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Introduction and Preliminaries

The topic of Montgomery’s identities have many
applications and cover other important known
identities and inequalities in that involve Ostrowski
and Gru’ss type inequalities, also see in present paper.
There are many applications of Ostrowski inequalities
in field of numerical integrations and probability
theory (Dragomir et al., 2002; 2008; Liu, 2012). We
can also get especial means using such inequalities
(Alomari and Darus, 2010a; 2010b). The especial case
of Ostrowski type inequalities is CebySev inequality
which is very popular (Pecari¢, 1984; 1987). Also
there are many applications of Griiss type inequalities
in the numerical integrations and other different fields
(Buse et al., 2006; Cerone and Dragomir, 2007
Dragomir, 2012).

J is an interval in R, throughout the article. Also
throughout the article we would use the following
notations for PDF = probability density function, R =
(—o,0) and R, = [0,0). The following identity of
Montgomery is extracted from (Mitrinovi¢ et al., 1991;
Pecari¢ and Vukeli¢, 2007).

Proposition 1.1.

Let /' be a function and provided that f* is continuous
in the interval [a,b] € R . Then:

(b-a)f(»)= ff(p)dp+ fr(y,p)f'(p)dp, (1.1)

holds for Peano kernel r, stated as:
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% Publications

We provide double weighted
Montgomery for differentiable function of higher order for two
variables and by help of those identities we get generalization of
Ostrowski and Griiss type inequalities for weighted integrals for
differentiable functions of higher order for two variables.

integrals identities of

Keywords: Montgomery's Identities, Ostrowski Type Inequalities,
Griiss Type Inequalities

_Jp-a ,asp<y,
r(y,p)— p-b ,y<p<h

We also present here the generalization of above
Equation (1.1) which is collected from (Pecari¢, 1980).

Proposition 1.2

Let f'be a function and provided that f is continuous
in the interval [a,b]. Then:

F)=[o(p) £ (p)do+ [ 1, (v.0) F(p)dp.

holds for weighted Peano kernel r,, defined as:

r (v.p)= Vip) , asps<y,
VA V(p)-1 , y<p<bh,

where, v : [a,b]— R, is some PDF, i.e., it is a function

that satisfies fu( p)dp=1 and:

0 . p<a,
Vip)=1 [vmdv . pelab],
1 , p>b.

The following generalized identities are obtained
from (Barnett and Dragomir, 2001) and (Dragomir et al.,
2003) for functions of two independent variables.
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Proposition 1.3

Let f be a function and provided that f;; is
continuous in the interval [a,b]x [¢,d]. Then:

(d=c)(b-a)f(y.2)=—[ [ f(p.s)dsdp+(d~c)
ij(p,Z)dp
w(b-a) [ f(r.s)ds+ [ [r(v.p)a(z.9) ) (p-5)dsdp.
and (d—c)(b—a f(3.2) :ijf(p,s)dsdp

ff (»p p.s)dsdp
+ frq (z.s f(O,l) p.s) dsdp+ffr(y,p)q(z,s)

J Ly (p.s)dsdp,

hold, here » and ¢ are Peano kernals as defined above.

Pecaric and Vukeli¢ (2007) authors gave the
identities of weighted Montgomery for two variables
functions.

Proposition 1.4

Let 7: [a,b]%[c,d] — R be integrable function and Q
is stated as:

z)= f er(v,g)d;dv.

If f'be a function and provided that £ 1, is continuous
in the interval [a,b]*[c,d]. Then:

o(y. (1.2)

O(a.c)f(y.2)= ffi’(p,S)f(p,s)dsdp
+[0(y.p)
+[10(2:5) fuy (5)ds

= [ [ 03 p.2.5) £y (po5) dclp,

Juo(p.2)dp
(1.3)

holds:
whererp Lf vg’,’)dé’dv , as<p<y
, y<psb,
J:[ vé’)dé’dv , ¢c<s<z,
, z<s<d,

L fr v’g)dgdv ,
‘J::fr(vsé“)dé“dv, y<p<b , c<s<z,

—ffr(v,cj)dcjdv, a<p<y, z<s<d,
O(p-s)

a<p<y ., c<s<z
and O(y,p.z.s)=

, ¥y<p<b, z<s<d,
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Proposition 1.5

Let the suppositions of Proposition 1.4 be true,
then identity:

00001 [ty
+.E7.[-dr (p.5)/ (p.z) dsdp
+Lbfr(p’s)f(y,s) dsdp

[ [0 p.2.5)1, (pos)dsap,

(1.4

holds, where Qis as defined in Proposition 1.4.

Proposition 1.6

Let the suppositions of Proposition 1.4 be true, then:

[Q(a,c)]zf(y,z)=Q(a,c) Jj fr(p,s)f(p,s)dsdp
+J:(Jj fr(v,s)Q(y,p)f(l_’O)(p,s)dsdp)dv
[ (LA 00) o (ps)asafic

+Jj .[-‘[Q(y’p’z°s)f(1,1)(P=s)dSdP’

holds, where O, O and O are defined in Proposition 1.4
and:

)=0(a,¢)O( p,.5).

The pattern of present paper is divided into four
parts. The first part consists on introduction and
preliminaries. In the second part, we would give
generalized identities of Montgomery for higher order
differentiable function of two independent variables. In
the 3rd and 4th parts respectively we also get the
generalization of Ostrowski and Griiss type
inequalities for differentiable functions of higher
order for two independent variables by applying
identities which proved in 2nd part. Those identities and
inequalities give the generalization of many important
results (Barnett and Dragomir, 2001; Dragomir et al., 2003;
2000; Guezane-Lakoud and Aissaoui, 2011; Ostrowski,
1938; Pecari¢ and Vukeli¢, 2007).

0(y.p.2.5)=20(.p)0(z,s

Weighted Integrals Identities of Montgomery
for Differentiable Function of Higher Order
for Two Independent Variables

In starting of this part, we would like to state some
notations for simplification of the lengthy expressions as:

A= [ [0

(/1 ) dé'dv

2.1
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0’) y(2)= ij (v, f) dé“dv 2.2)
»=[ [ V§ 0 g, 23)

R(f:y,z)z—z;;( 1 /+lﬁ/1 Y.z )Q((/)l ( )( )
_,Zl:( l)lf(ﬂ-,f)(y’Z)Q((;ji(g)(z) 2.4)

- Z::,(‘l)j Jo) (. Z)Q((;jﬂ:)(g) ()

For our next main theorem of this recent part, we use
a lemma from (Adnan et al, 2017) by using new
notations as follows.

Lemma 2.1

Let f has continuous partial derivatives f;, and rf:
[a,b]x[c,d] — R be both integrable functions, where j €
{0,1,... . M,M+1}, le {0,1,....N,N+1}, then:

r Idr(y,z)f(y,z)dzdy
= Z Z O () (b-d)(=1)" 1,y (b.)

+§) ) Q((?l);l,)(;)(S»d)(—l)M”” ooy (s:d)ds
3 QU BN iy ()

+Jj J:[ Q((z’w)g();)(s’t)(_l)MJrN f(M+1,N+1)(S~t)dtdS~

2.5)

Now, at this stage we are ready to give our important
new theorems as follows.

Theorem 2.2

Let f has continuous partial derivatives f;, and r.f:
[a,b]x[c,d] — R be both integrable functions, where j &
{0,1,- MM+ 1}, [ e {0,1,...N,N+ 1}, then:

=Rf:y,: +ffr st stdlds
DL D55 52
+Zf /+x1

- ij —1 " QMN) y’s’:7t)~f(M+l,N+l) (s,t)aﬁ‘ds,

f(y,:) Q(b,d

(2.6)
y7‘7t)ﬁj7N+l)(y’t)(ﬁ

where:
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and:
t) as<s<y c<t<z,

3 s,t) y<s<b, c<t<z,
Q(M=N)(y,s,z,t)=

(M.N)
%)

(M.N)
Qo)

s,t),a<s<y, z<t<d,

(s
)
(
(

s,t),y<s<b, z<t<d,

where, Q1) (5:1), 0} (5.2), 040, (%) R (F 3 2

and R(f: y,z) are defined in (2.1), (2.2), (2.3) and (2.4)
respectively.

Proof

Using Lemma 2.1 for [a, y]x[c, z] we get:

[ [r(s)s
DA

j=01=0

+z J; Q (M, 1) S z)( l)\1+1+/f(‘[+“)(s z)d

1=0

s t dtds

(), (3:2)

+z fQ(c];)g (y’t)(_l)lk\#lf(lwvu)(y*t)dt
+J’ [ Q(u \)
—ZZ( 1)]+ (/1) yz)

j=0 1=0

() D Sy (5:0) drdls

o) o (2)
O (-2, (y,z)}z [ S s.2)
(M.1) _ s
[Qu () (5:2 =G0
+z f( 1)j+\+1 (/ \+1)(y 1) x |:Q((/)\)( )(y .0 — Q((/)\)( 9 1)

-]

(y Z) Q(/

(M.1) (M.1)
(8,2) Q() (2) (S*Z)‘“Q(g):(;)(&z)}ds

;)( )(yat)+Q(j)\( )(y,t):|dt+ L f \+‘1 u+1.Av+1)(S=t)

(M. (M .N) (M.N) (M.N)
|:Q(/):>( )(s . — Q( Y= (: )( S,1)— Q( e ()(S )+ ( o ()(S t):|dtds

Similarly for [y,b]x[c,z] we get:
r _rr(s 1) f (s.t)drds = —_[y _rr(s,t)f(s,t)dtds

z:;)z\: l)mf(/l)(y,Z){ (/1) (y,z)+Q(] (y,z)}

1=0
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+if o M+ll(s Z)|: Q(() )()(S Z)+ o

_if /+N+1 ,N+1 y t)[ Q(( i )( )(y t) Q(( )N)(,)(y,t)i|dt
[ T o 5] -G )+ Y, ()t

For [a,y]x[zd]:
[ [r(ss(syas == [r(s.) s
ISy 0 Gl 02 Of ()]
S L0 ) Q0 5:2) Q0 (5.2 s
Sy f(/,s\,ﬂ)(y,z)[—g(‘;)ﬁ(f)(y, )+ Gl )
LT Ry ()] Q050 () () [t
At last for [y,b]x[z,d]:
[ [r(s.0)7 (s.t)duds = [ [r(s.0) 1 (s.0)dods

DIICIRVICOT e
_]ZNO: f( I)M+1+] f(M+1 1)(S Z)"'Q( Y (S z)ds
) [ oy () QY ()

+ f [N fornn (s:0) ((gj’j();)(s,t)dtds.

Adding the four expressions we get desired result.

Theorem 2.3

(s,1)dtds

S

Let f'has continuous partial derivatives fjzniyand f, 7 :
[a,b]x[c,d] — R be both integrable functions. Then
following identity:

S (7.2)0(b.d)=R(f :y.2)= [ [ F(s.0)f (s.0) deds
rf st (s z dtds+ ij (s,t)f(y,t dtds

+Z_C_[I( 1) (5.€) (C 3 ) (01(s z)dgds
ST .,>
[T

holds, where gy ;) as in Theorem 2.2 and O(b,d)
and R(f'y,z) are as defined in (1.2) and (2.3) respectively.

Proof

Firstly, finding expression for the following:

Q2.7)

(7 0 (y,t)dtdv

N+M

y S,z t)fiMH.NH)(S’t)dtds’
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b + A (M
L (_1)M+1 /Q(MJ) (y’s,_')fw,fu)(s,:)ds

using integration by parts as:

[0 O (3.5.2) fiyony (5.2) s
L M+1+1 (M:’)( )(S,Z)f(M+1J)(S’Z)dS
+r( I)M+1+I (M ])( )( )fM+1J)(S’Z)dS
(LV( DO (52 v (2
( 1)M+1+1 (M ’) (S Z)f(M+11 (S Z)dsj
= Qo 02 >( I)M” i (72)
+J:Q 2’ (s.2)(- 1)M+I Tos (s.2)ds

)ds

+

f

+QA/;:1) yaz) M+]fiM1) yaz)
+.rQ(b :1 1) I)M +1 (M] (s Z)ds

=g ()(y,z)(—l)M Sy (:2)

+ [ (2 )™ S (5:2) s
[0 () ()" f (5:2)es
O () oy ()
+_|:( DM (y.5.2) £y (5.2) ds.

+

continuing in this way we finally get:
[ O (05.2) fy g 5:2)ds

-z vV—y i+

LS

[ [0

Similarly:
[y o ”(y : r)ﬁ,+\-+l)(y ()

[ [r@)

We get desired identity by putting all above values in
(2.6) then some cancelation and rearrangements.

Theorem 2.4

Let f:[a,b]x[c,d] — R be function and f € C*V+2D
and V (3,2) € [a,b]x[c,d] we have:

fun (y,z)]d;’dv 2.8)

Z)( 1) oy (s.2) s

Y Ly ,z)}d;’dv 2.9)

0y (ut)dtd.
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f(3.2)0(b,d)’ = 0(b,d)R(f :y,2) + O(b.d)
[ [r(s0) f(s,t)dtds+§: [0 0% (55.2)

R( M+11) i z)ds+2f
(

R f/+N+1) y’

j+N+l Q(,.N)(y’ Z,t)

M

+zzrff( M+l+/+l (M.1) (y’s Z)

J=01=0

f( M1e1) (s, t) dtdsdv

+ZA;[:0 :0 f Jj '[‘d(_l)”HNH Q(','N)(y, Z,t)
£,
I

r\v. (V_y)'
(=

-

r(s,;’)( :
2l [T 0 (1s.2)

J=01=0

Q~(1.N) (y’ Z’t)fiM+l+/,N+1+l) (s,t)dtds,

_Q(b’d) Jj f(_l)MW Q(M.N) (y=s’zﬂt)f(M+1.N+1) (s.t)dtds. (2.10)

(s.1)drdsdS

] (J.N+1+1)

where, Q(M’I)(y,s,z) Q(N’j) (y.2.0) Q(M’N) (y.5.2z,¢), Q and r
are as in Theorem 2.2.

Proof

By Sums (2.8) for / =
we obtain respectively:

f(3.2)0(b.d)=R(f :y.2)

Jé [ [ (g;z)’ Jion (.2)d ds @.11)
3 [0 (025.2) o 0:2) s,

and:

f(.2)0(b.d)=R(f :.2)
+2ff(—l)/r(v,t)(‘;;;/)/f(/yo)(y,t)dtdv 2.12)

M ~
+z{; [’(_1)/+N+1 Q(;,N) (y,z,l)f(‘,,NH)(y,l)dt,
=

V (1:2) € [a,b]x[c,d].
Formula (2.11) used for partial derivatives f; y:1, for j

=0,1,...,M, then:

‘f(j \'+1)(y’t)Q(b’d): R(‘f(/ N+1) e t)

ST e

+,Z_L:) L (_I)MHH Q(MJ) (y’s’t)f‘(A\'[+l+],f\f+l+/)(s’l)ds'

(2.13)

Sy (s:1)deds

0,....Nand (2.9) forj =0,...,M

116

Formula (2.12) used for partial derivatives fj 1, for /
=0,1,...,N, then:

f(M+1,1) (S’Z)Q(b*d) = R(f(M“J) : S’Z)
é [r (—l)jr(v,t)(v;!s)j

M ~
+ZO f(_l)/ o Q(]’N) (S’Z’t)fiM+l+j,N+l+1) (S’t)dt'
j=

f(MH”’,)(s,t)dtdv (2.14)

Substituting (2.13) and (2.14) into (2.6) we get:

S(7:2)0(b.d)=R(f y.2)+ [ [ r(s.0) £ (s.0)deds
Q(b d)zf M+1+I oM (y,s,z)[R(f(MH,,) :s,z)

DANEIRES
S L0 2 ) s
o0, d)Zf( Y O (12 [R(S sy -1
Sy

+z J:( M+l+1 Q(M 1)(y’s t)fiM+1+] N+1+/)(S l)dS:|dt

1=0

_ f f (1) 3N (35,21 Sos ot (5:1) drds.

f(‘M+l+],l) (S’t)dldv

ﬂj,N+l+/) (S’t)dé,ds

We get desired result, after some rearrangements and
using Theorem of Fubini.

Remark 2.5

For M = N = 0, we can get especial cases of
Theorem 2.2, 2.3 and 2.4 as similar as Proposition 1.4,
1.5 and 1.6 respectively (also see similar case in
(Pecari¢ and Vukeli¢, 2007).

2.6. Especial Cases

If r(s,) = q(s)p(¢) in identities (2.6), (2.7) and (2.10)
then we obtain the following especial cases respectively:

S (3.2)00 4 (4)Qcsa(P)=S(/ : 3.2)
[ [ p(t)a(s) £ (s.)dds

N ~

LS (125, 5
M ~

+Z(‘; f(_l)/ N 1S(J,N)(y,z,t)f(jwﬂ)(y,l‘)dl
=

_ J* fw“( o5zt ) (<) Sy (5.0) s,
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[(1:2)000(@)0a(P) = S (1 2 3.2)
—J:fq(s)p(t ).f (s.t)drds
+Jj J:IP(f)fJ(S)f(s,z)dtds
+rfp(f )q(s) f (.t)deds

+qu(s 1) fo 1)(S Z)dSSi»d(p’ )
(]’0)(y,t)dl

y,S,Z,l‘)f(MH’NH) (s.t)dedis,

SL(j—>b q y [Ip(t
r [
( -)[QM( )0 (p )]2: M( )0 (P)S(f:.2)
9)0._.(p ffq (s) p(2) f (5.1) dleds

+zf iy e ,s,:>s(wrw)d¥
153 () R K )

=0
\1+1+/+/ S{‘“ y s,z)p(l‘)ﬁl\ﬂlﬂ./)(S’t)djdg

+;; o (4) ff
A [

+ZZ c—m‘
1 ALY JHMAEN (M. 1) S(/.N)
+2J:_[ZZ(_1) s (y,s,:)S’“ (yazat)/?wnﬂ,xnw)(Sat)dtdg

M+N

/+\+l+l

y: —:t)q(s)ﬁh\#lﬁ) (S’ t) dldS‘

j=01=0
j=01=0

0P ][ ()

\ +\[
a—)b

() y S=Z’t)f(l\,1+1,x+1)(s’t)dtdg’

where:

0..,(q)= qu(s)ds, sV, (g.v)= J:q(v)(y ;'V)’ v

S((])i(z) (y,z) = St(;/—)m (‘]ay)SLan (p,Z),

S((?)]) (h)(z) u—>b(q) c—n/( Z)’
S((m y) S(Hb(q y)Qcad )

S(f:y.2)= ZZf(] y (2SI ()

_;f(w)(y,z)s((;’ 1) z) Zf] o).z ((/)0)( )(y)’

_S(M 1) <<
S(.1) _ (5):(;)(5,2), a<ss<y,
S (y,s,z)_

'|‘S(i‘/{/)/7 (S,Z), y<s£b’

(c)=(3)

_qlim)
oSO esis
S (y,z,t)_

+S((jj(;)(b)(y,t), z<t<d,

and:
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S((g’j()f)(s,t), a<s<y c<t<z,
(M.N)

Syt (1)
(M.N)

Syt

(M.N)
Sy (1)

y<s<bh c<t<z,

E(M’N)(y,s,z,t)=
a<s<y, z<t<d,

y<s<b,z<t<d,

Ostrowski Type Inequalities for Double
Weighted Integrals for Higher Order
Differentiable Function of Two Variables

Under this heading we would recall well known
Ostrowski  inequality which is extracted from
(Ostrowski, 1938):

N[0

(y_a-!—b)z
<M 72

(b-ay

G.1)

+% (b—a); ye[b,a]

where, f'is a real valued function in the interval [a, b] and
provided that f” is continuous and satisfying f* (v)] < M,
Vyela, b]. This inequality has helped to provide many
generalizations and in Pecari¢ and Vukeli¢ (2007) have also
provided the generalizations of this inequality using
identities (1.3) and (1.4). Now by using identities (2.6) and
(2.7), we would get results for generalization of Ostrowski
type for differentiable function of higher order for two
variables as below.

Theorem 3.1

Let f be a real valued function in the interval
[a,b]%[c,d] and f € C*"**Din the same interval. Then:

f(y.z)- dr(s,t)f(s,t)dtdsSO(y,z)

1 b
oot
£31 0 (5.2)+ zo<'°>(y )+ 0 (3.7)

holds, V(y,z) € [a,b]x [c,d]
where:

0(y.z)= [R(/:p.2)),

‘Q(b d)|

(j(w) (y z)

4l
M +1+1
paal Bl ol ] e
provided that £, , € Ly ([a,b]x[c,d]), 1/F +1/g, =1,

a
0 (y,z)= 1o (=) dtj Je s

lo(b. d)\(

provided that f,

(1)

e L, ([a.b]x[c.d]).1/ 7 +1/G, =1,
1 S 7 T 1ax
‘Q (b,d)‘(J‘:J‘j Q(M A)(}’"S"z”)‘q dtds) ‘H(_I)VH -f(MH V|-

provided that f,,, ., ., € Lz ([a,6]x[e,d]),1/ F+1/7 =1,

O(r.z)=
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where, are

Q"(A\/ 1)(%5,’2)’ Q"(J.,\')(y’z’t)’ on ‘W(y,s,z,t) as in
Theorem 2.2 where as QO and R(f: y, z) are stated in (1.2)
and (2.3) respectively.

Proof
Identity (2.6) may be written as:

f(y.z)- Jj fr(s,t)f(s,t)dtds

M+1+1

1
Q(b,d)
[R(s: y,z)+io &)

j+’\+l

QA(AU) (9.5, Z)f(M+1.l) (s.z)ds

:Q(l d)
+Zf
[

We can easily get desired result by taking absolute value
and by using inequality of Holder for double integrals.

Remark 3.2

N(2.0) £ oy ()l

M+N

Q(‘[ Y y,s z t)‘f(“[‘f’l N+1) (S t)dtd9:|

For M = N = 0, we can get especial case of Theorem
3.1 as similar as Theorem 4 of (Pecari¢ and Vukeli¢, 2007).

Theorem 3.3

Let f be a real valued continuous function in the
interval [a,b]x[c,d] 3, f eCY D jn the same interval
and [f ven)| be 1ntegrable function i.e.,

I (_I)MMJTMH N+1) (f ﬁ )" f(M+1 N+1) (S t)
where, 1/r+1/g = 1. Then, it follows:
‘f fr(s,t)f(s,t)dtds [ (f:y.z Jb J: r(s.t) f (s.z)dtds
f[ (s.6)f
Sl

DI ”‘ﬂ”
S(f[’@(\f”\r)(% .z )r

for all (y,z) € [a,b]x[cd].
Proof
Identity (2.7) can be written like:

dl‘dsj <o,

dtds

Jon (s.z)d<ds

f(;.o) (y,t)dtdv—f(y,z)Q(b,d)}

yr o
) H(_l)‘[ \f(l\1+1.x+1) q

(1 rs)r(s.yaids = R(7 - .2)+ [ ] rls0) 1 (5.2) s
o] [ r(sa) (o) 1 1) (5.) 4;:) S (s.2)dcds
ZJ.[ i ]y) f(‘0)(y,t)dtdv—f(y,:)Q(b,d)

\[+\

A

O™ (y,5,2.1) fivr1.x o0 (8:2) deds.
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We can easily get desired result by taking absolute value
and by using inequality of Holder for double integrals.

Remark 3.4

For M = N = 0, we can obtain especial case of
Theorem 3.3 as similar as Theorem 5 of (Pecari¢ and
Vukeli¢, 2007)

Double Weighted Integrals of Griiss type
Inequalities for Differentiable Functions of
Higher Order with two Variables

Griiss (1935) proved remarkable integral inequality
in 1935, which is as follows (see also [Mitrinovic ef al.,

1991: 296]):
o |5t Lot

(v)dy - (7]271‘

—n)(M —m)

4

provided that g and f'are both integrable functions in
the interval [a,b] and satisfying the following:

nSg(y)sN,msf(y)sM,Vye[a,b]

where, m,n, M,N real constants.

Pecari¢ and Vukeli¢, (2007), using identities (1.3)
and (1.4) Pecari¢ and Vukeli¢ have given new Griiss
type inequalites for double weighted integrals. Now by
using differentiable functions of higher order for two
variables, we get results for more generalization but for

this purpose we wuse following notations for
simplification instead of detailed presentations:
BY (y.2)=r (v.2)] £, (0:2)8 (:2)

4.1)
80 (1:2) 1 (0:2) |0 ) (0:2).
B(y,:)zr(y,:)ffr(s,t) 42
[f(s,t)g(y,:)+ g(s,t)f(y,:)]dtds,
B =r () [fuan(e2)e ()
F8uran(5:2) 1 (7:2) |0V (7.5.2) s,
BUY(y.2)=r(v.2)] Eg(vya:)f(,.m)(yat) 4)
+8( ey (1)1 (1.2) |0V (v.2.0) a1,
E(M“‘\V)(y’:) = r(y’:)J(, .[L [g(y’:)f(f\l +1.A'+l)(s’t) (4‘5)

8y (5:0) 1 (1:2) ] OW ) (.5, 2.1)duds,
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)=k (4.6)
T A
ol max{d - z,z2-c M
DO (=)= (b—a) {(1+1)' [ [hOcpdss,  @8)
o max{b a
DU (y)=(d—c) = (max{p ey —a))” {(JJ;IJ;, ) ([ (vs)deav.  (4.9)
D(M] y, f|Q( 0 y,s z)|ds (4.10)
DU (y [|Q<”> (v.2.1) | dt, (4.11)
DU (y.2)= [ [10% (v.5.2 (4.12)
G, (yz)=R(f:y.2)+ [ ['r(s.0) f (s.2)deds
+ [ [ r(sat) £ (vor)deds
R N (4.13)
STV e eaacas
+z J. 'f (-1 r(v, t)( ) 1o 0)(y t)dtdv,
G,(y.z2)=R(g:y.2)+ Lb J;dr(s,t)g(s,:)dtds
[ [ r(sut)g (vo)deds
(¢ - ) (4.14)

+ZLL( 1y r(s.¢)
+ZLL( 1) r (vt

&, 1)(S>-)d§d

)0 )

£00) (y.1)drdv,

where, 0" (y.5,2), 0V (y,z.1), O™ (y,s,z,t)are as

in Theorem 2.2 whereas Q and R(f : y,z) are stated in
(1.2) and (2.3) respectively.

Now, we are ready to get our important results of
current section using notations defined above, which
are as follows:

Theorem 4.1

Let r.fg : [ab]x[c.d] — R be three functions > f, g
c C(M+LN+1)([a, b]x[c,d]) and r is an integrable. Then:
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.z ) dzdy

M Jj ,[dr(Y>Z)f(y Z)g(
[ 0(h.d) f[] (yﬂz)f(y,Z)dzdy]
1
b,d)

X[Q( ijr(y,z)g(y,z)dzdy]
1

Siz
2[0(b.d)]
xCU (y,z)D(j’l) (y,z)

N M
20 ()P ()¢ 2 ()0 ()
= J=

+C(M+l7l)(y’Z)b(MJ)(y’Z)_i_ C(_7>N+l) (y’z)[)(_zw)(y’z)
FCMHND (y, Z)D(M’N) (y, z)] dzdy.

Proof

From (2.6) we have below identities:

£ (3.2)0(b.d)=R(f :y.z)+ [ [ r(s.0) (s.)duds
[0 (2:8.2) fy (5.2 s
+Z f(_l)j+N+l QN’(]»N) (y’ Z’t)f(j.NH) (y’t)dt

_J: f(_l M+N Q(M'N)(yasaz=t)f(M+1,N+1)(sat)dtds

(4.15)

(b.d)=R Vo [ [ r(s.0) g (s.)drs
3 [N 0 (125.2) gy (522 M
+Z f(_l)/+N+1 Q(].N) (J@Z’t)g(,/,mn) (y,t)dt

_J: f(_l)N+M Q(M.N) (y,s,z,l‘)g(Mﬂ_Nﬂ) (S,t)dtds

g(y.2)0 (g:3.2

(4.16)

Y (v,z) € [ab]x[c,d]. Multiply (4.15) by r(y,2)g(v,z)
and (4.16) by r(y,2)fly,z) and then summing these
identities, we get:

20(b.d)r(v.2) f(y.2)g(y.2)
-ZZ( 1) BUY (y,2) - Z( 1) B*(z)

j=11=1

(4.17)

B B () ) () B (12)

(=) BYY ()= ()T B (5.2)

Integrate the above equation over [a,b]x[c,d] and
divided by 2Q(b,d) on both sides and obtain:
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.[,b .[df(yﬂz)g(yaz)r(y,:)dzdy

- mf I{-ZZ (1) BU(y.2)

_IZ::I (_1)' B(Ol)(z)_ 21 (—1)/3(/»0)(y)+ B(y.z)
+(_I)A\1+1+Ié(11.I)(y)z)_'_ (_1)1+N+1 B(/"\')(y’_—)
-(- 1)“” _(”“")(y,:)}d:dy

It may be written as:

ij (3.2) [ (.2)g(y.2) dzdy

(

[Q(bd [[r(2)r(r.z )dzdy]

[de)ff ».2)g yz)dzdy]

“ovaT ff{ SECr s aw
S

_g(—l)’ B9 () () B0 ()

+(_1)]+N+1 é(],N)(y’Z)_(_l)MJrN E(M,N)(y’z):|dzdy.

Using (4.1)....,(4.12) we get below inequalities V(y,z)
€ [a.b]x[cd]

1y B (o) = ¢ () D (322).

(1) B (=) = € (2) D (2),

‘(_1)/ B(/.O) (y)‘ < C(/.O)(y)D(].O) (y)’

‘(_I)MHH E(J\f,z)(yjz)‘ < C(A\[Jrl,l)(y,Z)DA(A\[,I)(y’z)’

0B )2 (20 ),

‘(_I)A\HA\' E(M_A\')(yjz)‘ < C(A\1+1.A‘+1)(y’Z)D(MHv)(y’z)’

We can easily get desired result by taking absolute
value in (4.18) on both sides and by using above these
inequalites in it.

Theorem 4.2

Let r, f g: [a,b] x [¢,d] — R be three functions 3
£ g eC™¥D in the same interval and r is an
integrable. Then:

120

s L1070 50 20
{;df [rra) 10 )dz@j(;d)f [ H(r.2)elr :)CL'aj/J
Z[Q o] [ [ 800G (22)+ 7 (220G () e
T
Proof
From (2.7) we have below identities:
f(y,z)Q(b,d)j Gf(y,Z)—Jj_[jr(s,t)f(s,t)dtds w19)
+f f(_l)MM oM™ (y’s’z’t)fiMH,NH) (s.t)dtds.
g(y.2)0(b. d):G (y,z)— _C _[lr(s,t)g(s,t)dtds (420)

N+M

([

for (y,2) € [a, b]x[c, d]. Multiply (4.19) by r(y, z2)g(y, z)
and (4.20) by r(y,z)(y,z) and then summing these
identities, we get:

y S$,2, t)g(M+1,N+1)(s’t)dtdS’

ZQ(bd r(y f(y, )
=r(y.2) g(y,z)G (y,z)
+r(3.2)f(3.2)G, (¥.2)
~B(r.2)+ (=" B (y.2)

.z)

@21

Integrate the above equation over [a, b]x[c, d] and
divided by 2Q(b, d) on both sides and obtain:

[ 7(3.2) 1 (322) g(v.2) ey

_ 1 7=
de 7980306, (2) £/ (2)G, () J oy 4.22)
(ufy,: d_dy)(n ()
bdn e
since we have:
B <) B 1),

From (4.22) and (4.23) we obtain our required
inequality.
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Remark 4.3

For N = M = 0, we can obtain especial cases of
Theorems 4.1 and 4.2 as similar as Theorems 6 and 7
of (Pecari¢ and Vukeli¢, 2007) respectively , we may
also obtain as similar results as in (Guezane-Lakoud
and Aissaoui, 2011).

Conclusion

In the last section of this article, we would present
our conclusion of this article is that we gave the more
generalized identities of Montgomery for differentiable
function of higher order for two independent variables as
compare to Pecari¢ and Vukeli¢ (2007) results which
were given in (Pecari¢ and Vukeli¢, 2007) and we gave
especial cases of identities of Montgomery by putting
r(s,f) = q(s)p(H). We also obtained more generalized
Ostrowski and Griiss type inequalities for differentiable
functions of higher order for two independent variables
by the help of generalized identities of Montgomery as
compare to the results of (Pecari¢ and Vukeli¢, 2007).
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