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Abstract: Problem statement: Many authors have studied k-out of-n repairablsteay with
dependent failure and standby support. The questasiraised whether the repair and standby units
support increase the reliability of the system.dbeine the efficiency of repair and standby suppart
the reliability of the systemApproach: In this study the statistical analysis of k-outnofepairable
system with dependent failure and standby supperewdiscussed. Several reliability characteristics
are obtained by using Kolmogorov's forward equatianethod. After the model is developed a
particular case study is discussed to validatethis®retical results, a numerical computation are
derived. Tables and graphs have been also giveéheirend.Results: The results indicated that the
system with repair and standby support is bettan tthe system without repair and standby support.
Conclusion: These results indicated that the system with repéiits failed parts and standby
redundancy facility increased the reliability oétbystem.

Key words: Cost analysis, Mean Time to System Failure (MT3#¢ady-state availability, busy
period, profit function, preventive maintenance]idogorov’s forward equations method

INTRODUCTION of-n G systems. Phdrthstudied availability and Mean
Life Time of degraded system with partial repairh&V
When a system is constructed, it is assumed thd€ee Chanlj!, studied reliability analysis of a repairable
the failure of any unit in k-out of-n systems does  parallel system with standby involving human and
affect the functioning of the system. Nevertheldss, common-cause failure. Madhu Janal.” studied k-
practice, the failure of any working unit of a st out of-n repairable system with dependent failund a
results in the reduction of the efficiency of théoke  standby support, but they didn't consider the cost
system. It increases stress on the others oneasatite  analysis of the system.
result, the failure rate of functional ones incexhand The purpose of this study is to discuss cost @imly
the reliability of the system reduced. Thus, depeee  of k-out 0f-n: G system with active standby redumzia
occurs and as a result the failure rates of thésuni components and repair facility. The system is ¢hife
degrade. _ N (k+1) of its n components are failed. If resourees
The system with standby redundancy facility hasgjiocated to repair failed components, we should be
been studied for many different system structu®®  gpje to keep the number of failed components below
redundant system, some additional parts are CoBIECty15.k+1 for a much longer time. The failure andaiep
to the system. On the failure of the operating,uait a6 times follow exponential distribution. We ayz
standby unit is switched on by perfect switchingide. the system by using Kolmogorov's forward equations.

The redundancy in a system is usually employed it oo . ;
: ) g L nitially one unit is operative and the other ipkas
design highly reliable systems. Also the repaiffiamited cold gtandby. A pargcular case when no rfappair and

component increases the reliability of the systéim. :
resources are allocated to repair failed componeves standby support have _been discussed. Tables apdsgra
gave been also given in the end.

should be able to keep for a much longer time.Thu
introducing redundant parts and repairing a faillads o
may achieve high degree of reliability. System description:

Many authors have discussed k-out of-n system
with dependent failure ratéd. The system reliability * The system consists of a main unit, n-subsystem
of modeling shared load was investigated by Shab an  and s-standbys
Lambersonet al.®). Moustaff studied a transient ¢ The entire system is working if at least k of its n
analysis of reliability with and without repair férout subsystems are operating
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The system is failed when the number of workingFormulation of mathematical model: If we let P (t)
components goes down below k denote the probability row vector at time t, théiah
All active components are follow exponential conditions for this problem are:

distribution

The system is failed when the number of working Py(0)=1,R0)=0,i=1,2,...... n+s—k+1
components goes down below k or the number of
failed components has reached n+s-k+1 By employing the method of linear first order

The failure and repair rate times follow expondntia jiterential equations For Fig. 1 and, we can abtae

distribution ; ; ; e
. . . . . following differential equations:
The failure of main unit, which supervises the g g

system, causes the total system failure and has
constant failure ratg,

The failure of fault coverage is constant and equal
to Ac V=
The failure rates of all subsystems are constaght an’ o W= 7@ A FUOR () A"_l Pl e B (0 (op)
same and depend on the number of working units l<isn+s-k
and equaltay, =1, 2. ..... n)

When any of the operating subsystem fails, it iSP' (==, . ¢ )Py o« (OFA , o Pos L (2c)
replaced by standby unit and failed unit goes to

repair mode with rate ;puThe standby units have

constant failure rate Where:
If all the standbys are consumed, the system work#, =4(A,)+ 2B,
as degraded system until k-subsystems works A, =4(\,)+B,
When the system is down, no farther units candaile ,” _

The state of the system is defined to be the numbefz =

of failed components A, =3,

B =00+ A, +A 0P, (OF R (© (2a)

The system state transition diagram is given in This can be written in the matrix form:

Fig. 1. State i indicating that exactly i subsysteane

failed at time 't', (i=1, 2,....., n + s - k). Tfadlure rate p* = QP
from state i to state i+1 given ly. The state transition
rate of the system is given by: Where:
NI O<i<s @ [ R R ]
" l(n+s- i, SIS i< nt s k R R®
The following system characteristics are obtained: . pe
Mean time to system failure (MTTF) with and
without repair : :
Steady state availability with and without repair Phesi(t) Pesi(t)
Profit function [ Prisiea®)] [ Pus ()]
(B, A, *A) Hy 0 0 0 0 o |
B, ~(By+ A ) H, 0 0 0 0
0 A, (Do + A+ i) Hy 0 0 0
A, =B+ A, M) L 0
= . . 0
0
: 0
0 0 0 0 An+s—k—1 _(A"+5’k+)\P+uW5 k) Hpss i1
L 0 0 0 0 0 AT Moo o)
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Fig. 1: State transition diagram

|

Particular case: If we put n = 4, k = 3, s = 2, in for the absorbing state, the new matrix is calledh®

equations (3-1) — (3-3), we obtain the matrix form: expected time to reach an absorbing state is ca&ull
from:
P*= QP
1
Where: MTSF= P(0)¢ A* ! (3a)
R () 1
R (1) :
P*=|R, (t) . :
R () oA A) A, 0
P, (t) Ky -4, +)\p +1;) A,
- . 0 M, _(A2+)\p+U2)
R (1) 0 0 ™
R (1) Q= o
P=1R (1) 0
R () A,
_Pl (t)_ L _(A3+)\p+U3) ]
0 0 0
H2 0 0
~(B,+ X, +1,) U, 0 MTTE= G *%*3) (3b)
Az _(As + )\p + |-13) My -
Q= 0 = Ha Where:
~(Bo+A, A Ky & = ((Ar+Ha+A)((Az+pa+A{p}( Ag+atAy)-Dals)-
A, (D, A, 1) Dqpa(AgtHatAp))
0 A, & = Do((Az+HatAp) (AstHatAp)-Aolis)
0 0 85 = Do ((Asg+pstAp)+hy)
0 0 A= (Dot AptA)((ArtHa+Ap) (Aot patAp) (AstHstAp)-
- - Dolz)-Dapa(DatHstAp))-Dopa (Dot HatAp) (As+ s+
Ap)-Doli3

Mean Time to System Failure (MTSF): Using the

above-mentioned set of assumptions and method of When repair is not available, the Mean Time to
linear first order differential equations, the meane  System Failure (MTTF) is given by:

to system failure (MTSF) for the proposed system ca

be evaluated. To calculate the MTSF we take theyprp=(PL*P:*b) (3¢)
transpose matrix of Q and delete the rows and codum A
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Where:

by = (Ar+Ap)(A2+Ap) (AstAy)

b2 = (A2+Ap)(D3tAp)Ao

b3 = Dol1(Da+DstAp)

by = (Ag+A p+)\ (DA p) (At p) (AstA p)

Availability analysis: The initial conditions for this
problem are the same as for the reliability case:

P(©)=[1,0,0,0,0]

the differential equations form can be expressed as

B [-@o+x,+2) Ky 0 0 ok
F{ A, _(Al+)\p+l‘li) H, 0 0 R
%= 0 A, (B, + A +,) My o P
P?: 0 0 A, —(B, A, ), ||
Rl | 0 0 0 A, P ]
In the steady state, the derivatives of the giedbabilities become zero, i.e.:
QP@) =0 (4a)
Then the steady state probabilities can be cdkullas follows:
A() = Py(e0) + Py(o0) + Py(00) + Py(e0) (4b)
Then the matrix form became:
(B +A, M) K 0 o |[B] ro
A, ~(y A, +y) M, 0 ol|[F| [0
0 A, =(B; A, +1,) My o %=
0 0 4, —(B5+ )\P +Hs) My R 8
i 0 0 0 A, )P
To obtain () + Py() + P,(0) + P,(0) we solve the Eq. 3a by using following normalgtondition:
Po(e0) + Py(%0) + Py(e0) + Py(00) + Py(0) =1 (4c)
We substitute the Eq. 3c in any one of the redondawvs in equation to (3a) yield:
(B +A, +A) K 0 0 ol[R] ro
A, (B, +A,FH) H, 0 ollF] |o
0 A, =(B; A, +1,) Hs o 7|0
0 0 4, =4, +)\P +Hs) Ha R 0
P | LO
L 1 1 1 1 111741
The steady state availability A] is given by:
N
A(w) =— 4d
(=) =5 (4d)
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Where: this study the statistical analysis of k-out ofepairable
N = BoB1Bols+psta(Bo(B1tHa)-H(Do+o))- system with dependent failure and standby support
Ma(A1Bo+ Ao B)) were discussed to show the system with repair and
D = BoBi1(Ba(Bst+ia)-AoplstHabla) +Haplsbo(Botiy)+ standby support increase the reliabili?y of theteiys
HaH180(A2-Ha)-(Batia) (ArkzBot+Aok; Bo) We analyze the system by using Kolmogorov's
forward equations method. After the model is
Where: developed a particular case study is discussed to
Bo = (Ao+Ap+Ao) validate the theoretical results. Next, some nucaéri
B1 = (Ar+Ap+Hy) computations are derived to show the effect of irepa
Bz = (AotAst+iL) and standby support on the system.

Bs = (BstAptiis) RESULTS
When there is no repair, the steady state

availability of the system is given by: It we  put: A, =0.002Ac =0.003, A = 0.005,

Ay=0.01A;=003, 4=01, =02, =03, 4=
A() =0 0.4 in Eg. 4b and c; 5d and e we gkj:= 0.05,A; =

0.045,A, = 0.04,A; = 0.09 and obtain the Table 1-4:
Busy period analysis: The initial conditions for this

problem are the same as for the reliability cabe: t + Table 1 show relation between failure rageand
differential equations form can be expressed as MTSF of the system (with repair and standby and

availability case. with repair and without standby and without repair
Then the steady state busy perioeBis given by: and standby)
* Table 2 show relation between failure rageand
B(es) =1- B 0)= 1- “1“2Du3“4 (4e) steady state availability of the system (with repai

and standby and with repair and without standby)
Table 3 show relation between failure rateand
busy period of the system (with repair and standby
and with repair and without standby)

When there is no repair, the steady state busgl
period of the system is given by:

B(«) =0 Table 1: Relation between failure ratg and the MTSF (with and
without standby)
Cost analysis: The expected total profit per unit time MTTE of the MTTE of the MTTE of the
incurred to the system in the steady-state is gyen system system system
with repair with repair and without repair
Profit = total revenue - total cost Ao and standby without standby and standby
0.001 287.90 285.41 70.451
PF = RA)-CB(c) 0.002 223.53 221.98 67.259
0.003 182.68 181.62 64.297
. . . 0.004 154.45 153.68 61.545
When t_her(_a is no repair, the steady state prdfit 05005 133.78 13319 £5.984
the system is given by: 0.006 117.99 117.52 56.595
0.007 105.53 105.15 54.363
PF=0 0.008 95.456 95.132 52.276
0.009 87.135 86.859 50.320
Where: 0.010 80.148 79.910 48.485

PF = The profit incurred to the system

R = The revenue per unit up-time of the system, Table 2: Relation between failure ratgand steady state availability

Availability of the system  Availability of the sy&h with

Cy = The cost per unit time which the system is undes, with repair and standby repair and without standby
repair> 0.001  0.98871 0.54005
0.002  0.98552 0.53450
MATERIALS AND METHODS i i i
0.005 0.97610 0.51856
Many authors have studied k-out of-n repairableg-ggg 8-32385 g-gégig
system with dependent failure and standby suppbg. o008 096692 0.50360
qguestion was raised whether the repair and standb3009 0.96391 0.49881
units support increase the reliability of the sgsteln 9010  0.96092 0.43412
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Table 3: Relation between failure ratgand the Busy Period of the

system

Busy period of the system

Busy period of the system

Ap with repair and without standby  with repair anahstby
0.001 0.42485 0.37431
0.002 0.43562 0.38636
0.003 0.44611 0.39810
0.004 0.45635 0.40954
0.005 0.46634 0.42070
0.006 0.47609 0.43158
0.007 0.48560 0.44218
0.008 0.49488 0.45253
0.009 0.50394 0.46261
0.010 0.51279 0.47246

Table 4: Relation between failure ratg and the profit (with and

without standby)

The profit with

The profit with repair

Ao repair and standby and without standby
0.001 946.23 502.62
0.002 941.96 495.86
0.003 937.74 489.26
0.004 933.58 482.81
0.005 929.47 476.49
0.006 925.41 470.31
0.007 921.39 464.26
0.008 917.43 458.35
0.009 913.52 452.55
0.01 909.64 446.87
350
300
—— MTTF ofthe system without / 250
repair and without standby -
MTTF ofthe system with // 200
repair and without standby 150
—— MTTF ofthe systemwith /

repair and standby —_—

P P F QS H PSS
D F HFPFFFTPFHF
BN N} \)
o N P Q-& NN NI
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Fig. 2: Relation between the failure rakg and the

MTSF

Availability of the system with

repair and without standby

Availability of the system with

repair and standby

P O F I PO IO
I e & & &
ST o o o e Y QY N P

1.2

0.8
0.6
0.4
0.2

Fig. 3: Relation between the failure raig and the

steady state availability

» Figure 3 show relation between the failure rate

and steady state availability
Figure 4 show relation between the failure rate

and busy period

and expected total profit

Figure 5 show relation between the failure mate
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Busy Period of the system \
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Fig. 4: Relation between the failure rakg and the

busy period
1000
— 900
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Fig. 5: Relation between the failure rakg and the
expected total profit

* Table 4 show relation between failure rageand
expected total profit of the system (with repaidan
standby and with repair and without standby)

* Figure 2 show relation between the failure rate
and MTSF

DISCUSSION

By comparing the MTTF with respect to failure
rate A, theoretically and graphically. It was
observing that: The increase of failure ratg at
constant A; = 0.003,Agz = 0.007,A4 = 0.01,A; = 0.03,
M1=0.1,»=0.2, 1= 0.3, 4 = 0.4, R =1000, C = 100,
the MTTF of the system decreases for both systems
with repair and standby and with repair and without
standby and without repair and standby. We conclude
that: the MTTF of the system with repair and stanidb
longer than the system without repair and standby,
the system with repair and standby is better then t
system without repair and standby.

By comparing the busy period with respect to
failure rate A, theoretically and graphically. It was
observing that: The increase of failure rakg at
constantA. = 0.003, Ag = 0.007,A, = 0.01,A; = 0.03,

M1 =0.1, »=0.2, = 0.3, 4 = 0.4, R =1000, C= 100,
busy period increases for both systems with regadt
standby and with repair and without standby. We
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conclude that: the busy period of the system véttair
and standby is greater than the system with regradr
without standby.

Also, by comparing the steady state availability

and the profit with respect to failure rat&,
theoretically and graphically. It was observingtifidhe
increase of failure rateAy), at constantA. = 0.003,
Ag =0.007,A,=0.01,A; =0.03, 4=0.1, p=0.2,

Mz = 0.3, 4 = 0.4, R =1000, C = 100, the steady state
availability and the profit function of the system 6.
decreases for both systems with repair and staaddy

with repair and without standby.

CONCLUSION

We conclude also that: the steady state avaitabili

and the profit of the system with repair and stanidh
greater than the system with repair and withoutdits.
i.e., the system with repair and standby is betian
the system with repair and without standby.
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