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Abstract: Problem statement: The purpose of this study was to introduce theomotif Intuitionistic
fuzzy n-inner product space and to prove a fixedhtptheorem in complete intuitionistic fuzzy ninner
product spaceConclusion/Recommendations: Further this result is applied to obtain the existe
and uniqueness of solution for linear volterragnét equation.
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INTRODUCTION generalization of fuzzy n-inner product space amy@

a fixed point theorem in complete intuitionistizhy n-

_An interesting theory of 2-inner product space anqnner product space. Further this result is apptied
n-inner product space has been effectively con®iiC piqin the existence and uniqueness of solution for
by (Diminnie et al., 1977). It was further investigated linear volterra integral equation

and developed by (Misiak 1989a). Recent resultsiabo

n-inner product space can be viewed in (Misiak,9198 — . . )
Cho et al., 2002; Cho, 2001). Gunawan and MashadiDerlnltlon 1 (Vijayabalgji et al., 2007): Let n be a
natural number greater than 1 and X be a real finea

1986) and Malceski (1997), there is a study abbat t . >

origin and development of n-normed linear spaceSPace of dimension greater than or equal to neinf,|
Fuzzy set theory is useful tool to describe sirain | *» - - -, *) be a real valued function on
which the data are imprecise or vague. Fuzzy setrjh XXX x..xX =X"" Satisfying the following
was formalized by Professor (Zadeh, 1965) at the nl

University of California in 1965. After that a latf ~ conditions:

studies have been done regarding fuzzy set. The

concept of fuzzy set theory may have very important  (x, X|%,...,%) =0

applications in quantum particle physics, medicals  (x, x|x, ..., %) = 0ifany onlyifXx, %, . . ., % are
diagnosis, traffic control system and information linearly dependent

retrieval. Different authors introduced the deforis of O VP - %) = (s XDy - -+ %)

fuzzy inner product space in (El-Abyad and El- (X Y . . ., %) is invariant under any permutation

Hamauly, 1991; Cheng and Mordeson, 1994) and fuzzf/ of x
normed linear space in (Narayanan and Vijayabalaji, 20 - K _
2005; Felbin, 1992; 1993; 1999; Krishna and Sarma; % XX - %) = 0 X X, %, ..., %)

1994: Bag and Samanta, 2003; Gahler, 1964; Katsaras (@ X%, ..., %) = a(x, x|, . . ., x) for every &l
1984; Rhieet al., 1997). R(real)

Atanassov (1986) introduced and studied the (X +X ,Y[Xy ..., %) =X YD ..., %) + (X,
concept of intuitionistic fuzzy sets as a genesdion of YIXo, -y R)
fuzzy sets. There has been much progress in tliy stu
of intuitionistic fuzzy sets by many authors. Regem Then (s, + |+ . . ., *) is called an n-inneoguct

(Vijayabalaji and Thillaigovindan, 2007; Vijayabglat
al., 2007). Thillaigovindan introduced the notion of
fuzzy n-inner product space and the notion o
intuitionistic fuzzy n-normed linear space respeslij.

In this study, we introduce the notion of Definition 2 (Vijayabalaji et al., 2007): Let n O N
Intuitionistic fuzzy n-inner product space as a(natural numbers) and X be a real linear space of

on Xand (X, (s, ¢ | = ...,*)) is called aArmer
fproduct space.
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dimension greater than or equal to n. A real valued: {(x pa(X) ya (X))| XJ E}, where the functiongu,: E

function || =, . . ., ¢ || X xX x...xX =X" satisfying the
n

following four properties:

e X, X, - .., % ]| =0 ifany only if % X, . . .
are linearly dependent

1 *

e |I%, X2 . . ., % || is invariant under any permutation

o X X ..., ax]|=lal |1 X . .., %], for any a
OR (real)

P X kL Y HZIIS P X e kY
% X2+ -+ s %1, ZI|

Is called an n-norm on X and the pair (X, ||.2, , *
[|) is called an n-normed linear space.

Remark 3 (Vijayabalaji et al., 2007): If an n-inner
product space (X, (s, * | * . . . ,?)) is givereth
1% . %,... % B (% 5% 1% ....%) defines an n-norm on

X. Further
Buniakowski inequality is also true:

106 Y Do ey (XX D8 e[ YY1

Definition 4: A binary operationA: [0, 1] x [0, 1] -
[0, 1] is a continuous t-norm if it satisfies th@ldéwing
conditions:

* Alis associative and commutative

* Ais continuous

« alAl=aforallal[o,1]

e alb<cAdwhenever & c and kx d, for each a, b,
c,ddjo, 1]

Example 5: Two typical examples of continuous t-
norm are @&\ b =ab and & b = min (a, b).

Definition 6: A binary operatioril: [0, 1] x [0, 1] -
[0, 1] is a continuous t-conorm if it satisfies the
following conditions:

e [is associative and commutative

e [Ois continuous,

e alO=aforallad]o, 1],

e albs<cOdwhenever & c and kd, for each a,
b,c,d1][0, 1]

Example 7: Two typical examples of continuous t- ’

conorm are &l b = min (a+b, 1) and @ b = max(a, b).

Definition 8 (Atanassov, 1986): Let E be any set. An
intuitionistic fuzzy set A of E is an object of theam A

the following extension of Cauchy-'

[0,1] and y» E -[0,1] A g denote the degree of
membership and the non-membership of the element x
O E respectively and for everyX E, 0< (X)+ pa (X)
+ya (X) <1.

Definition 9 (Vijayabalaji and Thillaigovindan,
2007): An intuitionistic fuzzy n-normed linear space is
an object of the form:

Where X is a linear space over a field/Fjs a
continuous t-norm[] is a continuous tconorm and N,
N’ are fuzzy sets on Xx R (R-set of real numbers)
satisfying following conditions:

{(X,N(xl,xz,...,xn,t),N'
Xy Xgree X D) (4, % 50 F X

N (Xg, X2, « « -, % )+ N (Xg, X, o+ ., %, D)1
ForalltO Rwitht< 0, N (%, X, . . ., % t) =0
e ForaltORwitht>0,N(f, X, ...,%t)=1if

and only if %, X, . . ., ¥ are linearly dependent
e N (X, X, . . ., % 1) is invariant under any
permutation of X X, . . . %
e ForalltORwitht>0, N (X, X, ..
L)

lcl

L, Cex =N

(X1, X2y - - -, %

if c#0,c0 F(field)
e Foralls, tOR:

N(X,, Xpy e X, F X, S 12 A{N(X,, X,500, %, ,S), N]
(XysXgreeey X, s 1)
e N(Xg, X, . .., %, t) is a non-decreasing function of
t0R and:

lim N(X;, X e, X, 1) =1

e ForalltOR witht<O,N' (X1, Xp, . . ., % ) = 1.

e ForalltdOR witht>0,N (X1, X, - . ., % t) =0 if
and only if %, X, . . ., ¥ are linearly dependent.
N (X1, X - . ., % 1) is invariant under any
permutation of X X,, . . ., %.

For all td R with t > O,N’ (X1, X3, . . ., C%, ) =N’
t.

(Xll X21 e Y)ﬁl )
[cl

if ¢ #0,c0 F(field)
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* Foralls, tOR: Definition 11: An intuitionistic fuzzy n-inner poduct
space is an object of the form:

N'(X,, Xpyoes X, + X, 5+ )0
N X e X SL NG X X, D) Az{(X'J(X'lel'sz---%—wt) }
JGYIX % Xy D) KX % ek O K

N’ (X1, X2, . . ., %, 1) iS @ non-increasing function oft
R and: where, X is a linear space over a field &,is a
continuous t-norm(J is a continuous tconorm and J, J '
lim N'(x;, X500 %, 1) = 0 are fuzzy sets on %! x R (R-set of real numbers)

satisfying following conditions:
Definition 10: Let X be a linear space over a field F. A

fuzzy subset J: X*’x R (Real numbers) is called a «  J(X, Y%, ..., %0 )+ I G Y% ..., %o )<l
fuzzy n- inner poduct on X if and only if: e ForalltORwitht< 0, J(X, X]X%, . .., %1, ) =0
) (or 6, the null vector)
e ForalltOR WI.th t<0, IO XK ..., %, ) =0 . «  Forall OR with t > 0, J(X, X|X . . . , %1, 1) = 1 if
« ForalltORwitht>0,J(X X|x ... %1 t)=1if and only if X, X, . . . , %.1 are linearly dependent
and only if x, %, . . ., %1 are linearly dependent e Forallt>0, 30 VI ..., % t)=J0, XX ...,
e Foralt>0,3(YkK. -, %st)=J3 XX... Xn1, 1)
s %1 1) o ] o JX Y% - . ., %1 t) is invariant under any
© JX Yy ..., % t) is invariant under any permutation of x, . . . , %1
permutation of x ..., % o Forallt>0, I XK ..., %y t)=J0% X X, %, .
o Forallt>0,J(X, X% ..., %1 t) =306 XX, %, . o % B)
% ) «  Forallt>0,J@x, bxjx. .., % t)=JX X ..
« Forallt>0, J@ax, bxpx. .., % t) =3I X% . . t
t <y X1, —— ) a, iR(real)
- Xty l—bl), a, HIR(real) lab|
al

e Foralls, tOR:
e Foralls, iR:

J(X+ XLY | X e Xog B SEA

A0y D6 %y TS min BOGY 1% X D04 0%, 1.,5)]

{3 X, 8), 3(Y, YZ(X e %o 5 1))
e Foralls,tO0 Rwiths>0,t>0:

JX+XC, Y, ..., %y t+S) _min{I(X, YIX . . ., %,
0, IO VP - % S I 1% ey N SB B LK TX oy ot
e Foralls,tORwiths>0,t>0: IOY DX % s O
JOGY X ey ISR MINEIOGX X s Xy ot e JX Y% - .., %1 t) is a non-decreasing function
of tOR and:

NSRS W)
Iirr;J(x,ylxl,...,)gq_l,t): 1

e J(X, Y4 - .., %1 t)is a non-decreasing function

of tOR and:

e ForaltORwitht<O,J"(X X% ..., % t)=1
M I Y 1% e %o 0= 1 « ForaltORwitht>0,J" (X, X ...,%1t) =0

Then (X, J) is called a fuzzy n-inner product spac ifand only if x, %, .. ., %are linearly dependent

or in short f-n-1PS. « Forallt>0,7 (X Y% ..., %ut)=3(,Xxx ...
» Xn1, ©)

Intuitionistic fuzzy n-inner product spaces We * J (X, Y4, . . ., X%, 1) is invariant under any
introduce the notion of intuitionistic fuzzy n-inme permutation of x .. ., %1
product space as a generalization of Definitionas0 * Forallt>0, J (X, X|x ..., %1, 1) =3 (x, X [X,
follows. X2+ ooy K B)

200



J. Math. & Stat., 8 (2): 198-210, 2012

Forallt>0, J (ax, bxpx. ..

t
. %, — ) a, R
%1 |ab|)

For all s, O R:

R ) =37 (X XX

J(x+ XL Y% e Xyt SED{GY X % 1)
JAY G %1 08)}

Forall s, D Rwiths>0,t> 0:

YK ey ¥ ISE D {IOGX]X e Xy ot
JOCY% %y S

J (X ¥y, ..
tOR and:

., %.1, 1) IS a non-increasing function of

!inlJ'(x,ylxl,..,x]_l,t): C

Then (X, J,J' ,D ,N) is called an intuitionistic
fuzzy n-inner product space or in short IF-n-IPS.

Example 12; Let (X, (>, * | *, . . ., *)) be an n- inner

product space. Defineld b = min (a, b) and & b =
max(a, b), for all a, a1 [0, 1]:
t

Iy 1 seehy ’):{Hl(x,ylxl )

whent> 0,10 R( X, Y| X ,...,g(_l)D Xt
(y15

0, whentf 0
{t+|(x,y|xl ,...,)gq_l)

whent> 0,1J R( X, Y| X ,---73(-1)5 X!
1, whentf O

And:

(XY I1% ks

Then (X, J, JA,0) is an IF-n-IPS.
Proof:

Clearly‘( X Y% 0%, ,)+ .( XY X Xy )E

For all 1R with t < 0 we have by our definition, J
(X! Xlxla---a Xn-15 t) = O

For all t00 R with t > Owe have, J (X, %X, %.1,t)
=1

t
(%X [ %00 %)

0

BT

201

[ XXy -+ X0-D) |50 = X,|Xq,.., %1 @re linearly dependent.

Forallt > 0:

t
t+‘(x,y|xl,...,>g1_l)‘

J(x,y|xl,...,>g_1,j=

t
o I

)‘ =IO X% %o 1)

As (X, X% . . X%., t ) is invariant under any
permutation of X, . . ., %.1.
We have J(x, y[X. . %.1, t) is invariant under any

permutation of x . . ., %.1.
Forallt>0:
J(x,><|xl,...,>g_1 ,)= t
t+|(><1,><1 |x,...,>§1_1) [
t
= S| DA ' SO S
t+|(x1,x1|x,...,>g1_1) [ ( ! )
Forallt> 0:
_t
t o) _ |ab|
J[x,x|xl,...,>g,1—J—
ab t
] @lﬂ(x«xbﬁ----:)&—l) |
_ t
|+ [ab | XXX 1)
- t
t+|(ax,bx|>g ..... )5_1) [

=J(ax,bx [ % %oy )

If(@)s+t<0(b)s=t=0(c)s+t>0; Dpt<O;
s <0, t>0,Then the above relation is obviougd)fs >
0,t>0,s +t>0. Then Without loss of geneyalit
assume that:

(Y 1% et U L XY X Ly

t S
t+ (Y 1% 1o X,s) s (xyIx gy |
0Oy X x ) | (XY ) |
t B s
ORI GO RO N N 0 (E e )
t S
(%Y 1% %) 1 (XY 1 k)|
t B s
(XY 1% %,)

: 2|(x" Y 1% %) |
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iy n) |
t s+t
Ly D) O Xy ) |
t s+t
t+|(x,y|><1,...,>§1_1)> st # (X+ XLy X .. %—1)
t - s+t

t < s+t
GV DG %) st # (0Y X k) |

min{3(x,y 1% o) Xy X B
< I(x+ XLy 1% Xy SFL)

Without loss of generality assume that:

J (X - X0, DIV - - X01,S) Tor all s, B with

s> 0,t>0:

I(xx 1% e er) € LYoy X ey

t S
<

(X 1 %) o8 Yy Ix )

>
‘ S
1+|(x,><|><1,---,><n-1) . (Y. y1% o)
‘ S
(%X 1%, e %) |§I(x x|x: h)

2|(x,x|x1 ..... >§]_1) I( DR v---r%-l) |
106X 1% et | (9916 )

t - t
S|t x,Xx]% ..., X4) |
( t szmwxwme
By Remark:
Sl(nyl)&t""’)sl) 1Zl(x’yl)(1 ..... &_1)1
|(X'X|XL;'2"’)$1) f S2|(x VAR )%—1) i
I(X,X|X1 ,,,,, )%71)1> (x,y|>f ..... #1) 2|
2 - st

Taking square root on both sides:

202

M I(X,y 1% 1ee %)

106X D% Xiea) | (XY 1% ) |

t - Vst
(X T e Xy) 1 (XY Dt )
1+ n 21+ N
|(x,x|x1,...,>gn,1) | \/SH |(x,y|x1 !"")‘171) |
t - Vst
t - Jst
] TR N ENCT PR
t st

t+|(X,X|X1,...,)§1,1y')S\/§+|(X!y|)s.""xn—1)|
min{J(x,x|x1,...,>g_1,§ A yyixoax )}
<I(xy 1% % V1Y

For all § < t,<0 then, by our definition:

IOGY IR hes) F XY X ) =

Suppose,t> t; > 0 then:

t, t,
(Y 1 e Xn) T (XY 1% ek ) |

Oy x| (- t)
(tz+|(x,y|x1 ..... X, 1) )( t+ [ Xy e >FH))|
>0,forall(x,y | % ,....x,_, O X***

t, t,
1[0y 1% e X T (xy1% %) |
IV 1% s £) 230V 1% % 1)

Thus J (X y|%...., %.1, t) is non-decreasing

function. Also:

. t
= lim
S PR

t

=lim =1
tooo 1
t[1+zlx.y|><l ----- 4-1) I

For all t0 R with t< 0 we have by our definition:

J'(x,x|xl,...,)g_1): -

For all tOR with t > Owe have:

J'(x,x|xl S ,)z 0
(%X 1% %) |
(XX 1% e Xy) |

LXK 1% 0 Xpoa) FOXX Xy
arelinearly dependent

=01(X,X 1%, %) €
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Forallt> 0:
, YD) |
LRI ey PRV Y
(X D% %) |

(Y X %) |
=3(y. X% s )

As (X, X|%, . . ., %1, t) is invariant under any
permutation of x, . . ., %.1.
We have J' (X, Y|% . . ., %1, t) is invariant under any
permutation of x, . . ., %.1.
Forallt> 0:
X, X Xy ey X,
J'(x,xlxl ,...,4_1): ‘( 1)‘
t+‘(x,x|x1,...,>g1_1)‘
‘(xl.x1 | %,..., xn_l)‘

i t+‘(xl’xl | X,...,Xn_l)‘
=3(% % 1% Ky )

. t [XGX X e %) |
J(X,Xl)& ,,,,, )S_llabJ: n ( 1)

@rI(X’XIXI ----- )%—1)

_ lab](xx ] s) |
_t+|ab|( X, XX ey %—1)
_ ‘(a><,bx|x1 ..... 41)‘
t+|(ax,bx|>g ..... >§_1) |
=J'(ax,bx|>§ . )

f(@s+t<0(b)s=t=0(c)s+t>0;spt&x0;s<
0,t>0,

Then the above relation is obvious. If (d) s 00, s
+t> 0. Then Without loss of generality assumé tha

J'(x,y|x1,...,>g_l)$ J(x',y|a< ----- %(-1)
X

‘(xvylx1""’ n—1)‘ < ‘(Xl,yl)(1 ""’Xw—l)‘
t+‘(XvY|X1 ----- Xn—1)‘_ S+‘(X'v)’|)iv---v>ﬁ—1)‘
'(+‘(><,y|x1 ..... xn_l)‘> s+‘(x',y|>g,...,>g_l)‘

06y o) Oy Tt

t S
B CRTEES i CR T
t > S
‘(valxl """ anl)‘ ‘(leylxlv Xrl)‘
t‘(XI'yIXSl' 1) 2 (¥ Xy X

203

t‘(x‘,y|x1 ..... xq,l)‘ 5

[CTE N .
(

XY 16 ) (Y 16 et

R vy
s*(cy ) s 0w Xy Ix )
T I CITTETs
[CSRTR—— R (% Xy 1% 0,y

s+‘(x',y|x1 ...... >yﬁ,1)‘_s+t+‘(x+x',y|x1 ..... xﬂ)‘
max{J'(x,ylxl,...,)g_l,)},\( XLY X ey X1 )2
J'(x+ XSV X e X oS )

Without loss of generality assume that (x

X|Xgy-eey Yoo, 1)< 3 (VLY - %01,S)for all s, IR with
$>0,t>0:

(R B CATE)
t+‘(x,x|x1 ...... )%-1)‘ - s+‘( VoYX e, g;l)‘
o (xx D) 5#](voy 1% )

‘(x,xlxl,.....xn_l)‘ B ‘(y,ylxl &—1)‘
1+ t >1+ S

‘(X1X|X11-"')§1—1)‘ ‘( VoV 1% b )ﬂ—l)‘
t > S
CETRS i CXrs

oy 1) 2| D )] 2

i
oy e ) (VY 1)
|

2‘(x,x|x1,...,x",1)H(y,y|x1 ...... )gﬂ) :

By Remark:

oy 1% )
t

[COTES R (G E
st N s

<[y %)
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(CEIE I SR
st - ¢

Taking square root on both sides:

1, )] |91 %)

st - s
s s
oy Dt et )] |y 1t )

s Vst
1Jr\(y,ylxl ----- X)) SlJr\(x YIX %)
‘(y,y|x1 ..... xn,l)‘ + s< ‘( Y% ... XH)‘ +/ sf

vy Ix L)) (Y et
(AZETE I (L

s+‘(y,y|xl ,...xn,l)‘ - \/§+‘(x,y|x1 ,...,XH)‘
max{J( X, X,| X 1,...,g(,1) ( Y,y x 1,...nx1)}
23(xy1% %19

For all t1 <4< 0 then, by our definition:

JOCYIX X B F GV X0 47

Suppose,t>t; > 0 then:

‘(x,y|x1,...,xn,1)‘ ~ ‘(x,y|x1,...,>grl)‘
t1+‘(x,y|xl,...,xn_l)‘ tz+‘(x,y|x1 ..... xﬂ)‘
i} 6y x| (- 1)
(t2+‘(x,y|x1 ..... ><n,l)‘)(t.l+‘(x,y|x1 ..... xH)D
>0,forall(x,y | % ,...,%_, ) X**
‘(x,y|x1,...,>g1,l)‘ ‘(x,y|xl,...,>r§,1)‘
t+‘(x,y|x1 ..... >g1_1)‘_t2+‘(x,y|x1 ..... xn_l)‘
I0GY D e bin 1) 2 Ly I X

Thus J° (X Y| %..., %.1, t) iS non-increasing sequenc{exm}m:()

function. Also:

- ey
ot o m 2,

(Y 1% %)

t(l+%‘(x,y|x2,...,>g_l)‘j -

limJ"
tooo

Definition 13: We call that t-normA and t-conorni]
are h-type if the family of functions
{am®}" andO™(t})"  are equi-continuous at t =1
and t = 0 respectively.

Where:

AY(t) = A(t,1),A™(t) = A(t,A™(t))and
Ot (t)=0(t, t),0™ () = O(t,0™ (1)
td[0,1],m=2, 3,...

Definition 14: Let (X, J, J',A, ) be a IF-n-IP-space.

(i) A sequence x [0 X is said to converge toXX if O
€>0,0a O (0, 1], =N, when

Nn= N, J0O6X, Xi-X|X1, .00y X1 €) > 1-a and J' (%X, X~

X [Xg,..., %-1 E)< a.

(i) A sequence x[0 X is called a Cauchy sequence if
Oe > 0,0a0(0, 1],=N, when

m, reN, J(%-Xm, Xn-Xm| Xg,---, %-1€) > 1- a and:

JU(Xy = Xy Xy = X [ Xy eeen X 1 & B €

CONCLUSION

Theorem 15: Let (X, J, J',A, O) be a complete IF-n-IP-
space andd, O be t-norm and t-conorm of h-type
respectively. Let T: (X, J, JA, O) - (X, J, J'A, O) be

a linear mapping satisfying the following condition

t
J(TX,leI,.-,)%,l,t)E ‘](val)l( ""#1 m
And:
ITXY 1% %y DS 36V X *ﬁ

For all X, y, %, X2,....%-10X t20 a, B O (0,0) and k
(o, B): (0,400) x (0,40) — (0, 1) is a function. Then T
has exactly one fixed point. xJ X. Furthermore, for

any % O X, the iterative sequence {} T-converges
to X-.

Proof: Firstly, we prove that for anyyxO X, the
is at T Cauchy sequence, where

{Xm}mzom :{XO’Xl :TXO""Xm: TmXO"}

By (8) and (17) of Definition 11, we have:
t
J -1 e K T | =
[Xo XY 1% ’Xﬂk(O‘IB)J

m t
J(xo—Tx0+Tx0—T X°’ylxl""'x“k(uﬁ)]

204
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EA[J(Xo-TXo'Wl ’’’’ "Pt(ll:(z(g)mj

J[XO—Tm_lxolylxi """ >S7'1,k(at(p)]

:A(J(XO_TXO'ylxl """ )"_l’t(:]-l:(z(gf))j

J[XO—TXO+TXO—Tm_1XO'y|X1 """ Xﬂ'l’k(atﬁ)j]

EA[J(XO—TXO,VIXL ,---->%—1't(1_k(am)]

k(ap)
J[Txo “Tx Y% ‘*mm
> A[J[XO - TX, Y% MWJ
,A[J[XO - Tx.y 1% ’%t(ll:(:x(g)ﬁ))j

J,[xo—Tszo:ypﬁ """ x‘llk(at[?’)j]J

" k(a,B)
And:
| ) t
J(XO—T Xo,y|X1:--">§r1Wj:
J{XO—TXO+TXO-T“X0'V|X1 """ X“m]
J'[Txo—me01y|X1:---v’%—lvt:((aaﬁ))j}
t(d- k(a,
sD(J'[xO—TXO,yIXll----%-l’(l<(awB)B))]]

J'[Xo “T Y G ’*‘1k(o: B)D

:D(J{XO_TXO’yIX]. x----%-l’t(l;(l;%B))D

< D[J'(xO—TXO,yIXl v-~-v>%—1‘t(1_kM]

k@p)
’D(\]()(O—Tx(yylxi ,---%-1WJ
J{m— Ty 1% mlm]]]
SD[J'[XD— Txo,yl><1v---v>%—1’t(l|:(|;%m)}

J-(xo -T"%%,, Y % :---*’%—1@)

<< D[J(x)- oY% ..o, ’*1F(ll:(:1(§f»J

D(J'(XO—TXovWXl Hl;;&;‘f”}

r‘][xo_ TXO'ylxl v---"Xu—lk(a#B)j
Because of ko, B)OI (0, 1), therefore we get:

t(l-k@p) _ _t
k(a,B) "~ k(a,B)

As J, J are non-decreasing and non-increasing
respectively, Therefore, we have:
By the property of t-norm and t-conorm, we obtain:

J[xo = T"%,, Y | % ""’X”’lm]
k(o)

Xo— TX, Y | % ,....,)%1%%[5))]

EA(J(XO_TXvalxl """ o1

A(...,A[{ %= T, Y% e )‘”W]

,J(xo—Txo,y|xl ..... X”k(c:B)B }
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= Am‘{.]( Xo = T,y [ % 1.oms g o (P)) (1; (:((%’)B))D

‘J(XO_TmXO1y|X11""X7—lk(atB)j

S[J.[X XLy [ %X w]
0 0 10 1 An-1 7 k(G,B)

,D(JI[ Xo = TXo ¥ [ Xy 1o X0y W]

D[...,D(J[ %= T YIX X5 k(@.p)

(Xo'_Txory|X1v~--v)§r1WJ

oo a1 s D)

(- k(a,B))D ;

So, for any positive integer m, n, we have:

J[Tnxo _ Tm+nX0,TnXO_ ™™ nXO |X1""Xmlmj2

J(XO—T'“XO—T”‘”‘xo|xl ..... Xoq i

N t
zJ[xo—meo,xoT Xo lxl""’x”kzn”(aB)]

t(1-k(a.8))

2Am—l[.][xo = Ty, X = T7X, | Xl,-..y)ﬂrlm

J'[T"xo =T ", T = T™ "™ | Xq,enn, X

)

. m n m+n t
SJ[XD—T Xo, T"Xo = T x0|x1,...,xn_1m]

| t
SJ[XO—TmXO,XO—TmXo|X1""')§r1’k2n—1(a[3)

< Dml[J[xo = TXg  Xg = T™Xg | Xqsees X1 5 kz”*l(a,B)

< Dm—l[D m-1f

J[)(O—Txo,xo—Tx“x1 ..... Xy 1

t(1-k
:Dzm‘l[J{xo—Txo,xo—Txo|x1,...,>g?1,( (a.6)

k2"+1((x,[3)

)

t(1L- k(u,B))]]

t(1-k(a,B))’
’ K2n+1(q’B)

]

Note thatA,[1 are t-norm and t-conorm of h-type,
the family of functions{a™(p)}" _and {A"(p)}" is

equi-continuous at p =1 and p = 0 respt. and the
functions J, J’ are non-decreasing, non-increasiiig

M IOGY %5 %o s OF
landtlim.]'(x,yw e X otFC

Then we have:

lim J{T”x0 = T™™,, T, = T™ ™, | xl,...,xm,t}

lim k(a,B)
> LiTOAzm'z{J(Xo = TXgyXo = TXq | Xl""’x“mj}

. i n _ Tm+n n _ Tmn t
'LI[TJGJ(TXO T ™, T"%, = T X°|X1""X“'k(a,8)j

< lim Dzm{‘] {Xo = TXgy Xo = TXo | Xqyees Xy 1WJJ
nm K" H(a,B)

By ((2),(3)) and ((11,12)) of Definition 11, wevea
{T’“xo}mm:1
completeness of X, letx— x:0X (M - o).

Secondly, we prove thatX is a fixed point of T.
Because of:

is a Cauchy sequence in X. By the

Then we have:

. t
!lmJ(xD—Txi X~ TXo | % ""’)%_1k(aB)] =1,

limJ'(xD—Txi Xg— TXG X v %n tjz Qe 0

k(a,B)

Because x —x- (when i) A D(s,*) and (s,¢) are
equi-continuous at (1,1) and (0, 0) respectively.an

JO@.x - Tx [%,...%4 ,tF land
JBX =TX =TX |% ,....,% 4 ,t)= Owe have

lim t

_}J[xk—Tx X TX X e Xy ,k(GB)]: 1

Iim.])@—T X = Tx | #—ODP(
i oo X 2 SERTIR S} k(.p) =
Hence:

J(XD—TXD,XD— LRSY DT S ,k(ot( B)J
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t(1-k(a,B _ _
. J[XD_T‘ x o k(a(,B) ))] J{XD SRSl B)J
‘]‘XD_yD’XD_yDlxl ''''' X)) J'
(T =T = T 1 Xy ( ) t
t(1 kGB [XD_YD o yulx ----- an J
J[xg—Tx,xD T 0% ( (G(B) ))] L B)t
A . SJ‘[XD_yD'XD_yulxl vvvvv Xllkzn(“rf’)}
1J(X‘XDXD‘TXD|)S ----- )ﬁ'lk(aB)]
Definition 11, we have x= y.. Therefore xis the
J[XD—TXDXD—TXDIXl,---,X. ) t J unique fixed point in X. Finally, we prove that the
(a.B) sequence {Txg}1- converges tox. for any x% O X.
] t(l— k(a,B)) Because of:
< XD_T)ﬂvXD_T)%l)Sv"-I)ﬁqW
- . I = T"% % = T"% [ X e Xy 5 1)
AT = T T 1% ) U
t(1-k(a,B B . t
J(XD‘TKXD‘T&M,---%«( (G(B) ))J ZJ[X*_T":lXO’X_T % |)S""')$11'|(2(GB)J
<0 ’ ’
t =3 T =~ T7% T = [T %, X _t
X =X %= TX % "K(@B) I SICHO)

cwn)
k*(a,p)

2....2.{)9-)3,)(-)5 [% .o %lkzn(taB)J

I(x =T % = T% 1% ey
J(Tx, T% , TX =T |% .. X )

2 X =T % % =TV [ X e %o
{& T, %= T X%, *‘1’(15] ( ° 1

J[XDTXD,XD—TXD 1% .---,m-lk(w)] - Qi-o0r 9

By ((2),(3)) and ((11,12)) of Definition 11, we\rea
** x=Tx (x T % = T”%I&,--,mkz(a B)]
If there exists a point 0 X * such that * *y =Ty,
. . t
then. J( X — Tn Xo TX Tn )% I)S. """ )ﬁ -1 'kz(ot B)]
JX =¥ X =Y [X Xs W UF [K L X X~ Tnz)%pi ----- )811(4((1[3)]
JMX =T =Ty | %X ,....X4 1)
t S I X TR X TR X % T3
21X =YX =Y X e j [ k“(O(B)j
( 2 SERED 1 (@.p)
F =y X =y Xy R T We have:
(T =Ty, T =Ty | % ..., X4 0
SIH X =YX =Y [X X L fim I =T"% % =T | )
1 kZ(G'B) n- o X X 1% v Xy s
- lim X - % X =% | t
In the same way, we obtain: S oo T 1 b (@8
lim
Jx -T%,x - T peen X g ot
(X = Yo X = Yo %o )2 9 p e T TRX TR X %D
- - t > .2 < fim JT X =%, % =% | _t =
X~ Y Xg yDlxl“"'Xn—l‘kz(TB) = - “no o % % 1% X1 an(a,B) -
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Applications: In what follows we shall utilize theorem
11 to study the existence and uniqueness of saltitio
linear Volterra integral equation on complete Ifn-
space. We assume that La,b] is a fixed real inteWa
define linear operation in“la, b]:

(x+y)(1) =x(t) +y(t), (ax)(t) = ax(t)

Then I? [a, b] is a linear space. We lead n-inner
product into £ [a, b]:

(XY Xy ><H)=j x(1).y (1) (1), (1)...x,, (Dd
Hence(X,y X% ,..., X_, )is finite

Number, (¢, |, ..., * ) satisfies allnditions
of inner product and 4.[a, b] is an n-inner product
space by (*,*|*,...,*). Becausdd, b] is infinite
dimensional and comglete, therd [a, b] is a Hilbert
space. Define a space(la, b], J, J’A,0), where:

n+ltimes
J,J':’[a,blx ’[a,bk ..x [*[a,b]- [0,1]
_ t
- E+ (XY [ Xy e Xoog)
OOy X %)
tEOGY Xy X))

J(X, Y [ X yeeees Xog o 1) anc

NECOL'A PINNS SIN |

Then (% [a, b], J, J’A,0) is a IFIP-space. In fact,
let {x,} be a Cauchy sequence in*(la, b], J, J’'A,0).
Then for anye > OA O (0,1]N, when m, n= N, we
have:

=N, 3" Xy = Xy o Xy [ X 0o X1 € EA
Because of:
J(Xm_xnvxm_xnlxl VVVV erla)_

e (X = X Xy = X [ Xy X y)
€

b

e+ I(Xm = Xa) (1) (X = X,) (1) (¢ ) (1) (X ) (1) .. (X, ) ()

a

> 1-A

And:

'K = Xy Xy = Xy [ X X1 £)=
(X = X X = X [ Xg0eeer X g)

O =X ) (D0 =X ).

()OO (%, (D

e+ [0 =X =)0
(6)(D-06) (1) (%, ) (Dl

a

€+ (X = Xy X —
b

|

a

<A
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We have:

Then X, - X, - 0 a.e. as X Xy,..., X1 are not all
zero. So xis a Cauchy sequence if [a, b]. By the
completeness of4]a, b], we have x— x 0 L?[a, b].
Hence x O (L? [a, b], J, I’)A,0). So(l®[a, b], 3, J',
A,0) is a complete IF-n-IP space.

Theorem 15: Let (L% [a, b], J, J',A,00) be a complete
IF-n-IP  space. Then the following conditions are
satisfied:

I (x(s)- y(e)ds= x(ty- y(OI x(.),y(} E[ab
Let T be a linear mapping and defined as follows:
(Tx)(t) =f(t) +)\j'k(t,s)x(s)ds

where fO L? [a, b] is a given function, k(t, s) is a
continuous function defined onsat< b, a< s<t,xisa
constant, we denote:

max
astsbas <t

k(t,s)= M

Then wherxM O (0, 1), T has a unique fixed point
in L? [a, b]. Furthermore, for any,»xd L? [a, b], the
iterative sequenceT"x,}t- converges to the fixed

point.
Pr oof:
(TX=TY V[ % poens %)=
J (T = Ty)():- (V-0 )O-(6 )(0)-ow- (X, ) (XKt

=j2)\( (k(t,s)x(s)ds—j k(t,s)y(s)d}]
V(D). 06 )(0-(X)(0)-.- (%, )(B)dlt
. J( j k(t,s)(x(s)- y(s))d%

V(). (4, )(1)06)()-o. (%, ) ()t

t

]

a

By the continuity of k (t, s) and mean value
theorem[1;, s;we have:
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(TX=TY,V X %1 )= A k(tl,aj[j (x(sr y(s))d}
V(-0 )(0)-06)(0)---- (%, (D)t

By the condition (i), we have:

(Tx—Ty,v|x1.---,m)sAkj[j (x(s)- y(s»d}
V(D)0 )(1)-06,) (D). (%) (t)el
SAMX =Y, V| Xy e Xoog)

Therefore:

(TX=TY, V[ X e % )SAMX= Y,V X e %y )
t S t
t+ (TX=TY VX X y) BEAMX= Y,V [% e, )

Because ofM O (0,1), we get:

_t
- AM
%) m+(x_|y’lel v Xip)

t
t+(TX =Ty, V| X,..

J(MX=TY, V| X s Xq )2 { X y,V|X ﬁlﬁJ an
(TX=TY, V[ X sees X1 )SA M(
t
X =Ty, 1% 1) MO Y 1% %)
1+ t >1+ t
(MX=Ty, VX, %y)  AMX=YIX X )
(TX=TY, VI X Xy ¥t AM(X AR ,---%-1)+t
(TX_Ty-VI)ﬁ-"va—l) )\M(X_yvleiv"'v)ﬂ—l)
(TX=TY, V%0 %) )\M(X—Y|V|X1:~--1Xn-1)
t+H(TX =Ty, VX, %y) FAMMX= Y, VX 0% )
(MX=Ty, VX, X)) o AMOXZ Y VXX )
t+H(MX=TY, V| X, X)) HAMX=Y, VX 0% ;)
(XY VX5 %)

Tt
m+(x—y,VIX1,---,>$_1)

o V1% ot )
t

t
J'(I—Ty,le,---,%_lyt)-( X YV|x Rﬂlmj

By Theorem 11, T has a unique fixed point i L
[a, b]. Furthermore, for any,&/L? [a, b], the iterative
209

sequence T"x,} 1~ converges to the fixed point. This
completes the proof.
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