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Introduction

The idea of rough convergence was first introduced
by Phu (2001; 2002; 2003) in dimensional normed
spaces which is finite. He showed that the set LIM; is

bounded, closed and convex; and he introduced the
notion of rough Cauchy sequence. He also investigated
the relations between rough convergence and other
convergence kinds and the dependence of LIM; on the

roughness of degree denoted by r.

Aytar  (2008a) studied of rough statistical
convergence and described the rough statistical set's
limit points of a given sequence and obtained two
statistical convergence criteria associated with this set
and prove that the set is convex and closed. Also, Aytar
(2008b) studied that the fact that r-limit set of the
sequence is equal to intersection of these sets and that r-
core of the sequence is equal to the union of these sets.
Dundar and Cakan (2014) have studied of rough ideal
convergence and described the rough ideal limit set's
points of a sequence. The notion of I-convergence for a
triple sequence spaces which is based on the very
structure of the ideal | of subsets of N°*, where N is the
set of all natural numbers, is a natural generalization of
the notion of convergence and statistical convergence.

In this paper we are going to examine some basic
properties of rough I-convergence of a triple sequence
spaces of fuzzy in three dimensional matrix spaces
which are not earlier. We study the set of all rough I-
limits of a triple sequence spaces of fuzzy and also the
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relation between analyticness and rough I-core of a triple
sequence spaces of fuzzy. Let us assume that K be a
subset of the set of positive integers N* and let us denote
the set Kiji = {(m, n, k)eK: m< i, n<j, k <£}. Then the
natural density of K is given by:

8, (K)=lim 1K

o jjo

where, |Kij denotes the number of elements in K.

First of all, we have applied the concept of (p, q)-
calculus in approximate theory and introduced the (p, q)-
analogue of Bernstein operators. Next, based on (p, q)-
integers, some approximate results for Bernstein-Stancu
operators, Bernstein-Kantorovich operators, (p, Q)-
Lorentz operators, Bleimann-Butzer and Hahn operators
and Bernstein-Shurer operators etc.

Khan and Lobiyal (2015) gave a very nice application
in computer-aided geometric design and used these
Bernstein basis for construction of (p, q)-Bezier curves
and surfaces based on (p, q)-integers which is further
generalization of q-Bezier curves and surfaces.

Being motivated with the above described study on
(p, 9)-approximation and its application, in the present
paper we are going to investigate statistical approximate
characteristics of Bernstein-Stancu operators based on
(p, g)-integers.

Now we recall some basic definitions about (p, q)-
integers. For any given u,v,weN, the (p; q)-integer
[uvw]p q is defined by:
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uvw uvw

p q
—q

[0], =0 and[uw], = if u,v,w>1,

where, 0 < q < p < 1. Here the (p, g)-factorial is defined
by:

[0],,!=1and[uw]t, , =[1] [2] --[uw] if u,v,w>1.

Also the (p, q)-binomial coefficient is defined by:

UUON

_ [uls, (V] (W]t
[m]!p,q [u_m]!p‘a [n]!p‘q[v_n]!p‘a [k]!p,q [W_k]!p,q

u

m

v

n

w

k

for every u, v, w, m, n, ke N having u=m, v=n, w=k.
The formula for (p, g)-binomial expansion is as
follows:

(u=m)(u-m-1)+(v—n)(v—n-1)+(w-k)(w-k-1)
2

m(m-1)+n((n-1)+k(k-1)
2

=35>

=0n=0 k=

(

uvw
p.q

q

0
izj a(u—m)+(v—n)+(w—k)bm+n+kX(u—m)+(vfn)+(w7k)ym+n+k
p.q

X+y)o=(x+y)(px+ay)( p’x+0’y)--
p(u71)+(v71)+(w71)x " q(ufl)+(v—l)+(w—1)y)’

1-x),, =(1=x)(p- ax)(p* - g°)---
(u=D)+(v-2)+(w-1) _ q(u—1)+(v_1)+(w_l)x)

m(m-1)+n(n-1)+k(k-1)
2

()5 =x(PA)(p7x)--o(p )= p

The Bernstein operator having order rst is given by:

Brst ( f, X)
ros ot . s
= ZZZ f (mirﬂ(}(m)(n)(f(jxmmw (1_ X)(m—r)+(n75)+(k,1)
m=0 n=0 k=0 rst

where f is a given continuous function (which may be
real or complex valued one) function defined on the
interval [0, 1].

(p, g)-Bernstein operators are defined as follows:
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m(m-1)+n(n-1)+k(k-1)

1 : S ! r s t m+n+
= T es(s () ZZZ(mj[nj(kjp ‘ XM
p 2 m=0n=0k=0
(r-m-1) (s-n-1) (t-k-1) (11)
H (pu1 _qulx) H (pu2 _quZX) H (pU3 _qusx).
4 =0 u, =0 U3 =0
(r-m) (s=n) (t-k)
f[p [m], o+ P[], P [k]pq]’xe[olq
[l + (8], +1t,
Also, we have:
st
(1-x),,
fs ot ek (r=m)(r-m=-1)+(s-n)(s-n-1)+(t-k)(t-k-1) m(m-1)+n((n-1)+k(k-1)
5330 S
m=0n=0 k=0
(e
Srst,p‘q( f ’X)
1 r s t r S t w K
= T Ds(s-)() ZZZ(m)(nj(kjp ’ X '
p 2 m=0n=0k=0
(r-m-1) (s-n-1) (t-k-1) (12)
H (pu1 _qulx) H (puz _quzx) H (p“a _quax).
U =0 U, =0 U3 =0
(r-m) s-n) (t-k)
(B B )
(Ml # I8 [t + 2

Let us note the fact that for » = x = 0, (p, q)-
Bernstein-Stancu operators given by (1.2) converts into
(p, q)-Bernstein operators. At the same time for p = 1, (p,
q)-Bernstein-Stancu operators given by (1.1) turn out to
be g-Bernstein-Stancu operators.

Throughout the paper, R denotes the real of three
dimensional space with metric (X, d). Let us consider a
triple sequence of Bernstein-Stancu polynomials (Sestpq
(f, x)) such that (Srstpq (f, X)) €e R, m, n, keN.

Let f be a given continuous function defined over the
closed range interval [0, 1]. A triple sequence of
Bernstein-Stancu polynomials (Sestp,q (f, X)) is said to be
statistically convergent to (f, x), written as sts-lim Sisipg
(f, x) = f(x), provided that

the set:

K, = {(m,n,k)eN3 TS pq (F.X)=(F.X) 2 e}

has natural density zero for any ¢ > 0. In this case, (f, x)
is called the statistical limit of the triple sequence of
Bernstein-Stancu polynomials. i.e., & (K. = 0. That is:
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. 1
r,!!mwristl{mﬁ r,n<sk st:lS,stvp,q(f,x)—(f,X)IZG} |=0.

In this case, we write &-lim Sispq (f, X) = (f, X) or
Srstpg (F, X) —2— (f, ).

Throughout the paper, N denotes the set of all
positive integers, ya- the characteristic function of
AcN, R the set of all real numbers. A subset A of N?
is said to have asymptotic density ds (A) if:

6, (A)= lim L33 4 (K),

[ Ml | e e g

The theory of statistical convergence has been
discussed in trigonometric series, summability theory,
measure theory, turnpike theory, approximation theory,
fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as
a function x: NxNxN—R(C), where N, R and C

denote the set of natural numbers, real numbers and
complex numbers, respectively. The different types of
notions of triple sequence was introduced and
investigated at the initial by Sahiner et al. (2007; Sahiner
and Tripathy, 2008), Esi (2014; Esi and Catalbas, 2014;
Esi and Savas, 2015; Esi et al., 2016), Dutta et al.
(2013), Subramanian and Esi (2015), Debnath et al.
(2015) and many others.

A triple sequence X = (Xmnk) iS Said to be triple
analytic if:

1
SUp | ank |m+n+k< .
m,n,k

The space of all triple analytic sequences are usually
denoted by AS.

A fuzzy number X is a fuzzy subset of the real R?,
which is normal fuzzy convex, upper semi-continuous
and the X° is bounded where X° := cl{xe R®: X(x)>0}
and cl is the closure operator. These properties imply
that for each ae(0, 1], the a-level set X* defined by:

e x (9205

is a non empty compact convex subset of R®.
The supremum metric d on the set L(RR*) is defined by:

d(X,Y)=sup max(‘)j“ —\f"—‘)?“ —\7“‘).

ael0,1]

Now, given X, Ye L(R®), we define X<V if X <y”
and X*<Y* for each ael0, 1].
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We write X<Y if X<Y and there exists an ae[0, 1]
such that X% <Y* or X% <Y%
A subset E of L(R®) is said to be bounded above if

there exists a fuzzy number g, called an upper bound of
E, such that X<u for every XeE. u is called the least
upper bound of E if x is an upper bound and </ for all
upper bounds 4.

A lower bound and the greatest lower bound are
defined similarly. E is said to be bounded if it is both
bounded above and below.

The notions of least upper bound and the greatest
lower bound have been defined only for bounded sets of

fuzzy numbers. If the set E < L(R®) is bounded then its

supremum and infimum exist.
The limit infimum and limit supremum of a triple
sequence spaces (Xmnk) is defined by:

lim inf X, =inf A .

mnk — /£

lim sup X, =inf B,.

mnk—/

where:

A : {,ue L(R®): Theset {(m,n,k) e N*: X ., <y}isinfinite}

B

< {ye L(R®): Theset{(m,n,k) e N*: X, <y}isinfinite}.

Now, given two fuzzy numbers X, Ye L(R®), we
define their sumas Z = X + Y, where Z%:=X*+Y“ and
Z*:=X"+Y*“ forall ac[0, 1].

To any real number aeR®, we can assign a fuzzy
number a, e L(R’), which is defied by:

1 ifx=q,
0, otherwise’

al(X)={

An order interval in L(R®) is defined by [X, Y] :=
{ZeL (R®): X<Z<Y}, where X, YeL (R®).

A set E of fuzzy numbers is called convex if A +
(1-2) ek for all 1€[0, 1] and 4, oeE.

Definitions and Preliminaries

Throughout the paper R® denotes the real three
dimensional case with the metric. Consider a triple
sequence X = (Xmnk) Such that Xmk € R, m, n, ke N .
Those definitions follows:

Definition 2.1

Let f be a given continuous function defined over the
given closed interval [0, 1]. A triple sequence of fuzzy
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Bernstein-Stancu polynomials (Srsipq (f,X)) is said to be
statistically convergent to (f,X) given by Srspq (f,X) — SHimx
(f,X), if for every ¢ > 0 we have d (A(c)) = 0, where:

A(e)={(r,s,t) eN*1 S o (. X)=(f,X)[ze}.

Definition 2.2

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Systp,q (f, X)) is said to be
statistically convergent to (f, X) symbolized by Sstpq (f,
X) — stlimx (£ X), provided that the set:

{(rst)eN* 1S, o (f.X)=(f,X)[z¢},

has natural density zero for every ¢ > 0. In this case, (f,
X) is called the statistical limit of the sequence of fuzzy
Bernstein-Stancu polynomials.

Definition 2.3

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Srstpq (f, X)) in a metric
space (X, |.,.) and g be a non-negative real number is
said to be g-convergent to (f, X), symbolized by Srstp,q (f,
X) = (f, X), if for any € > 0 there exists N.e N such that
forall r, s, t > N, we have:

[Sestpa (FX)=(F.X)|<r +e

Under these conditions Systpq (f, X) is known as an f-
limit of (f, X).

Remark 2.1

We are going to consider S-limit set Syspq (f, X) which is
described by LIM? Srstpq (f, X) and is defined by:
LIM?S, o (F.X)={f 1S, (f.X)>" (f,X)}.

rst,p,q( I’SI,P,Q(

Definition 2.4

Let f be a continuous function defined on the closed
interval [0, 1].

A triple sequence of fuzzy Bernstein-Stancu
polynomials (Srstp,q (f, X)) is said to be S-convergent if
LIM? Suipq (f, X) = ¢ and g is called a rough
convergence degree of Sisipq (f, X). If S =0 then it is
ordinary convergence of triple sequence of fuzzy
Bernstein-Stancu polynomials.

Definition 2.5

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
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Bernstein-Stancu polynomials (Sestipg (f, X)) in @ metric
space (X, |.,.) and g be a non-negative real number is
said to be p-statistically convergent to (f,X), denoted by

Srstpg (f, X) =7~ (f, X), if for any ¢ > 0 we conclude that
ds (A(e)) = 0, where:

A(e)={(r,s.t) e NS oo (F.X)=(F,X)=(f,X)[2r+¢l.

In this case (f, X) is called g-statistical limit of Systp,q
(f,X). If g =0 then it is ordinary statistical convergent of
triple sequence of fuzzy Bernstein-Stancu polynomials.

Definition 2.6

The class denoted by | of subsets of a given
nonempty set X is said to be an ideal in X provided:

(i) g€l
(i) A, Bel implies AUBel
(iii) Ael, B<A implies Bel
I is called a nontrivial ideal if X¢&l.

Definition 2.7
A nonempty class F of subsets of a nonempty set X is
said to be a filter in X. Provided:

(i) geF

(ii) A, BeF implies AnBeF;
(iii) AeF, AcB implies BeF.
Definition 2.8

I is a non trivial ideal in X, X = ¢, then the class:

F(1)={M c X:M =X \AforsomeAel}

is a filter on X, called the filter associated with I.
Definition 2.9

A non trivial ideal | in X is called admissible if {x}<l
for each xeX.

Note 2.1

If I is an admissible ideal, then usual convergence in
X implies | convergence in X.

Remark 2.2

If 1 is an admissible ideal, then usual
convergence implies rough I-convergence.

Definition 2.10

Let f be a given continuous function defined over
the closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Sist,p,q (f,X)) in a metric

rough
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space (X, |.,.]) and g be a non-negative real number is
said to be rough ideal convergent or gl-convergent to
(f,X), denoted by Srsipq (F,X) =7 (f,X), if for any € > 0
we have:

{(rs,t)eN°:[S o (f.X)=(f.X)zB+c}el.

In this case (Srstpq (f,X)) is called pl-convergent to
(f,X) and a triple sequence of fuzzy Bernstein-Stancu
polynomials (Srstp,q (f,X)) is called rough I-convergent to
(f,X) with g as roughness of degree. If g =0 then it is
ordinary I-convergent.

Note 2.2

In general, let f be a given continuous function
defined over the closed interval [0, 1]. A triple sequence
of fuzzy Bernstein-Stancu polynomials (Sstpq (9,X)) is
not I-convergent in usual sense and [Sestpq (f,X)-Srstpg
(g,.X)| <Bforall (r, s, t)e N*or:

{(rst)eN*S L (F.X) =Sy ,q(9. X) 2 B €l

for some g > 0. Under these conditions, the triple
sequence of fuzzy Bernstein-Stancu polynomials (Srstp,q
(f,X)) is pl-convergent.

Note 2.3

It is obvious that it is not necessary gl-limit of a
sequence Srstpq (f,X) of fuzzy Bernstein-Stancu
polynomial is unique.

Definition 2.11

Let us consider gl-limit set of (f, X), which is
denoted by:

I=LIM?S, . (f.X)={f:S

*Srst,p,q

(f.X)>" (£,X)},

rst,pvq(

then the triple sequence of fuzzy Bernstein-Stancu
polynomials (Srstpq (X)) is said to be gl-convergent if I-
LIM? Sisipq (FX) # ¢ and B is called a rough I-
convergence degree of Systp,q (f,X).

Definition 2.12

Let f be a given continuous function defined on the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Srstp,q (f,X)) is said to
be I-analytic if there exists a positive real number M
such that:

{(rst)eN* S, (f.X)[m"*>M}el.

rstvp‘q(
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Definition 2.13

Let f be a given continuous function defined over the
closed interval [0, 1]. A point LeX is said to be an I-
accumulation point of a fuzzy Bernstein-Stancu
polynomials (Srstpq (f,X)) in a given space having the
metric (X, d) iff for each _ > 0 the set:

{(r,s,t)el\ﬁ:d(Sm’pyq(f,X),(f,X))}E .

S 00 (F,X)=(F,X) <€

rst,p‘q(

We denote the set of all I-accumulation points of
(Srstpa (X)) bY I(T(Srstpq (£.X)))).

Definition 2.14

Let f be a given continuous function defined over
the closed interval [0, 1]. A given triple sequence of
fuzzy Bernstein-Stancu polynomials (Srstip,q (f,X)) is
said to be rough I-convergent if I-LIM? Sestpq (F,X) 2
¢. 1t is clear that if I-LIM” Syt pq (f,X) 2 ¢ for a triple
sequence of fuzzy Bernstein-Stancu polynomials
(Srst,p,q (f, X)) of real numbers, then we have:

I-LIM?S . (f,X)
=[1-limsupS, o (f.X)= A1 liminf S (f,X)+ 5]

Definition 2.15

Let f be a given continuous function defined over the
closed interval [0, 1]. The number of g = {8 > 0: I-

LIM? Srsipq (FX) # ¢} is said to be rough I-core Sstpq
(f,X) of triple sequence of fuzzy Bernstein-Stancu
polynomials (Srstp,q (f,X)).

Main Results

Theorem 3.1

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu  polynomials (Srstpq (f,X)) of real
numbers and 1 2" be an admissible ideal, we obtain
diam (I-LIM” Srsipq (f,X)) < 2. In general, diam (I-LIM#
Srstp,q (f,X)) has got an upper bound.

Proof

Assume that diam (LIMZ Sispq (f,X)). Then, 3Sesipq
(fX):

Srst,p,q (q, X)e LIM ﬁSm‘pvq(f ,X)
3 St pg (P X) = Spg g (A, X ) [> 2.
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rst, pq(q X)|_ﬁ]

( [Stpq (P X)=S

2
Because:

S, pq(p X) i, p’q(q,X)e | —LIMﬂSmIp‘q(f,X),
we have Az ()€l and Az (¢) el for each ¢ > 0, in which:
Al(e)z{(u,v,w)el\l3 :|Smypvq(f,X)—vap,q(p,x)|2r+e}
and:

A (€) ={(u,v,w) eN;| Sretpa( F1X) =S pq(a. X) 2T +e}.

By utilizing the properties F(I), we obtain:
(A () NAe))eF().
Therefore we can write:

|Srstpq( X) rstpq(q X)|<|Srstpq(f X)_
+|Srst,p‘q(f’x)

Srst,p,q(p’x)|
Spg (A X)<(B+e)+(B+e)<2(B+e),

for all (r, s, t)eAi(c)*A2(e)® which is a contradiction.
Hence diam (LIM? Setpq (f,X) < 213.

Now, it is time to take into consideration a triple
sequence of fuzzy Bernstein-Stancu polynomials of
(Srstp,q (f,X)) of real numbers such that I-liMest>o Srstpg
(£,X) = (f,X).

Let € > 0. Then we can write:

{(rst)eN° S, (f.X)=(f.X)ze}e
Therefore we have:

|Srst.p,q(f’X)_SrSI.p,q(p7X)|S| Srst,p‘q(f’x)_(flx)l
+|(f’x)_srst.p,q(plx)|
S pa(F.X)=(£.X)[+8< B+e,

for each:

St (P X) €S, ((f,X)):
{rstpq(pX)ER |Srstpq(px) (f X) 'B}

Next we obtain:

[ Sestpig (F1X) =S pa (P X) < B+e

328

for each (r, s, t)e{(r, s, ) e N*: |Srstp.q (F,X)- (f,X) < €}.
Because the triple sequence of fuzzy Bernstein-Stancu
polynomials of Sstpq (f,X) is I-convergent to (f,X), we
have:

{(rst)eN*1s o (f.X)=(f,X)l<efeF(1).

Therefore, we obtain
Consequently, we can write:

S,((f.X)).

pe I-LIM' Srst,p,q (fnx)-

I-LIM’S, . (f,X)= (3.1)

Since diam (S,((f,X))) = 24, this shows that in
general, the upper bound 2 of the diameter of the set I-
LIMZ Syt g (F,X) is not lower bound.

Theorem 3.2

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Srstpq (f,X)) of real
numbers, 1 3" be an admissible ideal. For an arbitrary
(f, c)el (I'x), we obtain | Sestpq (f,X)-(f, )| <p for all
Srstpg (F,X)€1-LIMP Spip g (F,X).

Proof

Assume to the contrary that there is a point
(f,c)el(T'x) and Srstpq (f,X) € I-LIM? Srsipq (f,X) such that

| Srstpg (f.X)-(f,c)|>p. Define
e SpalFX) =118 7oy

3
{(rst)eN* S, (f.X)=(f.c)le} 652)
c{(rst)eN*:S o (F,X)=(f,X)[z B+el.

Due to the fact that (f, ¢) cel (I'x), we have:
{(rst)eN°:S, o (f.X)=(f.c)l<e}e

However,
because:

using the definition of I-convergence,

{(rs,t)eN*:IS , (f.X)=(f,X)[zB+e}e
so by (3.2) we have:

{(rst)eN3 ]S )—(f,c)|<e}e

rstpq(

which is a contradiction to the fact (f, ¢)el (I'x). On the
other hand, if (f, c)el (T'x) i.e.:
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rstpq(

{(rst)eN°ys

X)-(f.c)l<ele
then:
{(rst)eN* s, (f.X)=(f,X)zB+¢c} e

which is a contradiction to the fact that (f, X)el-LIM?
Srstyp,q (f,X)

Theorem 3.3

Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of fuzzy Bernstein-
Stancu polynomials:

(Srst,p,q(f'x))_)l (f’X)
s 1-LIM7s L (F.X)=S,((f,X)).

Proof
Necessity: By Theorem 3.1.
Sufficiency

Assume that I-LIM? Sisipq (FX) = S, (X)) (= ).

Thus the triple sequence spaces of fuzzy Bernstein-
Stancu polynomials of (Sistpq (f,X)) is l-analytic. If we
assume that (f, X) has another I-cluster point (f ', X)
different from (f, X). Then the following point:

— _ N ﬂ
(F.x)=(f.X) X (Fx)]
(F.X)=(F.X)=(f,X)=(f"X)

T2l -0~

(%)= (£ =[(F, %)= (%))

B '
+W\(f X)=(11.X)

(FX)= (0] =[(1.%)~(£.%)] + p> .

((F.X)=(F".%))

Since (f ', X)el(Tx), using Theorem 32, (f,X) gl-
LIMZ Sisipq (F.X). It is not possible as | T, X ) -(f.X)| = Band
I-LIM" Srsipq (£.X) = S, ((f.X)). Since (fX) is the unique-I-
cluster point of (f,X). Thus = Srstpq (FX) ' (f, X).
Corollary 3.1

If (X, |...]) is a strictly convex spaces and at the same
time f is a given continuous function given over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Srstpq (f,X))eX, there
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exists y1, Yoel-LIM? Sipq (f,X) such that |yi-ys| = 25,

then this triple sequence of fuzzy (f, X) —' nty, > Yo,

Proof
Omitted.
Theorem 3.4

If I-LIMZ % ¢, then 1-lim sup Srstpq (f,X) and I-lim inf
Srst,p'q (f,X) al'e |n the Set I'LIMZﬁ Srstyp’q (f,X)

Proof

We know that I-LIM? Siipq (FX) 2 ¢, a triple
sequence of fuzzy Bernstein-Stancu polynomials of
(Srstpq (F,X)) is l-analytic. The number I-lim inf Sistpgq
(f,X) is an I-cluster point of (f,X) and thus, we obtain:

(f,X) =1 =liminf S, , (f,X)|
<pv(f,X)el —LIM?(f,X).

Let A = {(r, s, )e N°: |[(f,X)-Srstpq (FX)| = B + €}
Now if (r, s, t) ¢ A, then:

Supa(f.X)=(1-liminf S, (f, x))\ Sopa (. X)=(f.X)|
#(£,X)=(1=liminf ., ,o (£, X)) <2+

Thus:

I —liminf f S f,X)eI—LIMZ”S f,X).

rst,p,q( rst,p,q(
In a similar way, it can be shown that I-lim sup
ankEI'LIMZﬂ ank.

Corollary 3.2

Let f be a given continuous function defined on the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu  polynomials (Srstpq (f,X)) of real
numbers, if 1-LIM? Sysipq (F,X) # ¢, then:

I —core{(f,X)} =1 -LIM*S_ . (f,X).

"StvaQ(

Proof
We obtain:

I-LIM’S, . (f,X)

rst,p,q(

=[ 1 -limsups X)—2p,1 —liminfs_  (f,X)+23].

rstpa(

Under these conditions, the result yield in from
Theorem 3.4.
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Theorem 3.5

Let f be a given continuous function defined over the
closed interval [0, 1]. A triple sequence of fuzzy
Bernstein-Stancu polynomials (Srstpq (f,X)) of real
numbers. Then the diam (I-core {Srstpq (f,X)}) of the set:

I —core{S, ,,(f,X)}
=p e L —core{(f,X)}=1-LIM’S_  (f,X)

Proof:

diam(l —core{Srstypyq(f,X)}):ﬂ

< (1-limsupS, . (f.X))—(1-limsup X, )= B

& | —core{ X, | =[ 1 =liminf X, 1 ~limsupS,.., , (,X)]
=[1-1-limsupS, o (f,X)=B,1 —liminf S, (f,X)+r]
S1-LIMZs,,,(F.X).

mnk

TSI;P‘CI(

fSlyqu(

Also it is easy to see that:

(i) p>diam(l-core {Sistpq (f.X)}) < Il-core {Sistpgq
(F.X)}< 1-LIMZ Systpq (F,X),

(ii) p>diam(l-core {Srstpq (F.X)}) < I-LIM? Sisipq (F,X)
c I-core {Srstpq (.X)}

Theorem 3.6

Let f be a continuous function defined over the closed
interval [0, 1]. A triple sequence of fuzzy Bernstein-

Stancu polynomials (Srstpq (f,X)) of real numbers, if g =
inf {# > 0: I-LIM? Sitpq (f,X) = ¢, then g = radius (I-
core {Srstpq (X)}).

Proof

If the set l-core{Swipq (f,X)} is singleton, then
radius(l-core{Srstp,q (f,X)}) = 0 and the triple sequence of
fuzzy Bernstein-Stancu polynomials is I-convergent, i.e.,
I-LIMO Srstpq (f,X) # ¢. Hence we get 5 = radius (l-core
{Srstpag (f.X)}) = 0.

Now assume that the set I-core {Srstp,q (f,X)} is not
a singleton. We may write I-core {Srstpq (f,X)} = [a,
b], where a = I-lim inf Systpq (f,X) and b = I-lim sup
Srst,p,q (f,X)

Now assume that g = radius (I-core {Srsipq (f,X)}).

If B < radius (I-core {Xm}), then define
b-a _ g

¥
[
=

Now, be definition of g implies that

I —LIM?*" Srgpg (F.X) # ¢, given € > 0:
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3| eR:A{(r's’t)eN:|S“"”'q(f'x)}e l.
~(£.X)(B+E)+e

Since g+e< 2 Wwhich is a contradiction of the

definition of a and b.
If g > radius (I-core {Srstpq (f.X)}), then define

giﬂ—s%a and ' = p-2¢.

Itis clear that 0 < £’ < g and using the descriptions
of aand b, the number 221 —LIM B’ Srsipq (f,X). Under
these conditions, we obtaint:

Be{p=0:1-LIM"S  (f,X)=g},
which is a contradiction to the equality:
B=inf{B=0:1-LIM"S_  (f X)=g}asp <p.

Corollary 3.3

Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of fuzzy Bernstein-
Stancu polynomials (Srstp,q (f,X)) of real numbers, then I-

core {Srstpq (FX)} = 1 —LIM? Sipq (F.X).
Proof

It follows that Theorem 3.5 and Theorem 3.6.
Example 3.1

Let f be a continuous function defined on the closed
interval [0, 1].

With the help of Matlab, we show comparisons and
some illustrative figures on the convergence of operators
given in (1.2) to the function f(X) = 1+ X3 sin(14X) under
different arguments.

From Fig. 1a, we can see that as the value the g and p
goes to 1 under the conditions 0 < g <p <1, (p, 9)-
Bernstein-Stancu operators given by (1.2) converges to
the function f(X) = 1+ X3 sin(14X). From these figures,
namely 1(a) and (b), we can see that for 7 = =0, when
the values of the rst go up, (p, g)-Bernstein-Stancu
operators given by (1.2) converges to the function. In a
similar manner, using the Fig. 2a, we may conclude that
for 7 = 4 =5, when the values of the g and p go to 1 or
else the condition 0 < q < p < 1 is provided, (p, )-
Bernstein-Stancu operators given by (1.2) converges
towards the function. Using the Fig. 2a and 2b, we can
conclude that as the values of the [rst] go up, (p, Q)-
Bernstein-Stancu operators given by f(X) = 1 + X3
sin(14X) converges to the function.
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——— Forq=0.1,p=03

Forgq=0.5p=0.65
s For = 0.95, p = 0.99
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16+
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121

1

0.8}

0.6}
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0 01 02 03 04 05 06 07 08 09
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(®)

Fig. 1: (p, q)-Bernstein-

Forq=0.9,p=0.95
e FOr q = 0.96, p = 0.99
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181
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141
12|
11
0.8
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0.4 . .
0 01 02

0.9

03 04 05 06 07 08 1
X (forr=3,5s=3,t=3,n=5u=5)

@

e O = 0.1, p=0.3

For q=0.5,p =0.65
s For q = 0.95, p = 0.99
s FuNction
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161

141

12+

14

081

061

0.4

01 02 03 04 05 06 07 08 09
x (forr=5,s=3,t=4,n=0,1=0)
(b)

0

Stancu operators

2

Forgq=0.9,p=0.95
s 0T ¢ = 0.96, p = 0.99
Function

181

16}
14+t
121
1]
0.8

0.6+

04

03 04 05 06 07 08 09
x (forr=5,s=3,t=4,n=5u=5)

(b)

0 01 02

Fig. 2: (p, q)-Bernstein-Stancu operators

Conclusion

We introduced and studied some basic properties
of fuzzy Bernstein-Stancu operators of rough I-
convergent of triple sequences and also studied the set
of all fuzzy Bernstein-Stancu operators of rough I-
limits of a triple sequence and relation between
analytic ness and Fuzzy Bernstein-Stancu operators of
rough I-core of a triple sequence.

For the reference sections, considered the following
introduction described the main results are motivating
the research.
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