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Smooth Neighborhood Structuresin a Smooth Topological Spaces
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Abstract: Problem Statement: Various concepts related to a smooth topologicatsp have been
introduced and relations among them studied by ratvauthors (Chattopadhyay, Ramadan, etc).
Conclusion/Recommendations: In this study, we presented the notions of thretssaf neighborhood
structures of a smooth topological spaces and gpvee of their properties which are results by Ying
extended to smooth topological spaces.
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INTRODUCTION m(x, O A) = L mix, . A)

Sostak (1985) introduced the fuzzy topology as an _ . .
extension of Chang (1968) fuzzy topology. It hasrbe Obviously, we have the following properties:
developed in many directions (Ramadan, 1992(1) m(x, A)=A(x) _
Chattopadhyay and Samanta, 1993; EL Gayyaal., (2) m(y, A) =1iff x, 0 A, m(x, A) =0iffA =1 and
1994; Hohle and Rodabaugh, 1998; Kubiak and Sostal&(x) =0
1997; Demirici, 1997; Ramadag al., 2001; 2009; 3) m(x, , EiTl A)= Um m(x A ), (generalized multiple
Abdel-Sattar, 2006).

Ying (1994) studied the theory of neighborhood
systems in fuzzy topology with the method used to_ . .. )
develop fuzzifying topology (Ying, 1991) by treagin D€finition 3: Ying (1991) let (X7) be a fuzzy
the membership relation as a fuzzy relation. Irs thi topological space (fts, for short), let e be a fuppint
study, we generate the structures of neighborhoo#? X and let A be a fuzzy subset of X. Then therdeg
systems in a smooth topology with the method used ito which A is a neighborhood of e is defined by:
(Ying, 1991), by using fuzzy sets and fuzzy points.

choice principles)

N.(A) =sup{m(e,B):BOt,B0O A}
Notions and preliminaries: The class o;; all fuzzy sets
on a universal set X will be denote by,lwhere L is o :
the special lattice and L = ([0.1%). Als0, Ly = (0.1] Thus NE_DL is called the fuzzy neighborhood
and Ly = [0, 1). system of e in (XT).

Definition 1: Pu and Liu (1980) a fuzzy set in X is Definition 4 Ying (1991) let (X,1) be a fts, e a fuzzy

called a fuzzy point iff it takes the value 0 fdirnald X, point in X and A a fuzzy supset OT X. .

except one, say K X. If its value at x i\ (0 <A<1) _ Then the degree to which e is an adherent point of
o Co .~ 7. Alsgiven as:

we denote this fuzzy point by xwhere the point x is

called its support. The fuzzy point is said to be dle A= inf(1- N (B

contained in a fuzzy set A, or belong to A, dendtgd ad(e, )_B'urlc( N (B)

x\O A, iff A<A(X). Evidently, every fuzzy set A can be

expressed as the union of all fuzzy points whiclohg  where, A is the complement of A.

to A.
Definition 5: Ramadan (1992) A smooth topological

Definition 2: Ying (1991) Let X be a non-empty set. space (sts, for short) is an ordered pair)X where X
Let x, be a fuzzy point in X and let A be a fuzzy subsetis a non-empty set and: L* - L is a mapping

of X. Then the degree to which lxelongs to A is: satisfying the following properties:
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(O1) 1 =1(0)=1
(02) Forall A, A0 T(A,nA) =T(A) OYA )
(03) OLtUirA) 2 |:JUFT(Ai)

Definition 6: EL Gayyaret al. (1994) let (X7) be a sts
andaOL,. Then the family:t, ={A OL™: (A) =¢ .
which is clearly a fuzzy topology Chang (1968) sens

Definition 7: Demirici (1997) Let (Xt) be a sts and
ADL”. Then ther-smooth interior of A, denoted by:

A°=(XB OL*: (B) >0,B DA}

Remark 1: Demirici (1997) lett be a Chang’s fuzzy
topology (CFT, for short) on the non-empty set Xem
the smooth topology and smooth cotopology Ts
L*-L, defined by:

if AT
if AT

1
T(A) = {O,
and 1_(A) =1(A") for each AIL*, identify the CFTt
and corresponding fuzzy cotopology for it. Thus the
smooth interior of A is:

A° =B OL*: 1(B) >0,B OA}
=U{B OL*:B OtB DA}

This show that Ais exactly the interior of A with
respect ta in Chang (1968) sense.

Lemma 1. Ramadan (1992) syp sup{A(X)CB(x):
A(X)=a} = supyoL sup{faB(x): A(x)=a}.

Smooth neighborhood systems of a fuzzy set: Here,
we build a smooth neighborhood systems of a fuety s
in a sts and we give some of its properties.

For a mapping M: £ L™ and AO L*, a [0; 1);
let us define the family M = {B O L*: Ma(B) > a};
which will play an important role in this part.

Definition 8: Let (X,1) be a sts and & L*: Then a
mapping N,:L* -L“ is called the smooth

neighborhood (nbd, for short) of A with respecthe st
T iff for eacha[0,1):

N¢ ={B OL*: ([T Ot°)(A OC OB)}

where,t® = {AOL”: 1(A) > a} the stronga- level of 1.
410

Remark 2:

The real number NB) is called the degree of
nbdness of the fuzzy set B to the fuzzy set Ahéf t
smooth nbd system of a fuzzy set A has the
following property: N(L*) O {0, 1}, then N, is
called the fuzzy nbd system of A

We say that the family (Nq = {B: Na(B)>a} is a
fuzzy nbd system of A for ead][0,1) and (M)

is called the strong -level fuzzy nbd of A

Proposition 1: Let (X, T) be a sts and Al L*. Then a
mapping M: L* - L™ is the smooth nbd system of A
with respect to the gtiff:

sup{t(C):A CO B},
0,

N, (B) if A OB
A ifA DB

Proof:

(1) Suppose that the mapping:NL* - L“* is the
smooth nbd systems of A with respect to the. st
Consider the following two cases:

For the case AB, suppose that NB) > 0. From
Definition 1, there exists @t such that AICOB,
i.e., A(IB, a contradiction. Thus {B) = 0

For the case A] B. We may have NB) = 0 or
Na(B) > 0. If No(B) = 0, then it is obvious that
Na(B) = 0 < supft (C): A OCOB}, if sup{t (C):
AOC 0B} = A > 0, thenICOL* such that (C) >0
and AJCOB: We obtain N(B) > 0, a contradiction

Therefore:

N, (B) =0=supf (C):A0 CO B}

Now suppose that ){B) = A > 0. For an arbitrary
0 <& <\, we have N(B) = A-¢, i.e., BO N, Since
the mapping: N: L* - L is a smooth nbd system of
A, OCOL* such that ©r* and AJICOB, ie.,
sup{t(C): AOCOB}>A-s. Sincee> 0 is arbitrary we
have:

sup{t(C):AOCOB}2A=N,(B)

On the other hand, let sup{C): AOCOB}=y >0.
Then for every 0s<y, OCO L* such thatr(C)>y-£ and
AOCOB. Therefore BINAY?, i.e., N\(B)>Yy-€. Sincee is
an arbitrary we have:
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N,(B)=y=sup{t(C):AOCUO B}
Hence the inequality follows:

(2) Forald [0, 1), let BON/ , i.e., N\(B)>a: Then

we can writeat < Na(B)= sup{t (C): AOCOB},i.e.,
(CO L* such thatt(C)>a, A O C O B. Then we
have:

N¢ O{B OL*:([C OT%)(A OC OB)}
By the same way we can show that:
{B OL*:(IC O1°)(A OC OB)} ON ¢
Hence:
N¢ ={B OL*:( [T O1°)(A OC OB)}

Remark 3: In Proposition 3, the fuzzy subsets A of X
can be replaced by the fuzzy points on X, thabysthe
special fuzzy subsets e, in this case:

supft(C):ell CO A},
0,

ifedA

Ne(A){ ifedA

Proposition 2: Let (X1) be a sts and AL, If the
mapping N, :L* - L is the smooth nbd system of A

with respect to the st, then the following properties
hold:

(N) Ny(0)=N,(1)=1and N (Bp C> A0 B
(N2) IfA, OA and BO B, then N, (B N, (8)

(N3) N, (B,)ON,(B,)< N, (B, n B,)
(N4) N, (B)< SUR. e {N, () N: (B)},0A,B,CO ¥

Proof: (N1) and (N2) follows directly from Definition
1 and Proposition 3. (N3) Suppose tha(B{) = a,;>0

and Ny(B,)>0,>0. Then for a fixede>0 such thate<

03100, = Na(By) > az-€ = 0 and N(B,) >0,-6=0. From

Definition 1, it is clear that there exists, C,00L* such
that:

1(C,)>a, ~€,1(C,)>a,~¢ and
AOC,0B,,A0C,0B,

Thereforex(Cin C,) = T(C)(Cy) > (ar-€)Na-€)
(almz)'s and AJ CinC, O BjnB.. Thus
Na(B1n B,)=(a.0a,)-€: Sinceg is arbitrary, we find that
Na(B1nB2) = Na(B1)[Na(B2). (N4) Na(B)= sup{t(C):
AOCOB}. From Proposition 3, we obtair(C)< NA(C)
andt(C)< N¢(B).
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Thus, supf (C): AUCOB} < sup{Na(C)ON¢(B)}.
Hence:

NA(B) < sup {N, (C)U N (B)}

Smooth neighborhood systems of a fuzzy points:
Definition 9: Let (X,1) be a sts, e a fuzzy point in X
and A be a fuzzy subset of X.

Then the degree to which A is a NBD of e is
defined by:

N, (A) :{Z“F’EDA {m(e,B)01 (B) T (B)> 0}, if m(e,A)> O

otherwise

Thus N_OL" is called the smooth NBD system of
e in (X,1).

Remark 4: It is clear that when a fuzzy pointde
BOLX, then m(e, B) = 1 and

NL(A) = Supy, ft(B):ed BO A}, if eDA
° 0 if e0A

is the NBD systems in the sense of Demirici (1997)
Remark 5: For any crisp point x in X, we have:
N, (A) =sup{B(x) O1(B):1(B) > 0}, B(x) #0.
BOA

Proposition 3: The NBD systems\, of e in sts can be

constructed from the cuts,, ad(0,1], by using the
equality:

N.(A) =sup{[N(A)]* Do}

where, [N (A)]® =sup{m(e,B): B0 A,BOT1,}, is the NBD
systems in the sense of (Ying, 1994; Theorem 1).

Proof: By using Definition 9, we have:

N, (A) =supg;{m(e,B)d1 (B) 1 (B)> 0}
=sup,,, SUR,, {Mm(e,BHa 1 (BRa
= SUR, {SURA {B(X):T(B)za}Oa}
=SUR, {SURA {M(e,B): Bt Ja}
= sup,.o {[N,(A)]" Oa}

1
J



J. Math. & Stat., 6 (4): 409-415, 2010

Remark 6: For any crisp point x in X; we have: (02):
N, (A) =sup{[N;(A)]" Oa} (A n B) =inf {m(e,A nB) ON (A nB)}
@0 >inf {m(e,A n B) O(min(N_(A), N (B)))}
where, [N (A)]* =supg . {B(X):BOT,} . =inf{min(m(e,A),m(e, B))O (min(N, (A), N, (B)))}
=min{inf fm(e,A) ON (A)},inf {m(e,B) N (B)})
Theorem 1: Let (X, 1) be a sts and e a fuzzy point of X. =min(t(A), 1(B))
If the mapping It L* - L is the smooth NBD systems _
of e with respect ta, then the following properties (03):
hold: (Ui A) =inf{m(e, U5 A;) ON(Un A}
(NN, (A) < m(e,B) =inf{sup; m(e,A)ON Uy A}
(N2)If A OBandA,BO L, then N (A)< N, (B) zinf {sup;, m(e,A )Tinf, N, (A )}
(N3)ForallA,BO X, N, (An B)= N_(A) ON (B) zinf {inf ;m(e,A;) Oinf;; N (A )}
(N4N, (A) < sup,.., {supy, » {IN, (B D ; =inf,, inf,{m(e,A ;) ON (A )}
forallfuzzy point d,m(dBx N (B)}} =infi, (A;)
Proof: (N1) and (N2) follows directly from Remark 2. “Now, we show that the mapping:N* — L which
(N3): satisfies the conditions (N1)-(N4) is exactly tmeosth
NBD systems of e for the sts (X): Let the mapping
min(N, (A), N_(B)) Me L - L be the smooth NBD systems of e of the sts
= min(sup.., {M(e,CY1T (C)T (Cp OhsUp.s (X,1). Then applying () we have:
{m(e,D)O07(D):1(D) > 0}) M(A) =supg;,{m(e,B)UT(B)}
=SUpypg SURy, {Min(m(e,C), m(e,DJt (T)t1 (D) =SUpsq, {m(e,B)J inf (m(p,BYI N (B))}

7(C),1(D)> G}

= SUR,.5 SUR,, {min(m(e,@ DYt (CPt (D)t (C,
(D) >0}

< SUR,p SUR,, {Min(m(eCn D)OT(Cn D): Thus:
7(C),1(D)> G}

SSURga. {(M(e,EXJT (E)T (Ep 0,00 B E}

=N.(ANnB) On the other hand, using (N4) and Theorem 1, in
(Ying, 1994) we may write:

Since:

inf(m(p, B) DN, (B)) = inf m(p,B)Dinf N, (B)< inf N, (B) < N,(B)

M,(A) <supfm(e, B) N, (B)}< N (A) (1)

(N4) Combining axiom (4) in Theorem 1, in (Ying,

1994) and Proposition 4, (N4) follows. N, (A) Ssup,.o{sup;. {[N,, (B)]" Oa:for

eachfuzzypointd,m(e,B N (B)}]

Theo-r(.em 2. Let the mapping N LX_>!_ sati(sfy the <SR, {SUR {IN, (B) Da :foreach
ggggggg: (N1)-(N4), then the mapping L™ - L crisppointy,m(y,BE N (B)}]
= SURso {SURA {IN,, (B)" Da :BOT,}}
(A) = {infe{m(e,A)DNe(A)}, ifm(e,A) >0.A #0andA# 1 = sup,., {SUp,, (MINLEA+ N (B)Da : 2
1, ifA=0or A=1 BOT,}}
Where: < SURo {SURA {MIN(LI-A+ m(x,B)Ha
ADL* = A st on X, furthermore the mapping BUT,}}
Ne =Exactly the smooth nbd systems of e with =SUR.0 {SURLA {M(%, ., B)Da :BOT, }}
respect to st. =sup, {M(x, ,B)0T (B)}
Proof: (O1) Obvious. =M, (A)
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Hence, the equality N= M, follows at once from
(1) and (2).

Definition 10: Let (X,1) be a sts, e a fuzzy point in X
and A a fuzzy subset of X. Then the degree to whkich

is an adherent point of A is given as:

ad(e,A)=inf (1= N. (B)

where, Kis the complement of A.
Remark 6: For any crisp point x in X, we have:

ad(x,A)= inf (1~ N, (B)

Proposition 4:
ad(e,A)= aigg‘{[ad(e,A)]‘ O0-a)}
[ad(e,A)f = Jnf (1= [N.(B)I")
Proof: Follows from Proposition 4.
Proposition 5:

N, (A) ssup{min(L,1-A + [N, (A¥' ) Da)}

Pr oof:

N, (A) =sup,,o{IN; (A)]° Do}
= SUR,s {SURLA {M(%, ,B):BOT, }0O0O}
= SURso {SURLA {MIN(LEA + m(x,B)):Blt, Do}
<sup,., {Min(L,1-A + sup,, {m(x,B):Blt, POa}
=sup,., {min,2-A + [N, (A)f )Ja}

Fuzzy smooth r-neighbor hood:
Definition 11: Let (X;1) be a sts, AL*, e a fuzzy point

(1) N.(A,r) <m(e,A) for each [L,

(2) Ne(A, ) < Ng(B, 1), if ACB

(3) N.(A,n)ON_B,r)<N(AnB,r)

(4) Ne(A, 1) < sup{N«B, r): B< A, m(d, B)< Ny(B, 1);
for all fuzzy point d in X}

(5) Ne(A, )= Ng(A, s),ifr<s

(6) N, (A,r)=min(L,1- t+ N, (A1)

Proof: (2) and (5) are easily proved.
(1) Itis proved from the following:

N.(A,r) =sup{m(e,B ):B < AT(B )= 1}
={m(e,UB,):UB <A 1(UB ) =1}
<m(e,A)

Suppose there exist A[R* and fL, such that:
N.(A,r) ON(B,r) >t>N (A nB,r)

Since N(A)>t there exist

Cy1,COL* with:

and N(B,r)>t,

C,OAT(C)2rC,OBI(C)=r
Such that:
m(e,G ) m(e,G F me,Cn €3
On the other hand, since:
C,nC,0ANBT(C,nC,)=r
We have:
N.(AnB,r)2m(e,Cn C,)> t

It is a contradiction.
(4) If T (B)=r, then N(B,r) = m(d,B); for each fuzzy

in X and fL,. Then the degree to which A is a fuzzy point d in X. It implies:

smooth r-nbd system of e is defined by:

N.(A,r) =sup{m(e,B) T (B)= r}

A mapping N: L* x Ly—L is called the fuzzy
smooth r-nbd system of e.

Theorem 2: Let (X,1) be a sts and Nthe fuzzy smooth
r-nbd system of e. For A,[B.* and r, §lL,, it satisfies
the following properties:

N.(A.1)
=sup{m(e,B):BO Ax (B)= r}
=sup{N,(B,r):BO A,N,(B,r)= m(d,B),forall
fuzzy pointd in X}

<sup{N.(B,r):B0O A,m(d,B)< N, (B,r),forall
fuzzypointd in X}

(6) It proved from:
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N, (A,r) =sup{m(x ,B):B0 A,1(B)= r}
=sup{min(1,1- t+ B(x)):BO At (B)= r}
=min(1,1- t+ sup{B(x):BO At (B)= r})
=min(1,1- t+ N, (A,r))

6 (4): 409-415, 2010

For eachlll’, there exists Ly with
m(e, B) = Ng(B, r;); for all fuzzy point e in X (V)

Such that: 1,(B;)2r >r

Theorem 3: Let N, be the fuzzy smooth r-nbd system

of e satisfying the above conditions (1)-(5), thadtion

1, :L* - L defined by:

T, (A) = E{r OL - m(e,A) =N (A,r)forall
fuzzy point e in X}

has the following properties:

(1) yisast.on X

(2) If Ng is the fuzzy nbd systems of e induced by

(X,1), thenty =1
(3) If N, satisfy the conditions (1)-(6), then:

1,(A) = Lr OL ; m(x,A) =N (A1), x OX}
Proof: (1) We will show thatty(B; n By)=1n(B1)O

w(B,), forany B, B, O L.
Suppose there exist BB,0L* and flL, such that;

Ty(By n By) <r<1y(B,) O1\(B)) 0
For eachli{1,2} there exists;flL, with:
m(e, B) = Ng(B;, r;); for all fuzzy point e in X ({0
Such that: 1(B;) 2t >,
From (1), (1) and (5), we have:
m(e,B)=N (B .r)<s N(Bn< meB;
It implies m(e, B = Ne(B;, r): Furthermore:
m(e, B n B,)= N, (B, "0 N (By,r)
<N.(B,nB,r)
sm(e,B n B)
Thus, N(B1nB,, N = m(e,BnB,),

i.e.TN(B1nBy)=r. Itis a contradiction for the Eq. I.
Suppose there exists B Eigr BilLyx and gL,
such that:

T,(B) <1, < [14(B) Q)

From (1), (IV) and (5), we have:
meB)=N(B.r)s N(B.nN< meB.
It implies m(e, B = Ne(B;, r): Furthermore:

m(edi B )= umr m(e,B )
=LleN.@®,.n)
SN (Ui Byo1)
sm(edir B).

Thus, N(O .5 Bj, r) = m(e, O0,,:B), ie.,
(0 or Bi) 2 1. Itis a contradiction for the Eq. Ill.

(2) Suppose there existsA* such that:
Ty (A) > 1(A)

From the Definition ofty, there existsyflLy with
m(e, A) = Ny(A, ro) such that:

Tw(A) 21, >T(A)
Since:
m(e,A)= N, (A,;,)=sup{m(e,B ):BO A1 (B 2 &}
Then, for each X1 X:
(0B;)(x) =sup{m(x,B ): B O A}=m(x,A) =A(x)

Thus, A =0 B;. S, T1(A) = 1,. It is a contradiction.
Suppose there existsA* such that:

Ty(A) <T(A)
There exists ;1] Ly such that:
T, (A) <r, <1(A)
Sincet (A) = r;, we have:

N.(A,r,) =sup{m(e,B):BO At (B)= [ }=m(e,A)
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