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1. Introduction Suzuki (2008) showed that any mapping satisfying
condition (C) on compact and closed subsets of Banach
spaces has fixed point.

In the sequel; the space X is considered to be

Browder (1965) showed that every nonexpansive
mapping defined on a bounded, closed and convex
subset C of a uniformly convex Banach space X has

fixed points. A mapping with assumption weaker than
the contractivity is given as:

Definition 1. (Suzuki, 2008)

The self mapping A is called quasi nonexpansive iff:

[|z— A(x) [l x—z|| forallx e X and z € F(A)

where, F(A) = {x: A(x) = x}.

In 2007, Tomonari Suzuki introduced an intermediate
condition between nonexpansiveness and quasi
nonexpansiveness on the self mappings 4, 4: X—>X and
gave some fixed point and convergence theorems for
such types of mappings (Suzuki, 2008).

Definition 2 (Suzuki, 2008)

The self mapping A4 is said to satisfy the weak (C)
condition iff:

. 1
zfx,yeXand[E]nx—A(x)nsux—yn

then|| A(x) = A(y)[I<|x =y ||
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normed space, the Cartesian product X x X has the
maximum norm ||(x, y)|l. = max{||x|, |v||} and the
normed space X x X with this norm will be denoted
by (X x X, ||.||»). The mapping o(x, y, z) is defined by:

o(x,y,z)=max{[[x =y ||l x—z|}

This paper is divided into two main sections, the
first is on a fixed point theory of mappings into
Cartesian product spaces and the second is on a fixed
point theory of mappings from Cartesian product
spaces, those are as follows:

2. Mappings Satisfying Weak Nonexpansivity
Condition into Cartesian Products of Normed
Spaces

We are going to define a new class of weak
nonexpansive type of mappings:

Definition 3
The mapping 4, 4: X > X x X is:

© 2017 Sahar Mohamed Ali Abou Bakr. This open access article is distributed under a Creative Commons Attribution (CC-

BY) 3.0 license.
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e Satisfying the weak nonexpansivity (CC) condition
iff 4 satisfies the following:

ifx,ye Xand(%}o((x— A(x)) <l x-y]

then|| A(x) = A(y) L x -y

(CO)

e Called quasi nonexpansive iff:
cr((z,A(x)) N x—z| forallxe X andz e F(A)

In this study; we showed that the weak
nonexpansivity (CC) condition on the mapping 4: X—>X
x X is weaker than the nonexpansivity condition and it is
stronger than the quasi nonexpansivity condition, we
also discussed basic properties on condition (CC).

2.1 Preliminaries

The normed space X x X x X with o is characterized
by the following:

e o(x,y,z)=0ifandonlyifx=y =z
e Homogenous property: If A is a given number, then:

O'(ﬂ(x,y,z)) =] O'(x,y,z)

e  Subadditivity property: For any x, y, z, r, s and w in
X, we have:

O'((x, ¥, z)+(r, s,w)) < O'((x, ¥, z))+o-((r, s,w))

If x, y and z are elements in X, then we denote (x, (y,
z)) to be the triple (x, y, z) and write xe(y, z) to mean x is
one of the two entries of (y, z), equivalently; xe{y, z},
that is; xe(y, z) if and only if x =y or x = z.

We have:

Definition 4. (Turkoglu, 2011)

Let 7 be a mapping from X into X x X, T3 X—X x X.
Then the point x is said to be pre fixed point of 7 if and
only if xe T(x) and x is a fixed point of T iff 7(x) = (x, x).

Remark

The point x is fixed point of A iff 6(x, 4(x)) = 0. In
fact; assume A(x) = (v, z), then o(x, A(x)) = 0 if and
only if o(x, (v, z)) = 0; equivalently o(x, y, z) = 0.
Therefore, it is equivalent to x = y = z which is
equivalent to A(x) = (x, x).

2.2 Basic Characterization of Mapping Satisfying
the (CC) Condition

The main properties of mapping satisfying the (CC)
condition are collected in the next few propositions:
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Proposition 1

Let 4 be a nonexpansive mapping with a fixed point,
A: X—>X x X. Then A is quasi nonexpansive but the
converse is not true.

Proof

Using the direct definitions of nonexpansive and
quasi nonexpansive clears the doubts. To show that the
converse is not true in general, we have the following
counter example: Let 4 be the mapping defined from [0,
6] into [0, 6] x [0, 6] by the following:

(0.0)if x %6
Alx)= {(4,4)1'fx ~6

A has the unique fixed point z = 0, as 4(0) = (0, 0),
hence F(4) is nonempty set and we have:

e Ifx =6, then o(z, A(x)) = (0, (4, 4)) = max{|0-
41,[0-4[} =4 < 6= 6] = |lx]| = [x-O| = |}x-z]

e Ifx# 6, then o(z, A(x)) = 5(0, (0, 0)) = max{|0-0],|0-
O[} = 0 < [lx[| = [be-O]| = [pe-z|

These showed that 4 is quasi nonexpansive mapping,
it is not nonexpansive because it is not continuous.

Proposition 2

Let 4 be a nonexpansive mapping, 4: X—X x X.
Then A is satisfying the weak nonexpansivity (CC)
condition, the converse is not necessarily true in general.

Proof

Let A be nonexpansive. Then:
[ A(x) =AW .Sl x =y | foreveryx,y e X

no restrictions have been taken on x, y in X, hence it is

true in particular for every x, y in X those satisfying [ﬂ

o(x, A(x)) < |lx-y||. Hence in particular if x and y are

elements in X and [%} o(x, A(x)) < |x-y||, then ||4(x)-

AW)|lo < [[x-y|]. To show that there is mapping satisfying
condition (CC) which is not nonexpansive, we consider
counter example: Let A be the mapping de fined from [0,
7] into [0, 7] x [0, 7] by the following:

CJ(03)irx27
Alx)= {(l,l)ifx =7

A has the unique fixed point z = 0. In fact; if x = 7,
then 7 is not one of the two entries of the ordered pair (1,
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1), this shows that 7 is not a pre fixed or fixed of 4,
while if x does not equal 7, x is one of the two entries of

A(x) = (0,%), then xe {0,2} , thus either x =0 orx = £, in
both we have x = 0. The mapping 4 is not nonexpansive

because for x = 6.5 and y = 7, we have A(6.5) = (O,%),

A(7) = (1, 1), hence [|4(x)-A()ll = [|(0-1, (65/70-1)].. = 1
and ||x-y|| = 16.5-7| = 0.5. Consequently:

[ A(x)=A(p)IL>lx =y

On the other side we show that 4 satisfies the weak
nonexpansivity condition (CC); for that we study the
possibilities of x and y in X those satisfying condition
(CC). We have the following cases:

o Ifx=y=7, then:

Yt (e

:Hmax{ll 711 7-1]} =3

£ 7=TF0=[x=y]

This case is out of discussion.
o Ifx=7andye[l, 4], then:

e

:Hmax{n7—1||,||7—1||}:3

and |71=y=lx=-y|>3

Hence:

Hg(x,A(x))snx—yn

for such a y, we see that:

1 4(x) - A(y) L= (LU—(Q%}II& ||(1,1—§j I 1,

and 3<|x,y|=|7-y|<6
Hence:
| A(x)—A(y) I Il x=yl, for x="Tand each y € [1,4]

o Ifx=7andye(4, 7], then:
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[HG(X’A("))ZB}G(MJ)
:Hmax{ll 71711} =3

and 0<|7—y|=|lx—y|<3

Hence case out of discussion.

If xe{o,% ) and y =7, then:

o [
-5 max{i-ona =21} -2

and <3 T 72 x—y =T -x <7
276 3

Hence H o(x, 4(x)) < |lxy]|, for such x and y, we

see that:

|| A(x)—A(y)||®=||(o,fj—(1,1)||w= ||[1,1—5J||w:1,

and 1< 7*E—E—7——<|x y|=7-x]|
3 3 3

Hence:

I A(x) - A(y) l.<Ilx=yl, foreachx e [O,%}andy =7

Ifxe (%,7} and y =7, then:

Lot =[ L]o(02)
mma"{lx 0l ||x-f||},g

x 28
and7<—=—> x=T|=|x-
5% "3 [=lx=xll

Hence case out of discussion. More clearly, for x =
6.5 and y = 7 we have:

3ot | 3]o{02)
:[ﬂmax{n X0 x—g ||} :f

x 13 1
and—=—>65-T|=—=|x—
5™ | | 5 lx=xll
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e Ifx=7and #7,then 4 is nonexpansive from (0, 7)
into (0, 7) x (0, 7):

I 4(x) = A(») 1= [ogj—[ogj =1 [O%(x—y) Il
—%||x—y||,for xye(0.7)

That is why no need to study the (CC) condition
because it is noexpansive in this domain. Hence T is a
mapping satisfying the weak nonxpansivity (CC) condition.

Proposition 3

If 4 is satisfying the (CC) condition and owns a fixed
point, then it is quasi nonexpansive, the converse may
not be true in general.

Proof

Let z be a fixed point of 4, A(z) = (z, z) and x be an
arbitrarily element of X, xeX. Since:

l:%j|O'(Z,A(Z)) = O'(z,z,z) =0<|z—x||
The weak nonexpansivity (CC) condition implies:
| A(x) = A(z) L=l z-x]|
Hence; if A(x) = (x1, x,), then we have:

14(2) = A(¥) L= (z.2) = (%%, ) L=l 2= x|,
max{|| z=x [}l z=x, [l <[ z— x|
O'(z,x1 ,xz)S [|z=x],
O'(Z,A(x))S [|z—=x]||
To show that there is a quasi nonexpansive mapping
which does not satisfy the (CC) condition, we consider

the mapping 4 that is defined from [0, 5] into [0, 5] x [0,
5] by the following:

0,0)if x#5
Aoy @0)7 5
(4,4)if x=5
It has the unique fixed point z = 0, as 4(0) = (0, 0),

F(T) is nonempty set and A4 is quasi nonexpansive
mapping. However, since for x = 5 and y = 4, we have:

[ ftsnen-{ s

:[ﬂmax{|5—4|,|5—4|}:1:|5—4|

and:
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14(x) = A(»)1l..=(4.4) - (0,0) || = 4
>1=5-4]

Hence; A4 is not satisfying the weak nonexpansivity
(CC) condition.
We have the following:

Definition 5

If 4 is a mapping, 4: X—>X x X, then the two
components of A denoted by 4; and 4, are the operators
defined by A(x) = the first entry of A(x) and A4,(x) = the
second entry of A(x) respectively:

A(x)= (Al (x).4, (x))
We also have the following propositions:

Proposition 4

Let A be a mapping from X into (X x X, ||.||). Then A
is satisfying the weak nonexpansivity (CC) condition if
and only if both A, and A, are satisfying the weak
nonexpansivity (C) condition.

Proof

Let A4 satisfy the weak nonexpansivity (CC)
condition, we are going to show that the two operators 4,
and A, are satisfying the weak nonexpansivity (C)

condition. Suppose that [ﬂ Ix-4,(0)|| < [x-yl| and

1
[E} |be-A2(x)|| < |be-y||. Then:

max{[ﬂux—Al (x)||,m”x—Az(x)||} x|

Hmax{nx—Al (x) 112 =, (x) I} <l =y

or:

1

Ha(x,Al ()4, (x)) <l x= vl

Hence:

B};(x,/l(x)) x|

Using the weak nonexpansivity (CC) condition of 4,
we see that:

[ A(x)=A(p)IL<llx=p] (1.1)
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Thus:

14 (x)= 4 ()L

<max{|[ 4, (¥)= 4 ()|l 4 (¥) - 4 (x) [}
=1(4 () ()4 () = 4 (%)) .
=114 (x).4, (x) = (4 (). 4, (2)) Il

= A(x )— ( ).

Using (1.1) and (1.2) shows that ||4,(y) -41(x)||<|x-y]|
this proves that 4; satisfies the weak nonexpansivity (C)
condition. Similarly, since:

”A ( ) z(y)
<max{]| 4 (y)- 4 (x
=1 A(x) = A(y) L.

Using (1.1) and (13) gives [I4o()-4o)]| < [lx-v]
which proves that A, satisfies the weak nonexpansivity
(C) condition. Conversely, suppose that both 4; and 4,
are satisfying the weak nonexpansivity (C) condition and

[ } o(x, A(x)) < |pe-yl|, since:

H"x A |

[ }max =4, () b= 4 (x )||}:H (3. 4(x))

(1.2)

X)Ll 4, (v) = 4, (x) I} (1.3)

and:

3=
< |5 e () = (1) = 5 o)

We get | a0 < ot A and | 1] [

< o(x, A(x)). These imply |4;(x)-4:()|| < |x-y|| and
|42(x)-A>()|| £ |lx-y||. Therefore:
max {|| 4, ()= 4, (») Il 4 (x) = 4, (0) I} hx=p] (1.4)

Now:

A4 (x) = A() L=l (4 (x), 4 (x)) = (4 (
=||(A1 ()= 4 (1), 4, (x) = 4, () 1L
max{|| 4 (x) =4 ().l 4, (x) - 4

().
(1.5)

, ()1l
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Using (1.4) and (1.5) gives [[AW)-A®)|l» < |-yl
which proves that 4 satisfies the weak nonexpansivity
(CC) condition.

Proposition 5

The element xeX is common fixed point of the two
components Ay and A, iff it is fixed point of A.

Proof

If x is fixed of both A1 and A,, then A,(x) = x and A4,(x)
= x, therefore (4,(x), 4(x)) = (x, x), hence A(x) = (x,x).
Now; if x is a fixed of 4, then A(x) = (x, x), thus (4;(x),
Ax(x)) = (x, x), consequently 4;(x) = x and 4,(x) = x.

Proposition 6

The element x is prefixed of 4 iff it is fixed of either
A] or Az.

Proof

Suppose that x is a prefixed of 4. Hence xeA(x),
xe(4,(x), 4A5(x)), that is; either x = A;(x) or x = 4,(x) and
vice versa.

Finally; we have:

Corollary 1

Suppose that K is a compact convex subset of a Banach
space X, 4 is a mapping A: K — K x K. If 4 satisfies the
weak (CC) condition, then A has at least one prefixed point.

Proof

Let A satisfy the weak (CC) from K into K x K, A4:
K—K x K. Using Proposition (4) shows that both 4, and
A, are satisfying the weak (C) condition as mappings
from K into K, this implies the existence of two elements
x and y in K such that 4;(x) = x and 4,(y) = y. Now; A(x)
= (Ai(x), 42(x)) = (x, 42(y)) and A(y) = (41(y), 42(y)) =
(4,(»), y) proves that x € A(x) and yeA(y). That is; both
x and y are prefixed points of 4.

For mappings defined on Cartesian products spaces,
we have the following:

3. Fixed Point Theorems for Mappings
Satisfying Weak Contraction Condition from
the Cartesian product of Normed Spaces

In this section, we introduce new type of contraction
mappings, these types will be denoted by {a, b, c} M-
first and {a, b, ¢} M-second, the types are defined from
X x X into X, where X is a sequentially ordered Banach
space and having mixed monotone property and then
we prove the existence of pair, first-anti-second and
second-anti-first couple fixed points of such mappings
which is in fact generalization of fixed point theorem
given in (Ali, 2013).
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3.1 Introduction and Preliminaries
Definition 6. (Jain et al., 2014)

A point xoeX is a pair fixed point of the mapping T
from X x X into X iff T((xo, xo)) = Xo.

Gnana Bhaskar and Lakshmikanthan (2006)
considered a mixed monotone mapping in a Banach
space endowed with partial order, using a weak
contractivity type assumption to prove the following:

Theorem 1

Suppose that X is a sequentially lower-upper ordered
Banach space, 4: X x X—X a mapping having the first-
anti-second and first-second mixed monotone properties
and satisfy the following condition:

I 4(x.) = A [ 5 v+ =v ]

for all x, y, u and v in X with x > u and y < v, where 0 <k <
1. Then 4 has a first-anti-second couple fixed point in X.

Ali (2013) generalized the T. G. Bhaskar and V.
Lakshmikantham's result to the mixed monotone
mapping on a closed convex and weakly Cauchy subset
of a sequentially ordered normed space those satisfying
the condition:

||T(x,y)—T(u,v)||
<a max{||x—u||,||y—v}+b||T(x,y)—x||
+cmax{|| T(u,v)—u ||,||T(v,u)—v||}

for all x, y, u and v in C with x > u and y < v, where 0 <
a,b,c<landa+b+c<l.
We have the following definitions:

Definition 7. (Ali, 2013)

Let (X, <) be a partially ordered set and 7 be a
mapping from X x X into X. Then:

e T is having the first-second mixed monotone
property iff 7(x, y) is monotone non decreasing in x

and is monotone non increasing in y, that is; for any
x, yeX:

if x,,x, € X and x, sz,thenT(xl,y)ST(xz,y) 2.1)
and:
if y,,y, € Xand y, Syz,z‘henT(x,y1 ) ZT(x,yz) (2.2)

e T is having the second-first mixed monotone
property iff 7(x, y) is monotone non increasing in x

and is monotone non decreasing in y, that is, for any
X, yeX:

if x,,x, € X and x, sz,thenT(xl,y)ZT(xz,y) (2.3)
and:
if v,y, € Xand y, Syz,z‘henT(x,y1 ) ST(x,yz) 2.4)

e The element (x, y) is first-anti-second couple fixed
point of the mapping T iff 7(x, y) =x and T(y, x) =y
e The element (x, y) is second-anti-first couple fixed
point of the mapping T iff 7(x, y) =y and T(y, x) = x

Definition 8

Let (X, <, ||.||) be a partially ordered normed space.
Then X is sequentially lower-upper ordered space if it
fulfills the following:

e If {x,},cn is a non decreasing sequence in X which
converges strongly to x, then x,, < x for all ne N

e If {y,},cn 18 @ non increasing sequence in X which
converges strongly to y, then y, > y for all ne N

Definition 9

Let (X.<, |I.||) be a partially ordered normed space and
T be a mapping from X x X into X. Then:

e Tis {a, b, c} first-type contraction mapping on X iff
there are real numbers 0 < a, b, ¢ <1 witha+b + ¢
<1 and:

||T(x,y)—T(u,v)||
<a rnax{||x—u||,||y—v}+b||T(x,y)—x||
+crnax{||T(u,v)—u 1,1l T(v,u)—v||}

forall x, y, u and v in X with x > u and y < v.
e Tis {a, b, c} second-type contraction on X iff there are
real numbers 0 <a, b,c < 1 witha+b+c <1 and:

||T(x,y)—T(u,v)||
<a max{||x—u||,||y—v}+b||T(x,y)—x||
+cmax{||T(u,v)—u ||,||T(v,u)—v||}

forallx, y,u and vin X withu > xand v < y.

e A couple (xo, yo) is lower-anti-upper coupled of T
iff:

X, ST(xO,yO)and Yo ZT(yO,xo)



Sahar Mohamed Ali Abou Bakr / Journal of Mathematics and Statistics 2017, 13 (2): 88.97

DOI: 10.3844/jmssp.2017.88.97

e Tis said to have a lower-upper property if and only
if T has at least one lower-anti-upper coupled point

e A couple (xy, yo) is said to be upper-anti-lower
coupled of T iff:

T(xo,yO)SxO and T(yo,xO)ZyO

e Tis said to have an upper-lower property if and only
if T has at least one upper-anti-lower coupled point

Now; we introduce the following new defined types
of contraction mappings:
Definition 10:

e Tis {a, b, c} M first-type contraction mapping on X
iff there exist real numbers 0 < a, b, ¢ < 1 with b <

%,a+2b+c<land:

|17 (x,9) =T (u,v) ||I< amax {|| x —u ||} y = v |}
+bmax {|| T (x,y) = x LI T (y.x)- v}

(
emax {||7 (u,v) —u || T (v,ue) = v}

forallx, y,uand vin X withx>wu and y <v.
e Tis {a, b, c} Msecond-type contraction on X if and
only if there are real numbers 0 < a, b, ¢ < 1 with b

< %,a+2b+c<land:

(17 (x,y) =T (u,v)|I< amax {|| x —ull,]| y—v |}
+hmax{|| T (x,) = x LI T (y.x) - I
+cmax{||T(u,v)—u ||,||T(v,u)—v||}
forallx,y,uandvin X withu >xandv<y
3.2 Main Results
We have the following:
Lemma 1

Suppose that X is a partially ordered normed space,
T: X x X>X is an {a, b, ¢} M first-type contraction
mapping satisfying (2.1) and (2.2) and (x¢, yo) is
lower-anti-upper couple of 7. Define the sequences
{x.}nenv and {y,},cn iteratively by:

X :T(x09y0)>y1 :T(yo’xo)

o) o eIl =Tlox)

X, =T (%3, =T(3,.:%,.,)

Then the following hold:
(1) If we take K=max {||T(yo, xo)-yoll,|| T(xo, yo)-xoll}, then:

a+c |
—-x [I< K 2.6
||xn+1 xn ” [1—2b:| ( )
a+c |
-y |I£ K 2.7
[V =2l [1—21)} 2.7

(2) Both of {x,},cy and {y,},cy are Cauchy sequences.
Proof

Using the properties (2.1) and (2.2) of the mixed
monotone mapping 7 gives:

X, <X, <),
Consequently:
T(xo,yO)ST(xl,yo)ST(xl,yl)=x2
In general, one has:
Sx S X,eeand Yy 2y 2,0,

We have the following:

1%, =3, IEN T (%00, ) = T (% 207,00) |
< amax (| x, =%, bl v, = v, Il
+bmax{xn =x, LIy, =¥, ||}

+cmax {xn,l =%, 5 LIy, _yn—z}
<(a+eymax{lx,_, =2, Ll v, =y,

+bl[x, =x,  [+b]1y, =¥, |

and:
a+c
%, =%, II< [ﬁ}max{n X, =%, Ll Y = 2 Il
, (2.8)
J{ﬁ} 1y, v ll
Similarly:
a+c
I3, =y ll< {ﬁ}nax{n X, =%, [ 2 =2, Il
(2.9)

o2 -
l—b n n—1

Substituting from (2.9) into (2.8) gives:
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a+c
llx, =, I [ﬁ}max{ﬂ X =% LIy, _yn—Z}

b Jfa+c
+ —} . b}max{nxn,l—xn,z||,||yH—yH I

I (b
H || 7 [IIx, = x|l
[1-b |l 1-b

[a+c] b
S_l—b_[l-’—m}max{”x"_l_XH”’”y"_l_yn_z ||}
C T
+ —_— —
_HJ I, xnln}
Hence:

b 2
1-| — _
|: l:l—bi| :|||xn X, |
a+c b
S[l—b }[1+E}max{|| X, =%, 5l v, _yniz}

Hence:

|| ‘xn _xn—l ”

o] T

A N E |
112p = 1~ Xu2 sl Vit = Vo2

max {|[x, =%, 5 bl ¥, =, I}

Consequently:

a+c
[, =, 1< [1 ~ 2bj|max{” X =% bl y,s = yn—Z} (2.6)

Similarly:
a+c
Iy, =y, lls [m:lmax{” X =%, bl o = yn—Z}
Continuing #n-2 same steps proves (2.6). The
inequalities (2.7) can be proved by a similar way. Now,
let n, meN with n < m, we have:

=%,

n—1

m—1 n-2 n—1
< a+c T a+c n a+c K
1-2b 1-2b 1-2b
[a+c}"
< 1-2b K
1— a+c
(I—Zb)

1156, =26, <[, =%, Tt 2, =, [+ [
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Taking the limit as n—o0 proves that ||x,,~x,||— .10

a+c

because <1.

Using the same steps of lemma (1) proves the
following Lemma:

Lemma 2

Given a partially ordered normed space X, T an
{a,b,c} second-type contraction mapping satisfying (2.3)
and (2.4) and an upper-anti-lower couple point (xo, o) of
T, then the inequalities (2.6) and (2.7) hold.

Theorem 2

Let X be a sequentially lower-upper ordered Banach
space X and T: X x X—>X be a {a, b, c} M first-type
contraction mapping having the first-second mixed
monotone and lower-upper properties on X. Then T has
first-anti-second couple fixed point in X. Moreover, for
every lower-anti-upper couple (x, o) of T there is first-anti-
second couple fixed point (x, y) of T such that the sequences
(2.5) are converging strongly to x and y respectively, Also:

e If in addition X is totally ordered and (x, y) is a
couple fixed of 7, then x =y

e If in addition X is totally ordered, 7 on the diagonal
satisfies ||7(x, x)-7(y, y)|[<|lx-y]|, then T has a unique
pair fixed, that is; there is xe X such that 7(x, x) = x

Proof

Let (xo, yo) be a lower-anti-upper couple of 7. Then
using lemma (1) shows that both {x,},cy and {y,},cn
given in iteration (2.5) are Cauchy sequences in X,
because of the completeness of X, these sequences are
converging strongly to some elements x and y in X
respectively. Using the sequentially lower-upper ordered
normed space assumption of X gives x, < x, y <y, for
every neN, we get the following:

IT ()= x <N T (xp)=x, |+l x, - x|

= 7 (x,3) =T (%, o 3,0) I+ 11 x, = x|
<amax{||x=x, .y =y, Il

+bmax {|| T (x,y) = x LI T (y,x) =y}

vemax {7 (x, =3, ) =2,y I T (3,03, ) = 3 )

+lx, = xl
That is:

1T (%) -]
s[ﬁ][bw(y,x)—y||+amax{||x—xn,1 NEE

remax (|, =x,., [l 3, = 3,00 1]+ 11 x, =]
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Taking the limit as #—co proves that:

1T (x.y)-x]< (%] IT(yx)-yll-

Similarly:

1T (y.x) -yl (%}n T(xy)-xll.

thus:

17 (x,p)-x< [ﬁj{ﬁjnr

b

(%) 17 -

(y.x)=x]

2
Suppose that ||7(x, y)-x|| # 0, hence ISKILJ , 1<

% ,1-b<b,1<2b,b> — contradicting our assumption

1
2
b < %, consequently, ||7(x, y)-x|| = 0, hence T(x, y) = x,

similarly 7(y, x) =y and (x, y) is a couple fixed of T.

Now, given X a totally ordered space, (x, y) a couple
fixed of T and x # y. Then the following gives an obvious
contradiction:

lx=ylI=IT (x.) =T ()1l
<amax{|x-y|.|ly-x|l}

+bmax {|| T (x,y) = x|LII T (y.x) -y}
remax{T (,x)~ y LI T (x.p) ~x |}
—allx—y || +(b+c)max{lx—x .| y -y}
=a|lx-yll<llx-y

Finally, suppose that X is totally ordered, T on the
diagonal satisfies ||7(x, x)-||7(y, ¥)|| < |lx-|| and (x, x) and
(v, y) are two pair fixed points with x # y. Then |jx-y|| =
|7(x, x) -[|T(y, )| <|}x- y|| is a contradiction.

Corollary 2

Let X be a sequentially lower-upper ordered
complete normed space and T: X x X—>X be a {a, b, ¢}
first-type contraction mapping having the first-second
mixed monotone and lower-upper properties on X. Then
T has a first-anti-second couple fixed point in X.
Moreover, for every lower-anti-upper couple (xg, yo) of T
there is first-anti-second couple fixed point (x, y) of T
such that the sequences (2.5) are converging strongly to
x and y respectively. Also:
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e If in addition X is totally ordered and (x, y) is a
couple fixed of 7, then x =y

e Ifin addition X is totally ordered, T on the diagonal
satisfies ||7(x, x)-|[T(v, »)|| <|x-y||, then T has a
unique fixed point

Proof
Using:

17 (%) =T (uv)

<amax{||[x—ull| y =} +5] T (x,»)-x|
emax{|| T (u,v)—u || T (v,u) = v |}
<amax{||x—ul,|y-vI}

bmax {||7 (x,y) = x I T (v.x) - » I}
+emax {|| T (u,v)—u ||| T (v.u)—v]]}

for all x, y, v and v in X with x > u and y < v shows that
every {a, b, c} first-type contraction mapping is {a, b, c}
M first-type contraction mapping, using Theorem (2)
completes the proof.

Conclusion

We introduced new class for contraction types of
mappings, the mappings defined from normed space into
its Cartesian product, proved that this defined class is
lying between the nonexpansive and quasi nonexpansive
classes and studied the concept of fixed points for the
mappings in this new defined class to extend the concept
of C contractivity condition studied in (Suzuki, 2008).
We also defined new contraction types of mappings with
a mixed monotone property, M first and M second
contraction types of mappings, the mappings defined
from the Cartesian product of a sequentially ordered
Banach space into itself and proved the existence of pair,
first-anti-second and second-anti-first couple fixed
points of such mappings to generalize some of the results
given in (Ali, 2013).
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