Journal of Mathematics and Statistics 8 (3): 329;2012
ISSN 1549-3644
© 2012 Science Publications

Finding the Envelope and Efficient Frontier of Financial Assets
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Abstract: Problem statement: One of the problems considered in financial mathtgs is finding
portfolios of given financial assets that minimizgk for targeted returns. The set of such poufois
called the envelope of the assets. Traditionalig firoblem is solved as a calculus minimization
problem involving partial derivatives and Lagranguailtipliers. Approach: In this study we
describe an invariant geometric solution that usgbhogonal projection in Euclidean space of
random variablesResults: The method is applied to find the efficient polifoand feasible
region of the assets and to investigate the meaiarvze relation for envelope portfolios. In
particular, it is shown that the graph of this tia is the right branch of a hyperbola. The method
is illustrated by an example with four financialsasts. Conclusion/Recommendation: The
described geometric approach can help to improeetélaching of portfolio analysis by making
the concept of envelope clearer and by simplifypngofs.
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INTRODUCTION The rest of the introduction introduces some
concepts and notations of portfolio analysis. Negt
Portfolio analysis investigates how investors candescribe the geometric method of finding the enpelo
maximize return and minimize risk by spreading ithei of financial assets. Then the result is applied to
investments over several financial assets and ainmpi  jegcribe the mean-variance relation for envelope
them in optimal proportions. Such optimal portfslio ortfolios and efficient portfolios and to identifpe
make the envelope of the given assets. The probfem ifolio with lowest risk. At the end this theoiy
finding envelope .is de;cribed in -financial textbsok | ustrated by an example with four financial asset
Textbooks on financial modelling (for example, Portfolio analysis studies random variables, which

Benninga and Czaczk_es, 2000; Fr_anci_s qr_1d _Taylorare returns from investments. Here N financial &ssse
2000) often do not provide mathematical justificatof As A, Ay are fixed. The return from assef, &

the solution. In other cases (Teall and Hasan, ;2002denoted by These are its numerical characteristics:
Cheang and Zhao, 2005; Kachapova and Kachapov,

2005; 2006) the problem is solved as a calculus

minimization problem in coordinate form. This * Expectatioru = E(ry),

traditional solution is quite long and involves theerse  «  Varianceo; = Var () and

of covariance matrix. Here we suggest an invariant  Covariance, ;= CoV (k, ).

geometric solution that uses orthogonal projection
Euclidean space of random variables. There are many
publications that consider practical models in fotict
optimization. The purpose of our article is to iy the
teaching of some topics in portfolio analysis bplging « U =[11... 1], the row of units of length N;

general mathematical concepts and improving prabés; < M = [y Mo ... Un], the row of the expectations,
article builds on our previous study in this area  where at least two values are different (then U and
(Kachapova and Kachapov, 2010). M are independent);
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We use the following matrix notations:
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S:[oij] , the covariance matrix of AA,, ..., Ay.

We assume that the matisis defined and has a
non-zero determinant. This implies thatis positive
definite, due to the properties of covariance matri

Portfolio is a combination of the assetg.A, Ay.
Any portfolio x is identified with its return also
denoted x. The expectatign= E (x) is the portfolio’s
expected return; the portfolio’s risk is measurgdtb
variancec” = Var (x). For each k = 1,..., N, denote x
the proportion of A in the total value of x; negative

): 311-329, 2012

An envelope portfolio minimizes risk for a given
targeted return.

Note: all portfolios considered here are combinations of
the N fixed assetsA..., Ay as mentioned before.

Definition 2: The set of all envelope portfolios is called
the envelope of the assets, A.., Ay and is denoted

Env (A, ..., Ay)-

Definition 3: A portfolio is called an efficient portfolio

values of x correspond to short sales. Thus, for anyif it has the highest expected return among altfpios

portfolio x Eq. 1:

N
X:;XkrkAnd X .. +xy= 1 (1)

Denote H the set of all random variables, whiah ar
linear combinations of4r..., ry. With operations of
addition and scalar multiplication, the set H is Mn
dimensional linear space with a basis.r, ry. The
operation (x, y) = E () is a scalar product in H, so H
is a Euclidean space. The length of a vector »efsdd

as |IX|| 5/(x.x) =\/E(x?). This approach to random
variables as vectors in linear space is brieflycdbed

in the textbook by Grimmett and Stirzaker (2001).
By (1), any portfolio x is an element of H:

Xl
X =
XN
xl xl
Theorem 1: For any portfoliosx =| ... |, y=| ...
XN >(N

a) E (X) =y X1 +...+ Iy X N = MX;
b) Var (x) = X' S x;

c)Cov (x,y)=XSy.

Here X means the transpose of x.

Definitions of envelope and efficient frontier:
Generally portfolios with higher expected returasrg
higher risks. However, it is possible to identimong
all portfolios with the same expected return, atfptio
with lowest risk, i.e., lowest variance.

Definition 1: A portfolio is called an envelope portfolio
if it has the lowest variance among all portfoliwigh
the same expected return.
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with the same variance.
An efficient portfolio maximizes expected return
for a given risk.

Definition 4: The set of all efficient portfolios is called
the efficient frontier of the assets;A..., Ay and is
denoted EF (4 ..., Ay).
Xl
A vector x =| ...
XN
solution of the following minimization problem E2.

is an envelope portfolio if it is a

Var(x) - min
X +ot Xy =1
E(x)=pu

(2)

for some fixed real number.

Finding the envelope of financial assets: The problem

(2) can be solved as a calculus problem in cootdina
form using partial derivatives and Lagrange
multipliers. Instead we will apply orthogonal
projection in the Euclidean space H to produce an
invariant geometric solution.

First we remind the reader some basic facts from
linear algebra.

An affine subspace Q of a linear space L is a set of
the form Q = {g + w | WIW}, where ¢ O is a fixed
vector and W is a linear subspace of L; Q is
independent of the choce of g.

Denote Praj x the orthogonal projection of x onto
W. The orthogonal projection has this expressionnin a
orthogonal basisy..., \, in W Eq. 3:

(v

vl,v)

Proj, x= 3)

1
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Q

Xmin

Fig. 1: The vector with smallest length

Theorem 2: Suppose Q = {q + w | WW} is an affine
subspace of L. A vector in Q with smallest lengtisesx
and it is unique:

Xmin =~ Proj\Nq-

The vector ¥, is independent of the choice of g.
Theorem 2 is illustrated in Fig. 1.

Now we return to portfolio analysis. By Theorem
1.a), E(X) = Mx. So the last two equations in (2) dav
this matrix form Eq. 4:

Ux =1

{MX - (4)

where @ is any solution of (4).

Proof: An envelope portfolio x with expected retyriis a
solution of the system (4) with smallest variance a

[l x [f = (x, X) = E(X) = Var (x) + [E()]* = Var (x) +1.

So the smallest variance means the smallest length,
since E(x) = is fixed. Next apply Theorem 2.

Theorem 4: Let v,..., W-» be an orthogonal system of
solutions of the system (5). Then

a) for any yaH, (y, vi) = Cov(y, W), k=1,..., N-2;

b) the envelope portfolio with expected retyriequals:

w2 (a.v)

X k oy
k=1 (kavk)

n=d

where ¢ is a solution of (4);
c) the envelope of the given assets is the geft{IR},
wherex, is given by the previous formula.

Proof: a) Each yis a solution of (5), so
E(v) =M v =0.
For any yIH, (y, W) = E(Ywi) = Cov(y, W) +
+ E(y) [E(vi) = Cov(y, W) + E(y) [0 = Cov(y, ¥).

b) The system ..., W-» is an orthogonal basis in

This is the Corresponding homogeneous System:Eq' Q/V, so the result follows from Theorem 3 and formula

Ux=0

{Mx =0 ®)

(3) for projection.
C) is obvious.

M ean-variance relation:

Denote Q and W the sets of all solutions of theD¢finition 5: To each portfolio of assets;A., Ay we

systems (4) and (5) respectively. So Q is an affin

subspace of H and W is its corresponding linea

subspace with dimension-8 (since U and M are
independent). In case N = 2 only one portfolio ha
expected returp for anypudR. So we consider the case

N> 3.
The affine subspace Q can be written as:
Q={a+w|[wIw}
for any solution pf the system (4).

Theorem 3: For anyuR, there is a unique envelope
portfolio with expected returp. It equals:

Xu=q - Projwa,
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SW)-plane. There

&an assign a paio( W) of its standard deviation and
Iexpected return. The set of all such pairs is caled

feasible set of the assets, A ., Ay .

The feasible set is represented by a figure@mn (
iS no one-to-one correspondence
between portfolios and points of the feasible set
because two different portfolios can have equal means
and equal standard deviations.

Theorem 5: The envelope is represented on theL)-
plane by the right branch of a hyperbola Eq. 6:

072_(”_‘10)2 =1
A B
g>0

(6)

for some constants A>0, B>0 apgl
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Efficientfrontier

N

Envelope —
Feasibleset

Fig. 2: The mean-variance relation

For N =3, the feasible region is the region to the g?b'Sb +u (¢'Sb + HSc)- 0 + ¢'Sc = 0. (7)
right of the curve (6) including the curve itself.

The portfolio with lowest risk corresponds to the Comparing this with the genera| equation of a
vertex of the curve (6); it has the mepp and the  second-degree curve:
variance A.

The efficient frontier is represented on tle [1)- 5, ? + 23, uv + @, V> + 283U + 283V + &3 = 0
plane by the top half of the curve (6):

wegeta,=b'Sb,a,=-1,a;=c Sc,

O'2 (H—Ho)z _
A e L TSbat
i a3=5(C Sb+b Sc), a=a3=0.
o>0
HZH, Consider two invariants bnd k.

a; &,
a, 8

Figure 2 illustrates Theorem 5. -

=858, Eﬁzz -dsb

P

Proof: a) Denotex, the envezlope portfolio with

expected returnu and denc_)tecr Its variance. The_ I, < 0, since the matrix S is positive definite.
system (4) of linear equations can be solved using

Gauss-Jordan elimination, so any solutiois @ linear

function of the parametep. From Theorem 4.b) it a & 8 |a 0 3 a, a
follows that the envelope portfolig, is also a linear l,=|a, @, ay=| 0 -1 0f=-| " *=
function of u: x, = ¢ + [, where ¢ and b are some a; 3; & |3 0 3 B B
vectors independent of b# 0. 1 )
By Theorem 1.b): =Z[ (c"sb+ b's¢ - 4B Sp( T 9)%
2 _ — v T — T —
0" =Var(x)=x Sx=(c+hy) -S-(c+p= Since the matrix S is positive definite, for anylrea
number t:
=c'Sc+u?b'Sh +p (c'Sb + HSc).
So the relation betweep and o for envelope (c+bt) S (c+bt)>0.
portfolios is given by this second-degree equation: Hence for any t:
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t?b'Sbh +t (¢Sb + HSc) + dSc > 0. This is the corresponding homogeneous system:
So the discriminant of this quadratic is negative: X, + X, +X5+%X,=0
X, X, +2X;+X%,=0

(c'Sb + HScY - 4 (b'Sh)c'Sc) < 0.

This implies $<0. Also we have,k0, therefore the -

equation (7) defines a non-degenerate hyperbola with !
the real axis parallel to @ The equation (7) can be And one of its non-trivial solutionsy, = -1
transformed to a canonical form by completing the
square foi, so the result has the form (6). 0]
Since the curve (6) represents the envelope [ %,
portfolios, all other portfolios have higher varias¢ so X
their correspondingg( W)-points lie to the right of the Consider its another non-trivial solution= X2
curve. 3
From the equation (6) we see that the right vertex L Xa
of the hyperbola has coordinateféuo,\/K); it ~ orthogonal to y.
corresponds to the portfolio with the lowest risk. Then 0 = (v, W) = [by Theorem 4.a)] =
As Figure 2 shows, each feasible value of
(except the vertex value) corresponds to two points 0& Cov (4, v,) =v;' Sw =
the envelope and two values pf The point with a
higherp is on the efficient frontier. 1 1 0 -1[x
_ _ _ 1 21 -1|x,
Example with four assets: Consider four assets with =[1 -1 0 ( 0 12 ol x|[FTRT%
expected returns of 1, 1, 2 and 1% respectively.rThei 3
covariance matrix: 1 -10 2x,
1 1 0 -1 Thus, ¥ should satisfy these three equations:
1 21 -1
S= _ 1
0O 12 O X +X, +X3+X, =0 0
1 -1 0 2 X X, +2X;+X,=0v,= 0
=X, — X, =0 1
» Find the envelope of these assets
» On the mean-variance plane find (q v ) (q v )
* The envelope and (ii) the feasible region By Theorem 4.b)x, =q- v, A,
*  Find the portfolio with lowest risk (Vl'vl) (VZ'VZ)
* Find the efficient frontier of the assets T
(@, v1)) =Cov(q, ) =q Swv =
Solution: a) N =4 and M =[1 1 2 1]. The system (4)
can be written as: 1 10-1)1
[0 0 -1 2] 1 21 -1|-1]_ -
X, X, + X+ X, =1 0 12 0 O
X+ X, + 2X,+ X, = 1 -1 -1 0 2| 0
0 Similarly, (g, &) = Cov(q, ¥) =q' S, =3u-6;
a=| ,_, | isone of its solutions. (Vi v) =Var(w) =vi Sv =1
2-p (Va, Vo) =Var (W) = Vv,' S =5.
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(qul) (q,vz) B The efficient frontier is the top half of the curve

Sox,=q- V)~ v, (9). On the mean-variance plane it is given by:
(viva) 7 (vavs)
7 2
0 1 1 u+1 G2 U_g
- - =1
0 -1 -6/ O 1 -3u+5 1 5
= T TR e R g (8) 1 5
p-1 0 5 | 0 5| -5 6 36
2_“. 0 -1 —a,1+4 g>0
>7
2u+1l U—g
-5u+5
EnV (Ag, Ag, Ag, Ag) = 4 1| M WORY.
5 %u-5 2u+1
-2u+4 _
1| -5u+5
EF (A, Ay, Az, Ay) == >—1.
(A, Az, Az, Ay) 5| 5u-5 2 6
The variance of xis 6® = x,' Sx, = ou+4

1
=Z(6u*-14u+ 9 .
(60" -141+9
The envelope is represented on the mean-variance

plane b_y the curve: & - 14H + 9 = 5 After Usually problems in financial mathematics are
completing the square we have: solved using calculus and probability methods. Is thi
. study we described a geometric solution of a probfem i

502_6[“_Zj -5 portfolio analysis. This method can be used in

6) 6 university courses on financial mathematics. The

method simplifies proofs and it is invariant while the

Changing this to canonical form we get thisold method uses coordinates and is quite long.
equation for the envelope: With the invariant geometric approach the students
can focus more on the conceptual part of the togiead

CONCLUSION

2
, [H _ZJ of the technical details and link abstract conceptsear
GT - T‘5 =1 (6>0) . (9) algebra to practical applications in finance.
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