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Introduction

Throughout w, y and A denote the classes of all, gai
and analytic scalar valued single sequences, respectively.
We write w® for the set of all complex triple sequences
(Xunk), where m, n, keN, the set of positive integers.
Then, w’ is a linear space under the coordinate wise
addition and scalar multiplication.

We can represent triple sequences by matrix. In case
of double sequences we write in the form of a square. In
the case of a triple sequence it will be in the form of a
box in three dimensional case.

Some initial work on double series is found in
Apostol (1978) and double sequence spaces is found in
Hardy (1917; Deepmala and Mishra, 2016; Deepmala et al.,
2016) and many others. Later on investigated by some
initial work on triple sequence spaces is found in
Sahiner et al. (2007; Esi, 2014; Esi and Necdet Catalbas,
2014; Esi and Savas, 2015; Subramanian and Esi, 2015;
Prakash et al., 2016) and many others.

Let (x,.;) be a triple sequence of real or complex

numbers. Then the series) " x,, is called a triple

nk=1

series. The triple series z: give one space is said

’n,k=1xmnk

to be convergent if and only if the triple sequence (S,,.x)
is convergent, where:

S =20,y (mank =1,2,3,..)

i,j,q=1""1J4q
A sequence x = (x,,,;) is said to be triple analytic if:

1
m+n+k < op

Supm,n,k xmnk
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Abstract: In this study using the concept of generalized difference
operator we have introduced and examined various spectrum of the
operator D(p, ¢, r, s, t, u) on the sequence space y° defined by
Musielak-Orlicz  function.
relations concerning with this space.

Moreover, we have established some
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The vector space of all triple analytic sequences are
usually denoted by A’. A sequence x = (X, is called
triple entire sequence if:

1
mentk — 0 asm,n,k — oo

‘xmnk

The vector space of all triple entire sequences are
usually denoted by I'*: The spaces A and I are metric
spaces with the metric:

1
d(x,y)=sup,,,, {xmnk = Vi |ty nk 1,2,3,..} (1.1)

For all x = {x,} and y = {y,u} in T: Let ¢ = {finite
sequences}.

Consider a triple sequence X = (x,,.x), The (m, n, k)th
section x[m, n, k| of the sequence is defined by x[m, n, k]

m,n,k ~ .
= Z[,,-,q:oxaq‘saq forallm,n, keN:

0 .0 0
.0
3, = -
0 0 ..
00 .00

with 1 in the (7, , ¢)™ position and zero otherwise.
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A sequence x = (x,,) is called triple gai sequence if

((m+n+k)!‘xmk‘)m —0 as m, n, k—>1. The triple gai

sequences will be denoted by y’. The notion of
difference sequence spaces (for single sequences) was
introduced by Kizmaz (1981) as follows:

Z(A):{x:(xk)ew:(Axk)eZ}

for Z = c, ¢y and ¢, where Ax; = x;-x+ forall keN.

Here ¢, ¢y and £, denote the classes of convergent,
null and bounded scalar valued single sequences
respectively. The difference sequence space bv, of the
classical space ¢, is introduced and studied in the case 1
< p <o 1 by Basar and Altay and in the case 0 <p <1
by Altay and Basar. The spaces c(A), ¢y (A), £, (A) and
bv, are Banach spaces normed by:

[ x 1=l 2 [ +sup,., | Ax, [and]| x|,

Later on the notion was further investigated by many
others. We now introduce the following difference
double sequence spaces defined by:

Z(A)z{)Cz(xm)ew2 :(Axmn)eZ}

where, Z = A% 3 and Ax,, = Xpn-Xmns1) = s 1n-Xms 1ns1)
= XpnXom+1Xmiln T Xmeiper for all m, neN. The
generalized difference double notion has the following
representation: A"x,, = A" Xpm = A" Xpni1-A" X1 T
A'”’lx,,,ﬂ,,ﬂ and also this generalized difference double
notion has the following binomial representation: A"x,,,

D IDYNCIN ) (S

Let w3, x3 (Apni) and Al (A,nx) be denote the spaces
of all, triple gai difference sequence space and triple
analytic difference sequence space respectively and is
defined as:

Amnk = 'x/nnk - 'x/n.n+l,k - 'x/n.n,k+l + xm,n+l.k+1 - 'x/n+1.n,k

o _
Xtk F Xtk = Xt norin AN AX,,, = <xmnk>

Definitions and Preliminaries
Definition (Kamthan and Gupta, 1981)

An Orlicz function is a function M: [0,00)—[0,—)
which is continuous, non-decreasing and convex with
M (0) =0, M (x)>0, for x>0 and M (x)—>w as x—oo. If
convexity of Orlicz function M is replaced by M (x +
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y) £ M (x) +M (); then this function is called modulus
function.

Lindenstrauss and Tzafriri (1971) used the idea of
Orlicz function to construct Orlicz sequence space:

Ly = {x ew: Z:OIM(lx"'J < o0, for some p > O}
8 P

The space ¢, with the norm:

| x|]= inf{p>0:2f1M(|x"|Jsl}
. p

becomes a Banach space which is called an Orlicz
sequence space. For M(¢) = # (1<p<wol), the spaces ),
coincide with the classical sequence space ¢,,,

A sequence f = (f,) of Orlicz function is called a
Musielak-Orlicz function (Musielak, 1983). A sequence
g = (gun) defined by:

gm(v)= sup{| vlu _(fmnk)(u) u> 0},m,n,k =1,2,...

is called the complementary function of a Musielak-
Orlicz function f. For a given Musielak-Orlicz
function f, the Musielak-Orlicz sequence space ¢, is
defined as follows:

)l/m+n+k

t, = {xe w A, (| Xt | — Oasm,n,k —>oo}

where, Iris a convex modular defined by:

I./' (x) = Zi=12:=12:=1fmﬂk (| Konnk |)”"’+”+k X = (x’”"’f) €l

We consider # equipped with the Luxemburg metric:

1/m+n+k

03) = B T

m

is an exteneded real number.

Let X and Y be Banach metric spaces and T: X—7Y be
a bounded linear operator. The set of all bounded linear
operators on X into itself is denoted by B(X). The adjoint
T": X X of T is defined by (T ¢) (x) = #Tx) for all
¢eX and xeX. Clearly, T" is a bounded linear operator
on the dual space X .

Let T: D(T)—X a linear operator, defined on D(7)X,
where D(T) denote the domain of 7 and X is a complex
normed linear space. For 7€B (X) we associate a
complex number a with the operator (7-ad) denoted by
T, defined on the same domain D(7), where [ is the
identity operator. The inverse (T-af) ', denoted by T is
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known as the resolvent operator of 7. Many properties of
T, and T.'depend on 4 and spectral theory is concerned

with those properties. We are interested in the set of all «
in the complex plane such that T'exists. Boundedness

of T.'is another essential property. We also detemine
d's, for which the domain of 7'is dense in X.

A regular value is a complex number & of 7 such that:

o (N) T, exists
e (NV,) T.'is bounded and

e (N;) T,' is defined on a set which is dense in X

The resolvent set of T is the set of all such regular
values « of T, denoted by p(7). Its complement is given
by C\p (7) in the complex plane C is called the spectrum
of T, denoted by o(7). Thus the spectrum o(7) consists
of those values of a.e C, for which T, is not invertible.

We discuss about the point spectrum, continuous
spectrum, residual spectrum, approximate point
spectrum, defect spectrum and compression spectrum.
There are many different ways to subdivide the spectrum
of a bounded linear operator. Some of them are
motivated by applications to physics, in particular in
quantum mechanics.

Definition

The point (discrete) spectrum o, (7,X) is the set of
complex number o such that 7' does not exist. Further
aep (T,X) is called the eigen value of T.

Definition

The continuous spectrum o, (7.X) is the set of
complex number « such that 7' exists and satisfies (V)

but not (N>) that is 7' is unbounded.
Definition

The residual spectrum o, (7,X) is the set of complex
number « such that T'exists (and may be bounded or

not) but not satisfy (), that is the domain of 7,'is not

dense in X.

This is to note that in finite dimensional case,
continuous spectrum coincides with the residual
spectrum and equal to the empty set and the spectrum
consists of only the point spectrum.

Given a bounded linear operator 7 in a Banach metric
space X, we call a sequence (x,,,»)€X as a sequence for T if:
d(x,0)=1=] x,, —0[[=1=]x,, | (2.1)

‘mnk

and:

72

d(Tx,0)=1=|Tx,,, - 0] = |Tx

— 0asm,nk—>o (2.2)

mnk

Definition

The approximate point spectrum c,, (7,X) = {aeC:
there exists (2.1), (2.2) sequence for T-ad}.

Definition

The defect spectrum o, (7,X) = {aeC:T-al is not
subjective}.

Definition
The
laeC:R(T-al)= x|

compression  spectrum

(rX) =

Gy

Goldberg’s Classification of Spectrum (Paul and
Tripathy, 2016; Goldberg, 1985)

If X is Banach metric space and T€B(X); then there
are three possibilities for R(7):

e R(D=X
o R(D#R(T)=X

o (I R(T) #X

e T 'exists and is continuous

1 . . . .
(] T exists but is discontinuous
e T'does not exist

Definition (Musielak, 1983)

Let neN and X be a real vector space of dimension

m, where n < m. A real valued function d,(xy,..., x,) =
I(di(x1, 0),..., du(x,, 0))||, on X satisfying the following
four conditions:

o ||(di(x1, 0),..., du(x,, 0))]l, = 0 if and only if d;(xy,
0),..., d,(x,, 0) are linearly dependent

o |l(di(x1, 0),..., dux,, 0)), is invariant under
permutation

e ||(di(x1, 0),..., ady(x4, )|, = | |[(di(x1, 0),..., du(x,,
0)llp, x€R

° dp ((xla yl)a (x2a y2)"'(xn, yn)) = (dX(xl’ x2,"‘xn)p +
dy(y1, y2, = va))" for 1<p <o0
® d ((xlﬂ y1)7 ()Cz, y2)5 (-xm yn)) = Sup {d)((xl, Xp,00* xn),

dY (yla Y2, '"yn)}a for X1, )Q,"')CnE)(, Yis Voo ynEY is
called the p product metric

Definition
Let  A=(a]")

summability method that maps the complex triple

denote a four dimensional
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sequences x into the triple sequence Ax where the £,
{-th term of Ax is as follows:

Il1)’l
zm 1zn IZk 1Pkt Xk

such transformation is said to be non-negative if 4} is

non-negative.
Let £ and F be two sequence spaces and

A= (ak )be an four dimensional infinite matrix of real
or complex numbers «;";, where m, n,keN. Then 4:

E—F, if for every sequence x = (x,.)i€E the
sequence Ax = {(4Ax)y} is in F where

(4x),, = ZLZ;ZT (ai/'x,, , provided the right hand

side converges for every k, /e Nand x€E.
Consider the operator D(p, g, r, s, t, u), where:

0 0 000 0 O
qg p 0 0 0 0 0 O

g p 0 0 0 0 O
s r g p 0 0 0 O
t s r g p 0 0 0

D(p>6]>”,s) =
u t s r qg p 0 0
O u t s r g p O
Remark

In particular if we considerp=1,g=1,r=1,s=1,t¢

=1,u=1then D(p, q,r,s, ) =A;.
Definition

Let f be an sequence of Musielak-Orlicz functions
and a sequence of spectrum operator h is defined as
following:

1 (e(D(p.g.rs.0)), }

1@ (x.0).d(x,.0).-d (x,.0))1,

f[ (D(p,q,r,s,t))((m+n+k)!|xmnk |)(l/m)+nk} o
I(d(x.0).d(x:.0).d(x,.0)) I

=lim

m,n,k—»o0

[A?(G(D(%q,r,s,t))) ||( (xl, ) (xz’o)""’d(xn,l,O))||p}
- I:f[o-(D(p’q’r,S,t))ank|1/m+”k, }:l ©
L (e n-0) (50 (5 )1,

73

Main Results
Theorem

If aBun = p, q, r, s, t then apf, y n
nellli[ z;(o(D(p, g, r, s, t, u))), [|(d (x1, 0), d (x2,
0)7"'7 d (xn-la O))Hp)

Proof

If a=p, B=¢q, y=r, u=s, n=t then the operator
D(pa q, 1, S, ta ”)'al'ﬂ['ﬂ‘ﬂl‘ﬂl = D(07 Oa 07 Oa 07 l/l)
Since R(D(0, 0, 0, 0, 0, u)) # [Zj (c(D(, q, 1, s, t, 1)),

k(d(x,, 0), d(xz, 0),, d(x,-1, 0))||,]. It is not invertible
and hence [lsf (G(D(ps q, 1, S, Z, M))), k(d(xla O)a d(x25
O)a"'a d(-xnfla O))”p]e III]

Therefore we have || ;(i (o(D(p, q, 1, s, t, u))), ||(d(xy,

0), d(x2, 0),++, d (st 0Dl :g

below and it has a bounded inverse. Hence «, f, 7, 4,
7761111[)(? (G(D(pa q, 1, S, ts M))), ||(d(xls O)a d(x25 O)a"'a
d(x,-1, 0))||,]. This completes the proof.

d (x, 0). It is bounded

Lemma:

D (arsca) (s 0)(s.0) (s, 0)

={a.f.y.uneCla-pllB—qlly—rlu-slin-ti<ul}

Theorem:

2,0, (D(p.q.r.s.1.u))),

H(d(Jq ,0),d(x,,0),-d (x

n—l’O H
P

KA LT KRR ENG

ly—rllpu—=slln—tl<ul

Proof
We have:

(d(,0).d(x,,0),---d(x,.,,0))

)
)
)

{li(Uap(D(p»q,rss,%u)))s
=[zi(G(D(P,WaSM))),
1, [;{j (O'(D(p,q,r,s,t,u))), (d(xl ,0),d(x2,0),~ . -,d(xn_l,O))

[;ff(aap(D(paWas,W)))a (a(x ’0)"’("2’0)"“’d("n—vo))HJ

:{a,ﬁ>7>#s77€C5|a—P|>|ﬂ—Q|s|7—r|>|ﬂ—S|>|77—f|5|”|}\

LBURGRERT

(a’(x1 ,0),d(x2,0),~--,d(xn_l,O))‘
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is obtained by Lemma (3.2) and Theorem (3.1). This Theorem:
completes the proof.

Lemma: l:l; (O-co (D(p’q’r’s’t’u)))’H(d(xl ’0)’d(x2’0)" ’ .’d(xnfl’o))Hpj
3 . st :{a,ﬁ,y,,u,ne(c:|a—p|,|ﬁ—q|,|y—r|,|,u—s|,|77—t|£|s|}\
4@ Prarsa). ERTRERERY
H(d(x1 ,0),d(x2,0),-~-,d(xn71,0)) ,
Proof:

Theorem:

[;{}(a% (D(p,q,r,s,t,u))),H(al(x1 ,0),d(x2,0),~--,d(xnfl,O)) p]

[l; (O-d (D(p,q,r,S,t,u))),H(d(xl ,0),d(x2,0),- : .’d(‘xnfl’o))Hp) =1II, [;ﬁ(O'(D(p,q,r,s,t,u))),H(d(xl ,O),d(x,l,O),---,d(xH,O))

»

={e.By.mneCila-pl|B=qlly—rLlu=sln—t<ulj\ 1] 2 (oD paar-sutad) l(d(.0)d(5,.0) (.0} JU
(b} ta} (115148 Betatparsta) ot ) )l )
r, [;f/,(o-(D(p,q,r,s,t,u))),H(d(x1 ,O),d(xz,()),...’d(xnil’o)) ,)j
Proof
We have: Now:

N
)

1

p) 1, [;ff(G(D(p,q,r,s,t,u))),H(d(xl,0) d( ) (x " 0))
p)\ IIIZ[;(;(cr(D(p,q,r,s,t,u))),H(d(xl,0) d( ) (x " O))

;(; (O'd (D(p, q,r,s,t,u))),H(al(x1 ,0),d(x2,0),~ . -,d(xnfl,O))

I Z;(G(D(p q,7,8,t u))),H(d(xl 0) d(x2 0) d(x . 0)) p) :[f,(a,(D(p,q,r,s,t,u ,H d xl,O d 1 )p]
=la.By.uneC:la-pl| B—qlly—rllu-slln- tlﬁlul}
Now
is obtained by Lemma (3.6). Again:
[)ff( (p.gs7>s.t,u) H(al(x1 O d (xH,O)) pj
=1, [;{3( (p.g.r.s.tu )) H(d d(x " 0)) /) 1, [Z;(O'(D(Paq,l’,s,t,u))),H(d()q ,0),d(x2,0),...,d(xnfl,O)) p)
=11, [;{3( (p.q.r.s.t,u) H ,d(xH,O)) p] :[75‘(0',, (D(P,q,r,s,t,u))),H(d(xl 50),d(x2,0),...,d(xnfl,O)) p):¢

:[;(j.(crp(D(p,q,r,s,t,u))),H(d(xl ,0),d(x2,0),...,d(xn,l,O)) )zqﬁ is obtained by Lemma (3.4). Hence:

by Lemma (3.4). Hence: [l;(% (D(I%Q%SJ,”)))sH(d(xl .0).d(x,,0),-- .,d(xnfvo))HJ
, :{a,,B,}/,,u,ne(C:|a—p|,|,B—q|,|;/—r|,|,u—s|,|77—t|S|u|}\
2lou(Plpgrsi)fals.0)p (o)l | gl fsl i
:[Z;'(G(D(p’q’r’s’t’”)))’H(d(xl ,0),d(x2,0),---,d(xH,O)) ,,) This completes the proof.
Lemma

Lemma: .
The adjoint operator 7 of T is onto if and only if T

has a bounded inverse.
[;(; (crr (D(p,q,r,s,z‘,u))),H(al(x1 ,0),d(x2,0),~ . ~,d(xn71,0))Hp)

:{a,ﬁ,%ﬂ,UEC1|a—PMﬂ—qu7—”|,|,U—S|>|77—t|§|”|}

Theorem

Ifa, B, v, 1, 1=p, q, 1, s, t, u then:
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a, By, 1,1 €

11, [;{i (O'(D(p,q, r,s,t,u))),

(@(x,0).d(x,,0),+-d(x, ,,0))

)

Proof
By Lemma (3.6):

a. By, mne

1 [;(; (J(D(p,q,r,s,t,u))),

(d(xl ,0),d(x2,0),-~~,d(xn71,0))

)

whenever a=p, f=q, y=r, g=s, n=t. By Lemma
(38), a=p, f=¢q, y=r, g =35, n=11s not in
[;{}(J(D(p,q,r,s,t,u))) ( (xl,O),d(xz, ), ~-,d(xH, Hpj
and hence:

{[;{; (O'(D(p,q,r,s,t,u))),

—al,BLyl, ul,nl

(a’(x1 0).d(x,,0),- .’d(x”l’o))p)]

exists. We have to prove that:

(al(x1 ,0),d(x2,0),-~

ﬂli(G(D(p,q,r,s,fau))),

—al,pLyl, ul,nl

-,d<xﬁ,o>>,,)]1

must be continuous, hence it is show that:

s a0}l )

*
/’)

[ 7;((D(0,0,0,0,0,))),

—al,BLyl,ul,nl

:[ 7(o(D(0.0,0,0,0,u))),

(d(xl ,0),d(x2,0),~--,d(xnfl,O))
is onto by Lemma (3.8). Given:

Ao ( (oooow)))

= ymnk H d . 'sd(xn—l’o)) ,
we can find:
A} (O'(D(0,0,0,0,0,u))),
X = (xmnk) S

H(d(xl 0),d(x,,0),+-d (x

nfl’o H
P

such that:

75

[z;(a(o(o,o,o,o,o,u))), (d(x ,0),d(x2,o),---,d(xn,l,o))HJ
=[Aj.(a(D(o,o,o,o,o,u))), (al(x1 ,0),d(x2,0),-.-,d(xn,l,o)) J

Therefore we have:

1

KXok =~ Ym-tn-2,k-3
u

which shows that:

)

[;(;(U(D(o,o,o,o,o,u))),H(d(xl 0),d(%,,0),+--,d(x,.,,0))

is onto. This completes the proof.

Conclusion

Author’s are introduced and examined various
spectrum of the operator D(p, ¢, 7, s, t, u) on the
sequence space »° defined by Musielak-Orlicz function.
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