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ABSTRACT

The paper uses the Local fractional variationafalien Method for solving the second kind Volterra
integro-differential equations within the local ¢teonal integral operators. The analytical soluson
within the non-differential terms are discussedm8oaillustrative examples will be discussed. The
obtained results show the simplicity and efficierafythe present technique with application to the
problems for the integral equations.
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1. INTRODUCTION accurately computes the solutions in a local fomgl
series form or in an exact form, presents intetest
The theory of local fractional calculus is one of applied sciences for problems where the other nastho

useful tools to process the fractal and continuyonsin cannot be applied properly.

differentiable functions (Kolwankar and Gangal, 299 This study is organized as follows. In sectiont t

He, 2011; Heet al., 2012; Parvate and Gangal, 2009; pasic mathematical tools are reviewed. Section 3

Carpinteriet al., 2004; Yang, 2011a; 2011b; 2011c). It presents the local fractional variational iteratimethod

was successfully applied in local fractional Fokker hased on local fractional operator. lllustrativeaples

Planck equation (Kolwankar and Gangal, 1998), thejs shown in section 4. Conclusions are in section 5

fractal heat conduction equation (He, 2011; Yang,

2011c), fractal-time dynamical systems (Parvate and 2. PRELIMINARY DEFINITIONS

Gangal, 2009), fractal elasticity (Carpinteet al.,

2004), local fractional diffusion equation (Yang, In this section, we recall briefly some basic tlyeof

2011c), local fractional Laplace equation (Yangl2;,  local fractional calculus and for more details, fgaand

2012a), local fractional integral equations (Yang, Baleanu, 2012; St al., 2013; Yanget al., 2013a;

2012b; 2012c; 2012d), local fractional differential 2013b; 2013c; Yang, 2012f; Wangt al., 2014;

equations (Yang, 2012e; Zhoegal., 2012; Zhong and  yanget al., 2013d; Kilbast al., 2006; Maet al., 2013;

Gao, 2011), fractal wave equation (Yang, 2011b; Yanget al., 2013e; 2013f; 2013g).

2012a; Yang and Baleanu, 2012). o

Recently, the local fractional variational iteratio Definition 1

method (Yang and Baleanu, 2012) is derived fromalloc  gyppose that there is the relation Equation 2.1:

fractional operators (Yang, 2011a; 2011b; 2011c;

2012a; 2012b; 2012c; 2012d; 2012e; Zhoetgal.,

2012; Zhong and Gao, 2011). The method, which [F(0) = T(x)| <& ,0<a<1 2.1)
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With |x-x|<d, for £,6>0 and £,60R, then the

function f(x) is called local fractional continuous at
X=X, and it is denoted bylim f(x) = f(x) .
X=X

Definition 2

Suppose that the functidiix) satisfies condition
(2.1), for xO(a,b); it is so called local fractional
continuous on the interval (a,b), denoted by
f(x)0C,(ab).

Definition 3

In fractal space, letf(x)0C,(ab), local fractional
derivative of f(x) of order @ at x=x, is given by

Equation 2.2:
D £00) = - F (]
(2.2)
= f(a)(x) = lim A(f(x) - f (%))
x=%  (x=x)"

where, A% (f (X) - f (%)) O (a +1)A(f (X) - f (X))
Local fractional derivative of high order is writtén
the form Equation 2.3:

ktimes

fka)(y) = f(x) DI DZ....DY f (x). (2.3)

Definition 4

A partition of the interval [a,b]
(tj,tj+1),j=O,...,N—1,t0:a and

is denoted as
tN:b W|th

Aty =tj4, —t; and At = max{Aty,Aty, ...} Local fractional
integral of f(x) in the interval [a,b] is given by
Equation 2.4:
M 0= j fO(@)°

Nt (2.4)
= r(1+a)A"m f(t,—)(mj)”

Note: If the functions are local fractional contius
then the local fractional derivatives and integrasst.
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Some properties of local fractional derivative and
integrals are given in (Yang, 2012f).

Definition 5

In fractal space, the Mittage Leffler function, asin

function and cosine function are, respectively
Equation 2.5 to 2.7:

a kil Xka
E = ——,0 <1 2.5
2 () ;rmka) <as (2.5)

il (2k+1)ar
. a X
=y ()f—— <1 2.6

sing () é( ML+ 2k +a]’ o (26

a ,kas< ] 2.7
cog, &)= Z( fr[mm] as (2.7)

3. ANALYSISOF THE METHOD

The standardta order local fractional Volterra integro-
differential equation of the second kind is givgn b

Uk () = £ (%) + r(1 IK(X tyu(t) (dt)? (3.1)
ka

where, uka) (x) = dillj(x) and
dx<?

u(0) = ag, u'® (0)=a; ,u®" (0)=a,
e the initial conditions.
According to the rule of local fractional variatain
iteration method, the correction local fractional
functional for Equation 3.1 is given by Equatiof:3.

L&D O o ar

Un41(X) = Un(X)

W)= 1) -
1 (A€ )] e 32
TR T [k @
0
where, Q)" a general fractal Lagrange’s
ri+a)
multiplier.

Here, we can construct a correction functional as
follows Equation 3.3:
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L FACY | syt -

Un1(X) = Un (9 + ra+a)dr+a) r(1

jK(z r)un(r)(dr)”}(da” (3.3)

where, G, is considered as a restricted local fractional

_ 1
variation; that is, 67t, =0, we obtain the following 42 = tn () r(1+a),[
fractal Lagrange multiplier Equation 3.4: (4.2)
(@) — a a
A(Z)a _ K ((_X)(k—l)a |:un (() r(l )J‘Un(r)(dr) ](dZ)
el (3.4)
1+a) M+ k-1al
a
Therefore Equation 3.5 and 3.6: where, we usedl_/}ﬁ)a):—l for first-order integro-
differential equation as shown in (3.4).
(@)
Uo(x) =u(0) + ra+ a)”a (0)+ T We can use the initial condition to selag(x) =
(k1) (3.5) u(0) = 1. Using this selection into the correction
_ X k) functional gives the following  successive
Mi+(k-1a] approximations Equation 4.3 to 4.7:
Un+1(X) :Un(X) Ug(x) =1 4.3)
(k-1 =
r(1+a) r(1+ k-1) w0y -1
X
k) (7Y~ £ (7) -t ——— < (d0)” (4.4)
RERERY rd+a) r(1+a),([ T@+a) ()"
Z (d)?,n=0. 0
IK(Z,r)un(r)(dr)" X
0 r+a) rA+2o)
Finally, the solution is Equation 3.7: Uy (X) = Uy(X)
u(x) = lim uy(x) (3.7) @) -1
n- o 1
- [l 1 ¢ @ (4.5)
4. ILLUSTRATIVE EXAMPLES ra+a)y —mj uy(r) (dr)
0
In this section three examples for the local fi@wai @ 20 3 4
Volterra integro-differential equation is presentéd =1+ + + +
order to demonstrate the simplicity and the efficie of ri+a) rd+z) T+ 3r) i 4)
the above method. _
uz(x) = ux(x)
Example 1 w1
We consider the local fractional Volterra integro- _ 1 7 d)a
differential Equation 4.1: rai+a)d |- Uy (r) (dr)?
0
ra+aly (4.6)
U@ (x) =1+ .[u(t)(dt) u(0)=1 @1 o, XX X
F(l a) r+a) rQ+2o) r@Q+ )
4a 5a 6

X X

The correction functional for this Equation 4.2 is + + +
Fl+4a) F+5) @+ 6r)

given by:
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And so on: The correction functional for this Equation 4.10 is
given by:
X[I XZG'
Uy (X) =1+ ri+a) ra+z) Un+1(X) = Up(X) ) _
.\ X30/ D X2na
a ) X n
u(x) = lim u,(x) =1+ 1 (€-x"]_ 1 aoye 4-10)
n-o rd+a) ra+a)l r@+a)| ra+a) (@)
X2a X3a X4a 0 7
+ + + + [T (¢-r)?
Fr+2a) r@+3r) I+ 4r) U, (r)(dr)?

. rl+a)

That gives the exact solution Equation 4.8:

M) _(€-%"
rl+a) T (+ka)
integro-differential equation as shown in Equatiosh.

u(x) = E, (x9). (4.8) where, we used for second-order

Example 2 We can use the initial condition to select
We consider the local fractional Volterra integro- N
differential Equation 4.9: Up(x) =u(0) +————u(®(0)= 1. Using this selection into
ril+a)
(20 the correction functional gives the following sussee
(g =1 approximations: Equation 4.11 to 4.15:
1 h (x-t)7 e _ @) 7av— (4.9)
+r(1+ a)or(1+a)u(t)( 07 u©@=1u™(0)=0 Up(x) =1 (4.11)
1 (€%~ 1 Z(( ry
= - (2a)e 7y _1— - a a
(¥ uo(>()+r(1+a) rara)| © (€)-1 rl+a) r(1+a)u°(r)(dr) (@)
0 0 (4.12)
X2a X4a'
e Tar 4
1 X(z—x)"{ 1 fe-rr
Up(X) = () + u(¢) -1~ u (r) (@) | (dg)”
r(1+a)ol'(1+a) |'(1+a)0r(1+a) (4.13)
XZG X40/ Xﬁa X&J/
- +r(1+2a) FrQ+4r) T(+6r) r & &)
@ -x" 1 fe-ry
= _7 (2‘7) —-1-— ~ a a
uz(x) uz(X)+r(1+0{) ra+a) uy '(¢)-1 ra+a) I'(1+a)u2(r)(dr) (dg)
0 0 (4.14)
XZG X40/ Xﬁa X&J/ XlQJ/ XlZ

1+ + + + + +
rA+20) Fl+4r) T+ 6r) T &) r & 10 )r @ 12 )

And so on:
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2a Ao 6o na

X X X X
U (%) =1+ + + + ,
ra+2o) r(+4r) T+ 6r) r & éa
u(x) = lim u,(xX) (4.15)
[N
24 aa 6 N

1+ + + + +
FrM+2a) NMl+4) r+&) r @ &)
That gives the exact solution Equation 4.16:
u(x) =cosh, &7 ). (4.16)

Example 3

We consider the local fractional Volterra integiiffetential Equation 4.17 and 4.18:

a 3a X a
X XL D@, u©)=1,u@ (0)= 0,u2 (0 1 (4.17)

uGM(x) =1+ +
f+a) rA+3a) r@+a )0 r+a)

The correction functional for this equation is givey:

_ 1
Un4+1(X) = Up(X) ra+a)
X7 _y2a a 3a ¢ o\ (4.18)
X gy -1- S [ ane @)
0 @a+2a) Frta) T+ 3) I (a OF(J:i-a)
a _wa
where, we used)l(() Sl for third-order integro-differential equation dssvn in (3.4).
rl+a) rl+2a)
Now, we have Equation 4.19 to 4.22:
a 2a 2a iog
- X @ oye X o) g e X g X
o (¥) u(O)Jrr(1+a)u (O)+r(1+ 2a)u (9 1+r(1+ ) 1+r(1+ ) (4.19)
U (X) = Ug(X)
X ¢
_ 1 (Z _ X)Za (30') . ZG _ 530 _ 1 (Z _ r)(] a a
rl+a) 5 r@a+ ZU){UO (€)1 FrM+a) T+ 3) I Fa 3 r o )uo(r)(dr) (@9 (4.20)
2a 3 da 5 ¢4 o
14X R L X L X + X L X
Ml+20) TA+) T o) T )r @ 6)r @ a)
Uz(X) = uy(X)
X ¢
_ 1 (Z _ X)Za (30') . ZG _ 530 _ 1 (Z _ r)a a a
rl+a) 5 ra+ ZH){Ul (€)1 FrM+a) T+ %) I Fa 3 r *a )ul(r)(dr) (d<) (4.21)

X2 X3 x4 X5 x & x
+ +

f+20) T a) T @) T @ &) & 6)F @a)
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And so on: Kolwankar, K. and A.D. Gangal, 1998. Local fractbn
Fokker-Planck equation. Phys. Rev. Lett., 80: 214-
0 () =1+ XX X 217. DOI: 10.1103/PhysRevLett.80.214
. FrA+a) TA+2a) T+ 3r) Ma, X.J., H.M. Srivastava, D. Baleanu and X.J. Y,ang
e & 2013. A new Neumann series method for solving a
+r(1+ ) T(+a) (4.22) family of local fractional Fredholm and Volterra

integral equations. Math. Problems Eng., 2013:

u(3) = fim (> 325121-325126. DOI: 10.1155/2013/325121

& 20 < & Parvate, A. and A.D. Gangal, 2009. Calculus ontélac
=1+ r(1+a)+ ra 2a)+ e 37)+UD]} r@a) subsets of real line-I: formulation. Fractals, 53-
81. DOI:10.1142/S50218348X09004181
That gives the exact solution Equation 4.23: Su, W.H. D. Baleanu, X.J._ Yang and _H._Jaf_arl, 2013.
Damped wave equation and dissipative wave
N equation in fractal strings within the local fractal
U(X)=Ea(Xa)—r(l+a)- (4.23) variational iteration method. Fixed Point Theory
Applic., 2013: 89-89. DOI: 10.1186/1687-1812-
2013-89

5. CONCLUSION Wang, S.Q., Y.J. Yang and H.K. Jassim, 2014. Local

In this study the Volterra integro-differential fractional function decomposition method  for

equations within the local fractional differentiperator solving inhomogeneous wave equations with local

had been analyzed using the local fractional viariat fractional derivative. Abstract Applied Anal., 2014

iteration method. The non-differentiable solutioase 176395-176401. DOL0.1155/2014/176395

obtained. The present method is a powerful tool for Yang, X.J., 2011a. Local fractional integral tramsts.

solving many integral equations within the local Progr. Nonlinear Sci., 4: 1-225.

fractional derivatives. Yang, X.J., 2011b. Local Fractional Functional Arséd

and its Applications. 1st Edn., Asian Academic
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