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Random Sum of Mixtures of Sum of Bivariate Exponential Distributions

Abd EI-Moneim A.M. Teamah and Ahmed M.T. Abd El-Bar
Department of Mathematics, Faculty of Sciefl@ta University, Tanta, Egypt

Abstract: Problem statement: Thedistributions of R =X +Y andW =X /(X +Y ), whereXand

Y follow Lawrance and Lewis’s bivariate exponentatribution, is generalizedApproach: In this
research we found mixtures of sum of bivariate @gmdial random variableRResults. Also we
calculated the probability density function (pdf)the random sum of mixtures of sum of bivariate
exponential random variable€onclusion/Recommendations: In this study we investigated the pdf
of random sum of mixtures of sum of bivariate exgrtial random variables.
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INTRODUCTION In this study, we consider the distributiorfs o

. R=X+Y andW =X /(X +Y ) when X and Y are
One of the standard stochastic models used in . . . o
various areas of applied probability, such as imsce correlated exponential random variables with thatjo
risk theory and queuing theory, is the random sunPdf given by:

model. Random sum is defined as a sunm ecAndom
variables and the number is also random variable.

Random sum play an important role in insurance Mexp(—)\x)

application, for example, leX,, i =1, 2, ...,N be b-a it x =b

independent and identically distributed random , v

variables determine the losses of a unit of prdadoct Ab(b-1)(1- a)

caused by fire, explosion, destruction, and soTdre (b-ay

random sum ofX, , i =1, 2, ..., N is the total losses B A(b-Dx+Ab(1- a)

of thi . . o f(x,y)= xexp{— % (1)
is unit, and then one can get tailohability, b-a

ie., a =Pr(s, >t). Compound geometric if ay <x <by,

distributions play an important role in reliabilitiyeory, Ab-1) AX

queuing theory, and regenerative processes. For WGX (_;)

example, the equilibrium waiting time in G\G\1 geeu if x =ay

has a compound geometric distribution and so does t '

maximal aggregate loss of surplus process under the
classical and renewal risk models. For more details
GertsbakH %, Mixture of exponential distribution is for x,y, 1>0 and0<a<1<b.
the only one of the most important distributions in
reliability theory because of their properties to
distribution function which given in Felldx Brawr

discussed moment based bounds on the tial . . .
compound geometric distributions. Drozdefkstudied The research is organized as follow. Firsg

some examples of generalizations of mixtures ofi€rive the exact expressions for the pdfs of
exponential distributions. Ma and Kiflgdiscussed the R =X +Y andW =X /(X +Y ). The pdf of mixture
calculation of the n-fold convolution of generatize Of sum of bivariate exponential distribution is aibed.
exponential-sum distribution functions. But here weResults give the pdf of the random sum of mixtufe o
discuss the random sum of mixtures of sum of batari Sum of bivariate exponential random variables. I§ina
exponential random variables. conclusion is given.

If A =1 in relation (1) we obtain the distribution of
Lawrance and Lewis’'s bivariate  exponential
istributiort®’,
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MATERIALSAND METHODS
The random variable Y may take discrete

The distributions of R and W: Theorems 1 and 2 distribution with probability h(y), thus the pf oX
derive the pdfs ofR=X +Y andW =X /(X +Y )  becomes:
when X and Y are distributed according to (1). F(x) = z gecy)h(y) (5)

y=-c0

Theorem 1: If X and Y are jointly distributed
according to (1) then: By using Eq. 2 and the definition of mixture of

distribution we have:
020 2 M)

Aa-ayr [ Abrl Ab-Dr [ Ar
_)\b(b—l)(l— a){exp{_m}_exp{_ )\r}l} @ = I{ Xp{ b+]} b- a E{ &}L

(b-a)(ab- 1) b & Ab(b-1)(1- a{ p{ A br} p{ At }J}
B v ex — (6)
(b-a)(ab- 1) a

a

Proof: The result immediately follows by elementary

integratiof?.. BBV
(n)
Theorem 2: If X and Y are jointly distributed
according to (1) then: Remark 1. The relation (6) is a general case of a
mixture of sum of bivariate exponential distributio
1-a . _ b (i.e., we are not substituting the value of thdriiation
Ab-aw? ifw “b+1 of the parametek). When we use a certain probability
2 distribution as the probability distribution of the
A?b(b-a)(l-a) ;
5 parameterA, we find that the values taken by the
£, (w)={ HAB W +b(L-a)(1-w)]} () random variable in such distribution must be in the
if — <w <——, domain of the possible values for the paramatére.,
a+l b+1 all the value belong to the parameter space fonthim
(b-1)a’ _a distribution).
(b -a)Aw? a+l
RESULTSAND DISCUSSION
for O<w<1.
Random sum of mixtures of sum of bivariate
Proof: Nadarajah and Af. exponential distributions: We derive the pdf of
random sum of mixtures of sum of bivariate
Mixture of sum of bivariate exponentia| eXponential distributions. Lel(| s i =1, 2, ...,N be
distributions: We derive the mixture of the distribution independent and identically distributed random
of sumsR=X +Y . variables. EachX, , i =1, 2, ..., N has a mixture of

A random variable X has a mixture of distributions sum of bivariate exponential distribution with paié
if one or more parameters of the distribution ofisX  given by using Eq. 4 as follow:

also random variable. Let g (x, y) be probability
function (for simplicity pf) of X, where y is a pameter .
of distribution of X. If y is a value of a randoranable  fy (x;) = '[{)‘(1 a)rX exp{—)‘bxl}ﬁ‘(bl))'(

Y, then X has a mixture of distributions. The ramdo b+ b-a
variable Y may take continuous distribution with exp{_M}_%b(b—l)(l— a; exp[—A bX} )
probability density function (pdf) h (y), then tipé of a+1l (b-a)ab 1 a
X: e
ol e
. a+1 r(n)
)= [g0cyIny)dy. )

The Laplace transform of this pdf given as follow:
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ho@=Ee]=€f, ) Lf s (0} 5 5(s) =P L (s) (10)
K )\(1 a) A bx . - . .
=E l P s 1 dx where, R (8) is the probability generating function
N 8 (pgf) of the random variable N . From relations é&y
x+[e™ )‘(b 1) p{——)‘ b } dx ® (10) we get:
o a+ 1
_ ) amsx Ab(b-1)(1- a) > l-a b-1
e * —
I{ (b~ a)(ab- 1) fsy (S)';{[Emb—a } (11)
x| exp _Abx | ex A% dx} n
b+1 a+y| b(b-1)(1-a)
7Pl 9(n), (11)
(b-a)(ab-1)
after evaluate above integral in Eq. 8 we have:
-2 a 1 b 1
. AlL- 2, A(b-1 ADb JA=——B=—-,C=—— =,
f (9)= { ( a)( b+ 1) E)_ )[ +?J where, A 1B 7 C 5 2ndDE
_Ab(b-1)(1~ )H( - ]J ( 1 H Thus relation (11) becomes:
(b-a)(ab- 1)

L) RS Z{Z[ 0] [0, -p s Ko (12)

olI=1

_1l-af b-1
_b_ao)\(s+ = J h )+~ a[x[
h(\)dA —M{p\[y i’j where
(b_a)(ab_ 1)0 ar _ _1|—1AI—1|E Al
e @ =a(-1) (1),
h ) — pf_1\-1pl-1 I
+1j ,=F(-1)"B T IE),
g =y(-1)"C*E (1),
:y(_l)k_le_lE(Ak),

x h(\)dA —Tx(s+
0 a

Then, the Laplace transform is:

. _(1-a) b-1 b(b-1)(1-a)
fx = + = - = =" "7\ 7
o) e b o P b 2 "= -2y @b-1)’
_b-N){d-a) ,_ Let:
(b—a)(ab—l){ﬂ a4 ©®
Where DZZ{Cq +gh st (13)
w:i(_l)l—lAl—ls—l—ll E (/]l ), and
b= (B e, a=>15-a)s*. (14)

19:2(—1)k'1C"'1s"‘ E (1), o _ o
k=1 Substituting from relations (13) and (14) into tea

o (12) we get:
p=Y (F1FD*TSHE (1),
“ * N N n HAYAP™ n-i
foy (s)=Zg(n)Z[i j(—l) q'p (15)
N n= i=
Assume the random sug =) X, , $ =0, Nisa ° °
- where

non-negative integer valued random variable \pith
g (n) = Pr {N = n}. The Laplace transform of thef ud , o '
random sum of mixture of sum of bivariate exporanti q = { D8 -pls™ } : (16)
distributions is given by the following relation: =
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By using complete multinomial expansions U ur)u-(r-2) u w(r=1)
theorem in relation (16), see Mawe find: :a)!z z Z Z x Z
r=1  u=1 up=up+l u =u_1+1  w=1

{ y i - =(r-2) 0= =ahol  w-w-wy -

Z[ﬁk_pk]s_k %

k=1 =l @4=1 W@y ~wy— =1

o 3 R /70 N |
:|!Z Z Z X . XH Cq' XH quLJ|+l (19)
p=l  m=1 mp=mg+l mp=mp_s+1 ;=1 = =
(

i=ig=(p-2)i Tl1mipg—mipp=l  i-igmipmeip g
x z z where
o1 iha=t ip=i-igdpmipy @, =a(-1)" TAYT E(AY),
_ i _ _
N N Sy R an % =ACLTBUIE (),
= et s w w<u
U= , w=n-i,
where ! w=U
Consequently from relation (19) we have:
8y, = V(-1 IC™E (™), auenty 4

Pr, =Y(~FD™TE (A™), = e
M = i i<m {;[a{‘l +(/}U|]S }
m i=>m

Consequently from relation (17) we have: = lim { Z [a, +4,1s"" }

w—(r-1)

{i[ﬂk—pk]s‘k}i TODIDWCDIEDY

r=1 u=lug=up+l u,=my_1+1 w;=1
k=1

" W@ (r-2) 0 -0r~pol  ww-ay i
=lim > {85 -p} s} x
m—e kz;{ “ w=1 @71 @ ===y a1
i o ® ® i-(p1) r +y 14 r
DD INIED I I I @
p=l m=1 my=mi+1 mp=my_+1 =1 = Cq 1S
i —ig—(p-2)i —ig=ip==ip_p=1  i-ig=ig=—=ipy
x Substituting from relations (19) and (21) into
ig{ i,;l =i _i;.__i o relation (15) we get:
. |
11—+ 18) . % < LA PN
I:l i [_l k™ fou (s)-Zg(n)Z[i j(—l) xi g @
n=0 i=0
and -

XH ilm Xxw! ZQ
. _ Sk k
-i— N -1-1 " L [aa| +1/)u|}w : 1
p {;{@+W}S } ’ XD—XD W, (21)

!
also by using the complete multinomial expansions

theorem, we find: where

(Stavats] SEE TS

p=1 m=1 mp=mg+l mp=my_s+1
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i~(p-1) i-ig=(p-2) F-ig7iz—ip-p7l
o=
=1 ip=1 ip-1=1
i =ig=igmipg
X 1
ip=imig=ig=ip

w 0 2 =)
== z z z z
r=1 up=1 up=uy+1 up =Up_q+1
w-(r-1) w-@—(r-2) W@~y —~0p_p~1
Q=)
=1 =1
W= =@y~ = -1

@ -1=1

@ =00} @y
Now we can find the pdf random su8) by
using the inverse Laplace transform of relation) @i

s (1) =L7{fs (9}

:Zg(n)z[. ](—1)‘ xi ly @
Ij _p’“k P Xl = Q
wu}“"
I_J L R
{n et

Thus we can write relation (22) as:

fo (t):ig(n)i(?](—l)i o

— i
x” mk—pmk}xwle
_ il

(22)

{w, +4,}*
: 3

X

. 1
L (23)

Zik my +Zr:(q up +r
Gka 1=1

Thus the pdf of the random surg iS:

f, ()= g(n)i[?](—lf xi g

p _ ik
xl_l{ﬂmk Pt iza

il
i !

N R0 S G o
D Q! (u+&-1)1°

P r
whereu=>"i,m and&=> qu, +r.
k=1 1=1

Some important statistical measures: We can obtain
the tail probabilities and the failure rate of tleedom
sum & by using the pdf given in relation (24) as
follows:

e Tail probabilities: The tail probabilities of the
random sum Bis given by:

a =Pr(§, >t)=1-Pr@§, <t )

=1-2.9 (”)ZUJ(‘” xi iy

X : [az" * X
D Q! (u+é’

P r
where =i, m_andé=>" qu, +r
k=1 1=1

e Failure rate: The Failure rate of the random sym S
is:

e e _fa ©

1-F (1) g
_m C n —1Y xi
—;g(m;(i]( 1) xi ly®

{ P {5, =P}

]
¥ L S Al }/
1= G

{1—:209 <n)§m<—ﬂ i o

p _ ik
xl_l{ﬂmk Aot iza

il
i !

L [a, o,
1a

xw!=Q

tﬂ‘ff
(ﬂﬂ‘)l}

274



J. Math. & Stat., 5 (4): 270-275, 2009

CONCLUSION 6.

In this study we investigate the pdf of random sum

of mixtures of sum of bivariate exponential random
variables, when the mixing distribution is a cootins, 7.
the number of these random variables has a non-
negative discrete distribution. Also, we find thal t
probability and failure rate of random sum. 8.
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