup

i ngd

)ZICI

ngé

< sup inf ’(]

neé ( i )

i ccard E=r+1

For the unilateral forward weighted shift operator

Y.¢,R" such that) ¢, <coon the space H}, , the s-
J J

numbers for this operator satisfy:

83

s, (ZCJRJ]
Bili+ i) Bulintin)

< inf inf

sup

el

ﬁr, eplcards, = 41755 f (il ) B, (im) Jes
Proof
Let &, i=1, 2,---,m be m subsets of the set of natural

numbers N with card & = ; such that [ <r. From

i=1
proposition 3.4, we get:

(Ze Je|Ten -5

B (i +Ji )mﬂm(z’m +jm)
£.(in)

Since this relation is true for every set & with card &
= r; and by using lemma 2.2, we get:
B, (i + )

s, [ZCJRJ)S infﬂ1 ([l Y ) 5 (lm)

B (il)
Since this relation is true for every [ [r <r, we get:

i=1
s,(zc.,R-']
J

< inf  sup

H,; <plcard & =1 +1
i1

R’ ZCJ

el

Je&

ZICJI

sup

I.card&; =r, +1

i +d) Bl tin)

£ (i)

inf

B ()

el

Jes
This completes the proof.

Some Applications on S-numbers of Some
Operators

In this section, we use the formal expansion of some
well known functions of more than one variable and
consider it as series of forward weighted shift operators. For
these series, we give upper estimations of its s-numbers.

By using the power series of three entire functions

x)Zanx",gz(y)=any” and g3(y)=20nz" R
n=0 n=0 n=0
define shift operators R}Zl fx, v, 2) = g()flx, y, 2),

R, fx,y,2) = g0)fx, ¥, 2) and R_flx,p, 2) = gs(2)Ax, y,
z) on the space H ;(

we

hoh ,13)

Lemma 4.1

Let >a,, Db, and > ¢, be three infinite series

n=0 n=0 n=0

then we have:



Nashat Faried et al. / Journal of Mathematics and Statistics 2019, Volume 15: 79.85
DOI: 10.3844/jmssp.2019.79.85

n=0 n=0  n=0 n=0m=0k=0
Proof:

» » © o n ©
za"zbnzcn =z akbn—kzcn
n=0 n=0  n=0 n=0£k=0 n=0

© »
=242,
n=0 n=0
© n
= Z Z Amcn—m
n=0m=0
© n_m
= z z akbm—kcn—m
n=0m=0k=0
Example 4.2

Considering the function f{x, y, z) = ¢~ " as a series of shift operators on the space H ;(, 2 we have the following

expansion:
2 21: 3m—k .
X +3y n—ke
¢ ZMZO[ ! J[(m—k)!y j
ZI m—k
- ZO ,;) k'(m k)' r
We get:

) S

n=0 m=! (J

< inf sup inf ﬁl (ll + Zk) ﬁz (’2 +m— k) o N 3m—k
WS card £ =, e ﬁ] (ll ) ﬁz (IZ) =0 m=0 kl(m _k);

where, I = (i), i,) and J = 2k, m-k).
Example 4.3

Considering the function f(x, y, z) = sin x* sin 5y sin g as a series of shift operators on the space H ;(, bi) Ve have

the following expansion:

N (_l)ns o 442 2m-2k+1 _2n-2m+1
sinx’sin5ysin= noem
o Z:»;»; Ok ) (2m -2k ) 2n—2me 1) T

we get:

S E I 2k 1)) (2m - 2k +1)(2n— 2m +1)!

S s inf B (i + 4k +2) B, (iy +2m =2k +1) B, (is + 20— 2m+1) & &, & (1) 5% ’
[l etz 07 B (i) (i) B (i) SRS 2k 1)1 (2m - 2k +1)(2n - 2m +1)!

i=1

z © nm (_l)n Sz(m k)
s (Sin sin5 ysm§) 5| YYY 92 22kl 202

where, 1= (i), b, i) and J = (4k + 2, 2m-2k +1, 2n-2m +1).

84
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Example 4.4

Considering the function f{x, y, z) = sin x cos ye” as a series of shift operators on the space H ’ ) we have the

(11 RITA

following expansion:
sin x cos ye’

— S uh Y (_l)m 2k+1_ 2m-2k _n-m
_zzz(2k+1)!(2m—2k)!(n—m)!x yoor

n=0m=0k=0

we get:

Zm: (_1)m x2k+1y2m—2kzn—m

s, (sinxcosye”) =s, [;m=0k=o(2k+1)!(2m—2k)!(”_m)!

B, (i +2k+1) B, (i, +2m=2k) B, (i +n-2)

k ] (-1)" . ‘
< inf su inf 2k 2m=2k nm
f[n Srlﬁﬂrdfzp:f. slee B (il ) B, (iz) B; (is) ;m:();(zk + 1)!(2’"_ Zk)!(”_ m)! g
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