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Abstract: Problem statement: Assume that data (yki, tki), k = 1,2,…, p; i = 1,2,…,nk where nk 
represents the number of repeated measurement of kth object follows multi-response nonparametric 
regression model with variances of errors are heteroscedastic. Nonparametric regression curves are 
unknown and assumed to be smooth which are contained in Sobolev space. Random Errors are 
independent and normally distributed with zero means and unequal of variances. Approach: 
Smoothing spline can be used to estimate the nonparametric regression curve by carrying out the 
penalized weighted least-squares optimation. Therefore, reproducing kernel Hilbert space approach is 
applied to carry out the penalized weighted least-squares optimation. Results: In this study we 
consider the heteroscedastic multi-response nonparametric regression model and give a mathematical 
statistics method for obtaining the weighted spline estimator to estimate heteroscedastic multi-response 
nonparametric regression curves. Conclusion: The reproducing kernel Hilbert space approach gives 
solution of penalized weighted least-squares optimation for estimating heteroscedastic multi-response 
nonparametric regression curve which gives the weighted spline estimator. The estimator obtained is a 
biased estimator for nonparametric regression curve. However, the estimator is linear in observation.  
 
Key words: Reproducing Kernel Hilbert Space (RKHS), Penalized Weighted Least Squares (PWLS), 
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INTRODUCTION 

 
 Smoothing spline can be used to estimate functions 
which represent association of two or more dependent 
variables are observed at several values of the 
independent variables, such as at multiple time points. 
There are many researchers who have considered spline 
estimator for estimating regression curve of 
nonparametric regression model. Kimeldorf and Wahba 
(1971); Craven and Wahba (1979) and Wahba (1990) 
used original spline estimator to estimate regression 
curve of smooth data. Cox (1983); Cox and O’Sullivan 
(1996) proposed M-type spline to overcome outliers in 
nonparametric regression. Wahba (1983) has 
constructed confidence interval for original spline 
model by using Bayesian approach. Wahba (1985) 
compared between GCV and GML for choosing the 
smoothing parameter in the generalized spline 
smoothing problem. Oehlert (1992) and Koenker et al. 
(1994) introduced relaxed spline and quantile spline, 
respectively. Wang (1998) discussed smoothing spline 

models with correlated random errors. Wahba (2000) 
introduced some techniques for spline statistical model 
building by using reproducing kernel Hilbert spaces. 
Cardot et al. (2007) gave asymptotic property of 
smoothing splines estimators in functional linear 
regression with errors-in-variables. Liu et al. (2007) 
studied smoothing spline estimation of variance 
functions. Aydin (2007) showed goodness of spline 
estimator rather than kernel estimator in estimating 
nonparametric regression model for gross national 
product data. All these researchers studied spline 
estimators in case of single response nonparametric 
regression models only.  
 In the real cases, we are frequently faced the 
problem in which two or more dependent variables are 
observed at several values of the independent variables, 
such as at multiple time points. Multi-response 
nonparametric regression model provides powerful 
tools to model the functions which represent association 
of these variables. There are many researchers who 
have considered nonparametric models for multi-
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response data. Wegman (1981); Miller and Wegman 
(1987) and Flessler (1991) proposed algorithms for 
spline smoothing. Wahba (1992) developed the theory 
of general smoothing splines using reproducing kernel 
Hilbert spaces. Gooijer et al. (1999) and Fernandez and 
Opsomer (2005) proposed methods of estimating 
nonparametric regression models with serially and 
spatially correlated errors, respectively. Wang et al. 
(2000) studied spline smoothing for estimating 
nonparametric functions from bivariate data with the 
same correlation of errors. Lestari et al. (2009; 2010) 
studied spline estimator in multi-response 
nonparametric regression model with equal correlation 
of errors and unequal correlation of errors, respectively. 
Yet, all researchers discussed nonparametric regression 
model in case of homoscedasticity of variance.  
 In this study, we consider the heteroscedastic 
multi-response nonparametric regression model and 
give a mathematical statistics method for obtaining the 
weighted spline estimator to estimate heteroscedastic 
multi-response nonparametric regression curves.  
 

MATERIALS AND METHODS 
 
 We assume that data (yki, tki), k = 1,2,…, p; i = 
1,2,…,nk where nk represents the number of repeated 
measurement of kth object follows multi-response 
nonparametric regression model Eq. 1: 
 

ki k ki kiy f (t )= + ε  (1)  
 
 Regression curves form ƒi, ƒ2,…, ƒp are unknown 
and assumed to be smooth which are contained in 
Sobolev space m

2 k kW [a ,b ] . Random errors εki are 

independent each other and normally distributed with 
zero means and unequal of variances, i.e., 

i.i.d
2

ki ki~ N(0, )ε σ . Covariance matrix of random errors is 

given by 2 2 21
het het,1 1 het,p p

~ ~ ~

[W ( )] diag(W ( ),...,W ( ))−σ = σ σ . 

Estimation of regression curve T
1 p~

f (f ,..., f )=  can be 

obtained by carrying out Penalized Weighted Least-
Squares (PWLS) optimation Eq. 2: 
 

m
k 2 k k

k

k

p
21 T

k het
~ ~f W [a ,b ],k 1,2,...,p ~k 1

p b '' 2
k k k ka~~ k 1

Min {( n ) (y f ) W ( )

(y f ) [f (t )] dt }

−

∈ = =

=

− σ ×

− + λ

∑

∑ ∫
 (2) 

 
 Reproducing Kernel Hilbert Space (RKHS) approach 
will give the solution of (2), i.e., weighted spline estimator 
that can be used to estimate heteroscedastic multi-response 
nonparametric regression curves.  

RESULTS 
 
Heteroscedastic multi-response nonparametric 
regression model: If the multi-response nonparametric 
regression model as shown in (1) is associated to multi-
response spline problem then for i = 1,2,…, nk we will 
have model as follows Eq. 3: 
 

1

2

p

1i t 1 1i

2i t 2 2i

pi t p pi

y L f

y L f

y L f

= + ε 


= + ε 


= + ε 

⋮
 (3) 

 
where, 

kt
L , k = 1,2,…, p, represents bounded linear 

functional in Hilbert space Hk. The form of functions 
ƒk, k = 1,2,…, p are unknown and assumed to be 
smooth and contained in space Hk. Random Errors εki 
are independent each other and normally distributed 
with zero means and unequal of variances (i.e., in case 
of heteroscedasticity of variances). It means that 

i.i.d
2

ki ki~ N(0, )ε σ . Therefore, it is easy to show that the 

covariance matrix of random errors is given by Eq. 4: 
 

 

2 2 21
het het,1 1 het,p p

~ ~ ~

2
het,1 1

~

2
het,2 2

~

2
het ,p p

~

[W ( )] diag(W ( ),...,W ( ))

W ( ) 0 0

0 W ( ) 0

0 0 W ( )

−σ = σ σ

 σ
 
 σ
 =  
 
 σ 
 

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

 (4) 

 
where matrix 2

het,k k
~

W ( )σ , k = 1,2,…, p is given by: 

 

k

k

k k k

2
k1 k(1,2) k(1,n )

2
k(2,1) k2 k(2,n )2

het,k k
~

2
k(n ,1) k(n ,2) kn

W ( )

 σ σ σ
 

σ σ σ σ =  
 
 σ σ σ 

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

  

 
 Hilbert space Hk is decomposed into direct sum of 
two space, i.e., space Nk and space Mk. So, Hk can be 
written as: 
 

k k kH N M= ⊕   
 
where, k kN M ⊥= , k = 1,2,…, p. Suppose that bases of 

space Nk is k1 k2 km{ , ,..., }θ θ θ and bases of space Mk is 

k1 k2 kn{ , ,..., }ξ ξ ξ , then for every ƒk ∈ Hk, k = 1,2,…, p can 

be expressed as: 
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k k kf g h= +  

 
where, gk ∈ Nk and hk ∈ Mk. Since k1 k2 km{ , ,..., }θ θ θ  is 

bases of space Nk then every function gk ∈ Nk can be 
written as Eq. 5:  
 

m
T

k kv kv k k
~ ~v 1

g d d
=

= θ = θ∑  (5) 

 
for any constant kvd ∈ℛ. Also, since k1 k2 kn{ , ,..., }ξ ξ ξ  is 

bases of Mk then every function hk ∈ Mk can be written 
as Eq. 6:  
 

n
T

k ki ki k k
~ ~i 1

h c c
=

= ξ = ξ∑  (6) 

 

for any constant cki ∈ ℛ. Therefore, for every function 
ƒk ∈ Hk, k = 1,2,…, p we have Eq. 7:  
 

m n

k kv kv ki ki
v 1 i 1

T T
k k k k
~ ~ ~ ~

f d c

d c ,k 1,2,...,p

= =

= θ + ξ

= θ + ξ =

∑ ∑
 (7) 

 
where, ( )T

k k1 km
~

,...,θ = θ θ , ( )T

k k1 km
~

d d ,...,d= , 

( )T

k k1 kn
~

,...,ξ = ξ ξ  and ( )T

k k1 kn
~

c c ,...,c= . Since 
kitL  

represents bounded linear functional in Hilbert space Hk 
and function ƒk ∈ Hk, k = 1,2,…, p then we have Eq. 8: 
 

ki ki ki kit k t k k t k t k

k ki k ki k ki

L f L (g h ) L (g ) L (h )

g (t ) h (t ) f (t )

= + = +

= + =
 (8) 

 
 Based on (3) and (8), the model as given in (1) can 
be written as follows Eq. 9: 
 

1 1 1

2 2 2

p p

11 1 11 11

1n 1 1n 1n

21 2 21 21

2n 2 2n 2n

p1 p p1

pn p pn

y f (t )

y f (t )

y f (t )

y f (t )

y f (t )

y f (t )

ε   
   
   
    ε
   
− − − − − − − − − −   
    ε   
   
    ε= +   
   − − − − − − −   
   
   − − − − − − −   
   
   
   
   
   

⋮ ⋮ ⋮

⋮ ⋮ ⋮

⋮ ⋮

⋮ ⋮

p

p1

pn

 
 
 
 
 
 
 
 
 
 
 
 − − − 
 
 − − − 
 ε
 
 
 ε 

⋮

⋮

 (9) 

 Random error 
T

T T T
1 2 p

~ ~ ~ ~

, ,...,
 ε = ε ε ε 
 

has covariance 

matrix as given in (4) and 
k

T

k k1 k2 kn
~ ~ ~ ~

, ,...,
 ε = ε ε ε 
 

, k = 

1,2,…, p. 
 
Weighted spline estimator for estimating 
heteroscedastic multi-response nonparametric 
regression curve: Recall the heteroscedastic 
nonparametric regression model given in (9). By 
considering Riesz representation theorem (Wahba, 
1992) and 

kitL  is bounded linear functional in space Hk 

then there exists ki kHη ∈  that is to be representer of 

kitL  and satisfies Eq. 10: 

 

kit k ki k k ki k kL f ,f f (t ),f H= 〈η 〉 = ∈  (10) 

 
where, .,.〈 〉  represents an inner product. Because of (7) 
and by considering inner product properties, we have: 
 

T T
k ki ki k k k k

~ ~ ~ ~

T T
ki k k ki k k

~ ~ ~ ~

f (t ) , d c

, d , c

= 〈η θ + ξ 〉

= 〈η θ 〉 + 〈η ξ 〉
 

 
 Furthermore, for k = 1 we have: 
 

T T
1 1i 1i 1 1 1i 1 1 1

~ ~ ~ ~

f (t ) , d , c , i 1,2,...,n= 〈η θ 〉 + 〈η ξ 〉 =  

 
 Therefore, for i = 1 we obtain Eq. 11: 
 

( )

( )

1

1

1

1

1 1

1

T T
1 11 11 1 1 11 1 1

~ ~ ~ ~

11

12

11 11 12 1m

1m

11

12

11 11 12 1n

1n

11 11 11 12 11 12

1m 11 1m 11 11 11

12 11 12 1n 1

f (t ) , d , c

d

d
,

d

c

c
,

c

d , d , ...

d , c ,

c , ... c

= 〈η θ 〉 + 〈η ξ 〉

 
 
 = η θ θ θ + 
  
 

 
 
 η ξ ξ ξ  
  
 

= 〈η θ 〉 + 〈η θ 〉 + +
〈η θ 〉 + 〈η ξ 〉 +

〈η ξ 〉 + + 〈η

⋯
⋮

⋯
⋮

1 1n 1n,ξ 〉

 (11) 

 
 If the process to be continued for i = n1 in the 
similar way, we obtain Eq. 12: 
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1 1 1

1 1 1 1

1 1 1 1

1 1n 11 1n 11 12 1n 12

1m 1n 1m 11 1n 11

12 1n 12 1n 1n 1n

f (t ) d , d , ...

d , c ,

c , ... c ,

= 〈η θ 〉 + 〈η θ 〉 + +

〈η θ 〉 + 〈η ξ 〉 +

〈η ξ 〉 + + 〈η ξ 〉

 (12) 

 
 Based on both (11) and (12), vector 1 1

~

f (t )  can be 

represented as Eq. 13: 
 

1

1

1

1 1 1 1

1

1 11

1 12

1 1
~

1 1n

11 11 11 12 11 1m

12 11 12 12 12 1m

1n 11 1n 12 1n 1m

11

12

1m

11 11 11 12

f (t )

f (t )
f (t )

f (t )

, , ,

, , ,

, , ,

d

d

d

, ,

 
 
 =
 
 
  

〈η θ 〉 〈η θ 〉 〈η θ 〉 
 
〈η θ 〉 〈η θ 〉 〈η θ 〉 = × 
 
 〈η θ 〉 〈η θ 〉 〈η θ 〉 

 
 
  +
 
 
  

〈η ξ 〉 〈η ξ 〉

⋮

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

⋮

⋯
1

1

11 1 1 1

11 1n 11

12 11 12 12 12 1n 12

1n1n 11 1n 12 1n 1n

1 1 1 1
~ ~

, c

, , , c

c, , ,

T d V c

〈η ξ 〉   
   〈η ξ 〉 〈η ξ 〉 〈η ξ 〉   
   
   
 〈η ξ 〉 〈η ξ 〉 〈η ξ 〉    

= +

⋯

⋮⋮ ⋮ ⋮ ⋮

⋯

 (13) 

 
Where: 
 

 

1

1

1 1 1 1

1

1

1 1

11 11 11 12 11 1m

12 11 12 12 12 1m

1

1n 11 1n 12 1n 1m

11 11 11 12 11 1n

12 11 12 12 12 1n

1

1n 11 1n 12 1

, , ,

, , ,
T

, , ,

, , ,

, , ,
V

, ,

〈η θ 〉 〈η θ 〉 〈η θ 〉 
 
〈η θ 〉 〈η θ 〉 〈η θ 〉 =  
 
 〈η θ 〉 〈η θ 〉 〈η θ 〉 

〈η ξ 〉 〈η ξ 〉 〈η ξ 〉

〈η ξ 〉 〈η ξ 〉 〈η ξ 〉
=

〈η ξ 〉 〈η ξ 〉 〈η

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯
1 1

1 1

n 1n

11 11

12 12

1 1
~ ~

1m 1n

,

d c

d c
d and c

d c

 
 
 
 
 
 ξ 〉 

   
   
   = =
   
   
      

⋮ ⋮

 

 
 Since 1i 1k 1i 1k, ,〈η ξ 〉 = 〈ξ ξ 〉  then V1 can be written as 

follows Eq. 14: 

1

1

1 1 1 1

11 11 11 12 11 1n

12 11 12 12 12 1n

1

1n 11 1n 12 1n 1n

, , ,

, , ,
V

, , ,

〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 
 
〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 =  
 
 〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

 (14) 

 
 Similarly, we get: 2 2 2 2 2 2

~ ~ ~

f (t ) T d V c= + ,…, 

p p p p p p
~ ~ ~

f (t ) T d V c= + . Therefore, regression function 
~
f (t)  

can be represented as follows Eq. 15: 

 

1 1 1 1 1 1
~ ~ ~

2 2 2 2 2 2
~ ~ ~

~

p p p p p p
~ ~ ~

1
~1

22 ~

p p
~

1

2

p

f (t ) T d V c

f (t ) T d V c
f (t)

f (t ) T d V c

d
T 0 0

d0 T 0

0 0 T d

V 0 0

0 V 0

0 0 V

     
     
     
     = = +
     
     
     
     

 
   
   
   = +
   
   
    

 

 
 



 

⋮ ⋮ ⋮

⋯

⋯

⋮ ⋮ ⋱ ⋮ ⋮

⋯

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

1
~

2
~

p
~

~ ~

c

c

c

Td Vc

 
 
 
  
  
  
  
 

= +

⋮

 (15) 

 

 In (15), T is a (N × M) matrix where 
p

k
k 1

N n
=

=∑ , 

p

k
k 1

M m
=

=∑  and 
~
d  is a (M × 1) vector of parameters 

which are given by: 

 
T

1
~1

T
22
~

~

T
p

p
~

d
T 0 0

d0 T 0
T and d

0 0 T d

 
  
  
  = =
  
  

    
  

⋯

⋯

⋮ ⋮ ⋱ ⋮ ⋮

⋯

 

 
respectively. Also, V is a (N × N) matrix and 

~
c  is a (N 

× 1) vector of parameters given by: 
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T
1
~1
T

22
~

~

T
p

p
~

c
V 0 0

c0 V 0
V and c

0 0 V c

 
  
  
  = =
  
  

    
  

⋯

⋯

⋮ ⋮ ⋱ ⋮ ⋮

⋯

 

 
respectively. Therefore, the heteroscedastic multi-
response nonparametric regression model as given in 
(1) can be written as follows: 
 

~ ~ ~~
y Td Vc= + + ε  

 

where, 
T

T T
1 p

~ ~ ~

y y ,..., y
 =  
 

 and 
T

T T
1 p

~ ~ ~

,...,
 ε = ε ε 
 

. Next, to 

obtain estimate regression curve 
ɶ

f , we use RKHS 

approach by solving the weighted optimation Eq. 16: 
 

k k

k k

21
22

hetf H ~ ~
k 1,2,...,p

21
22

hetf H ~~ ~
k 1,2,...,p

Min W ( )

Min W ( )(y f )

∈
=

∈
=

  σ ε 
  

  = σ − 
  

 (16) 

 
with constrain Eq. 17: 
 

2

k k kf , 0, k 1,2,...,p< γ γ ≥ =  (17) 

 
 Let m

k 2 k kH W [a ,b ]=  where m
2 k kW [a ,b ]  is a 2nd-

order Sobolev space given by: 
 

{ }k

k

bm (m)
2 k k k k ka

W [a ,b ] f ; [f (t )dt= < ∞∫   

 
where, k k ka t b≤ ≤ , k = 1,2,…, p. Based on space 

m
2 k kW [a ,b ] , for every function m

k 2 k kf W [a ,b ]∈  we 

define norm as follows: 
 

k

k

b2 (m) 2
k k k ka

f [f (t )] dt , k 1,2,...,p= =∫  

 
 Therefore, the weighted optimation in (16) with 
constrain in (17) can be written as Eq. 18: 
 

k k k k

2 21 1
2 22 2

het hetf H f H ~~ ~ ~ ~
k 1,2,...,p k 1,2,...,p

Min W ( ) Min W ( )(y f )
∈ ∈

= =

      σ ε = σ −   
      

 (18) 

with constrain Eq. 19: 
 

k

k

b (m) 2
k k k k ka

[f (t )] dt , 0< γ γ ≥∫  (19) 

 
 The weighted optimation (18) with constrain (19) 
is equivalent to solve the PWLS optimation Eq. 20: 
 

m
k 2 k k

k

k

21 T
het~ ~~f W [a ,b ] ~ ~

k 1,2,...,p

p b (m) 2
k k k ka

k 1

Min {N (y f ) W ( )(y f )

[f (t )] dt }

−

∈
=

=

− σ − +

λ∑ ∫
 (20) 

 
where, λk, k = 1,2,…, p are smoothing parameters 
which control between goodness of fit: 
 

21 T
het~ ~~~ ~

N (y f ) W ( )(y f )− − σ −  

 
and penalty: 
 

1 p

1 p

b b(m) 2 (m) 2
1 1 1 1 p p p pa a

[f (t )] dt ... [f (t )] dtλ + + λ∫ ∫  

 
 To obtain the solution of (20), firstly, we 
decompose penalty component as follows: 
 

( )

1

1

1

1

1

1 1 1 1

b 2(m) 2
1 1 1 1 1 1 1a

T T T T
1 1 1 1 1 1 1 1
~ ~ ~ ~ ~ ~ ~ ~

11 12 1n

11 11 11 12 11 1n

12 11 12 12 12 1n

1n 11 1n 12 1n 1n

11

12

[f (t )] dt Pf Pf ,Pf

c , c c ( )c

c c c

, , ,

, , ,

, , ,

c

c

c

λ = = 〈 〉

= ξ ξ = ξ ξ

= ×

〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 
 
〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 × 

 
 〈ξ ξ 〉 〈ξ ξ 〉 〈ξ ξ 〉 

∫

⋯

⋯

⋯

⋮ ⋮ ⋮ ⋮

⋯

⋮

1

T
1 1 1
~ ~

1n

c V c

 
 
  = 
  
 

 

 
 Consequently, we have Eq. 21: 
 

1

1

b (m) 2 T
1 1 1 1 1 1 1 1a ~ ~

[f (t )] dt c V cλ = λ∫  (21) 

 
 Similarly, we obtain: 
 

2

2

p

p

b (m) 2 T
2 2 2 2 2 2 2 2a ~ ~

b (m) 2 T
p p p p p p p pa

~ ~

[f (t )] dt c V c

[f (t )] dt c V c

λ = λ

λ = λ

∫

∫

⋮  (22) 
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 Based on (21) and (22), we have the penalty Eq. 23: 
 

k

k

1

2

p

p b (m) 2
k k k ka

k 1

T T T
1 2 p
~ ~ ~

1 n

2 n

p n

1
~1

22 T~

~ ~

p p
~

[f (t )] dt }

c c c

I 0 0

0 I 0

0 0 I

c
V 0 0

c0 V 0
c Vc

0 0 V c

=

λ

 = × 
 

λ 
 

λ × 
 
 λ 

 
  

  
   = λ  
      

 

∑ ∫

⋯

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

⋯

⋯

⋮ ⋮ ⋱ ⋮ ⋮

⋯

 (23) 

 
where, 

1 2 p1 n 2 n p ndiag( I , I ,..., I )λ = λ λ λ . The goodness of fit 

in PWLS given in (20) can be written as: 
 

1 T 2
het~ ~~~ ~

1 T 2
het

~ ~ ~ ~ ~~ ~

N (y f ) W ( )(y f )

N (y Td Vc) W ( )(y Td Vc)

−

−

− σ −

= − − σ − −
 

 
 Next, if we combine between goodness of fit and 
penalty, we get PWLS optimation as follows Eq. 24: 
 

m
k 2 k k

k

k

pn

~
pm

~

pn

~
pm

~

1 T 2
het~ ~~f W [a ,b ] ~ ~

k 1,2,...,p

p b (m) 2
k k k ka

k 1

T 2
het

~ ~ ~c R ~

d R

T

~ ~ ~ ~~

T 2 T T 2
het het

~ ~ ~c R ~ ~ ~

d R

Min {N (y f ) W ( )(y f )

[f (t )] dt }

Min{(y Td Vc) W ( )

(y Td Vc) c N Vc}

Min{(y W ( ) y 2d T W ( ) y

2c

−

∈
=

=

∈

∈

∈

∈

− σ − +

λ

= − − σ ×

− − + λ

= σ − σ +

−

∑ ∫

pn

~
pm

~

T T 2 T T 2
het het

~ ~ ~ ~ ~~

T T 2 T T 2
het het

~ ~ ~ ~ ~ ~

T T 2
het

~ ~ ~

~ ~c R

d R

V W ( ) y d T W ( )Td

d T W ( )Vc c V W ( )Td

c (V W ( )V N V)c}

Min{Q(c,d)}
∈

∈

σ + σ +

σ + σ +

σ + λ

=

 (24) 

 
 The solution of optimation (24) can be obtained by 
taking partially derivative of 

~ ~
Q(c,d) with respect to 

~
c  

and 
~
d  and then the results are to be equal to zero. 

Therefore, we have partially derivative Eq. 25: 
 

~ ~

~
~

T 2 T 2
het het

~ ~ ~~

T 2
het

~ ~ ~

2 2
het het

~ ~ ~~

2
het

~ ~ ~

Q(c,d)
0

c

2V W ( )y 2V W ( )Td

2(V W ( )V N V)c 0

W ( ) y W ( )Td

[W ( )V N I]c 0

∂
=

∂

⇔ − σ + σ +

σ + λ =

⇔ − σ + σ +

σ + λ =

 (25) 

 
 If matrix 2

het
~

M W ( )V N I= σ + λ  then (25) gives   

Eq. 26: 
 

2
het

~ ~ ~~
Mc W ( )(y Td)= σ −  (26) 

 
 If (26) is multiplied from the left hand side by M-1, 
it will give Eq. 27: 
 
 1 2

het
~ ~ ~~
ĉ M W ( )(y Td)−= σ −  (27) 

 
 Furthermore, we also have partially derivative: 
 

~ ~

~
~

T 2 T 2
het het

~ ~ ~~

T 2
het

~ ~ ~

Q(c,d)
0

d

T W ( )y T W ( )Td

T W ( )Vc 0

∂
=

∂

⇔ σ + σ +

σ =

 

 
 Because of (27), we obtain Eq. 28: 
 

T 2 T 2
het het

~ ~ ~~

T 2 1 2
het het

~ ~ ~ ~~

T W ( )y T W ( )Td

T [W ( )VM ]W ( )(y Td) 0−

− σ + σ +

σ σ − =
 (28) 

 
 Since 2

het
~

M W ( )V N I= σ + λ  then 

2 1
het

~
V [W ( )] (M N I)−= σ + − λ . Consequently, we have  

Eq. 29: 
 

1 2 1 1
het

~

2 1 1
het

~

VM [W ( )] (M N I)M

[W ( )] (I N M )

− − −

− −

= σ + − λ

= σ + − λ
 (29) 

 
 If (29) is multiplied from the left hand side by 

2L
NSW ( )σ , it will give Eq. 30: 
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2 1 1
het

~
W ( )VM I N M− −σ = − λ  (30) 

 
 If we substitute (30) into (28), we get: 
 

T 2 T 2
het het

~ ~ ~~

T 1 2
het

~ ~ ~~

T W ( ) y T W ( )Td

T [I N M ]W ( )(y Td) 0−

− σ + σ +

− λ σ − =
 

 
 Therefore, we obtain: 
 

T 1 2 T 1 2
het het

~ ~ ~ ~
N T M W ( )Td N T M W ( ) y− −λ σ = α σ  

 
 If two sides of the equation above is multiplied 
from the left hand side by (Nλ)-1 and then by 
simplifying it, we will have Eq. 31: 
 

T 1 2 1 T 1 2
het het

~ ~ ~ ~
d̂ (T M W ( )T) T M W ( )y− − −= σ σ  (31) 

 
 By substituting (31) into (27), it gives: 
 

1 2 T 1 2 1
het het

~ ~

T 1 2
het

~ ~

ĉ M W ( )[I T(T M W ( )T)

T M W ( )]y

− − −

−

= σ − σ ×

σ
 (32) 

 
 Based on (31) and (32), we obtain weighted spline 
estimator for estimating heteroscedastic multi-response 
nonparametric regression curve that can be expressed as 
follows Eq. 33 and 34: 
 

1

2

p

1,
~

2,
~

~ ~~

p,

~

T 1 2 1 T 1 2
het het

~ ~

1 2 T 1 2 1
het het

~ ~

T 1 2
het

~ ~

~ ~

f̂

f̂
ˆ ˆ ˆf Td Vc

f̂

{T(T M W ( )T) T M W ( )

VM W ( )[I T(T M W ( )T)

T M W ( )]}y

A( ) y

λ

λ

λ

λ

− − −

− − −

−

 
 
 
 

= = + 
 
 
  
 

= σ σ +

σ − σ ×

σ

= λ

⋮

 (33) 

 
Where: 
 

T 1 2 1 T 1
het

~ ~

2 1 2
het het

~ ~

T 1 2 1
het

~

T 1 2
het

~

A( ) T(T M W ( )T) T M

W ( ) VM W ( )

[I T(T M W ( )T)

T M W ( )]

− − −

−

− −

−

λ = σ ×

σ + σ ×

− σ ×

σ

 (34) 

DISCUSSION 
 
 Estimating of nonparametric regression curve is the 
main problem in heteroscedastic multi-response 
nonparametric regression. For this objective, we 
determine weighted spline estimator by using 
Reproducing Kernel Hilbert Space (RKHS) approach to 
solve Penalized Weighted Least-Squares (PWLS) 
optimation (2). So that, we have weighted spline 
estimator 

~

f̂ λ  as given in (33). Furthermore, the 

weighted spline estimator 
~

f̂ λ  has properties as follows:  

 
• The weighted spline estimator 

~

f̂ λ  is linear in 

observation. This estimator is very useful to derive 
statistical inference for regression curve 

~
f . 

• The weighted spline estimator 
~

f̂ λ  is a biased 

estimator for nonparametric regression curve 
~
f . In 

other word, if we take expected value of (33), we 
will have: 

 

 

1

2

p

1, 1 1
~ ~

22, 1
~~k

~~

p
p, 1 ~
~

1 1 1 1
~ ~

2 2 2 2
~ ~

~~

p p p p
~ ~

f̂ (t ) E(y )

ˆ E(y )f (t )
ˆE(f (t )) E A( )

E(y )f̂ (t )

f (t ) f (t )

f (t ) f (t )
A( ) f

f (t ) f (t )

λ

λ

λ

λ

    
       = = λ 
     
      

 

   
   
   
   = λ ≠ =
   
   
      
   

⋮⋮

⋮ ⋮

 

 
CONCLUSION 

 
 The reproducing kernel Hilbert space approach 
gives solution of penalized weighted least-squares 
optimation for estimating heteroscedastic multi-
response nonparametric regression curve which gives 
the weighted spline estimator. The estimator is a biased 
estimator for nonparametric regression curve. However, 
the estimator is linear in observation.  
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