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Abstract: Problem statement: Some properties of certain integral operators anessubclasses were
studied. Approach: Certain classes defined by integral operators vimreduced. The well known
definitions and preliminaries results were stat®&kesults: Having new integral operator, the
characterization problems were discussed. Thuguff conditions were giveil©onclusion: Therefore,
by having new integral operators, sufficient coindis were determined. In fact, other propertiesnfro
this class could be obtained.
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INTRODUCTION consisting of functions whose nonzero coefficients,
from the second one, are negative and normalized by
The study of integral operators has been rapidly
investigated by many authors in the field of ungvdl f(z)_z_i 2
. . . = a,
functions. Recently, various integral operators ehav
been introduced for certain class of analytic uleing
functions in the unit disk. In this study, we fallahe Associated with each function f in S are its
similar approach by introducing a logarithmic logarithmic coefficienty, defined by:
coefficients of analytic functions in the puncturdidk.
We begin by giving some well-known notations and log f(Z) —ZZV 14<1
preliminary results on the class defined by integra "
operators and also the basic knowledge of logartthm
Later we derive the integral operator aforementione The numbersy, are called the logarithmic
Once the integral operator being derived, we shaltoefficients of .
discuss on the sufficient conditions of certainssks

defined. If f(z)= z+nzzani“D< then yl-—a2 Now, since
Let denote by A the class of functions f normalize
by: |a)]< 2 andy,|< 1 the inequality |Vn|5; holds for
. functions f1S', but is false for the full class S.
f(z)=z+) a7 In particular case, the Koebe function
- R
a-z¢

Which are analytic in the open unit disk:
1
u={z:zoc|4<} Vo= (1=123,.)

We also denote by S the subclass of A consisting We next define the following fractional calculus
of functions which are also wunivalent in U. (fractional integrals and fractional derivative$yem by
Furthermore, we denote by T the subclass of Swa and SrivastaVd.
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Definition 1: The fractional integral of ordeh is
defined for f (z)JA by:

D, (2) =%

j f@)

0 (Z_Z)l_)\ Z

0 >0)

where, the multiplicity of (z-¢)** is removed by
requiring (z-2) to be real wheriz-¢)>0.

Definition 2: The fractional derivative of ordex is
defined for f (z)JA by:

D1(2)=<(01(2)

z

|

0

_ 1 d
F(1-A) dz
(0<A<1)

f@)
(z-¢)

dg,

where, the multiplicity of (z-2)™ is removed by
requiring (z-2) to be real wheriz-¢)>0.

Definition 3: Under the hypothesis of definition 2, the
fractional derivative of mx is defined for a function f
(2)0A by:

Df”ﬂa=é¥ﬂD}HnwsA>xm=OJJW(
z

Remark 1. From definitions 1, 2 and 3, we see that:

Mn+1)
rn+A+1)

D —>\Zn - n+A

z

*>0)

and

M.
z

— r(n+]) mA
'=——— 7" GA<L ¥ .
gl @<L 12

Therefore, we say that:

rn+1)
Fn-A+1)

Aon — n-A

z

*>0)

for any real\.
Consider the following integral operator:
t t

F, (Z)=E( (1)
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where, f(z)JA ando;>0, for all iC{1,2,3,.....m}.

These operators are introduced by Breaz and
Brea#”! and studied by Bre#7' and Breaz, Owa and
Breaz?".

MATERIALSAND METHODS

Next we state two known definitions that lead to
our definitions:

Definition 4: A function fJA is said to be in the class
KD(uP), if satisfies the following inequalif:
NI

R{ )

for somep=0 and &p< 1.

Definition 5: A function fOJT is said to be in the class
(K, A, B, ) -UCV iff it satisfies the conditidH

| (-0 @) |1
|(A -B)L-Wf (2) +B(z-0)f (2)]

where, -kB<Ax1, -1<B<0, Gsp<1,|{| <k and all ZJU.

Now we introduce the following subclasses of
KD(pp) and (K, A, B,u)-UCV.

Definition 6: A family of functionsf, OA , i OfL,...,m}
is said to be in the class KRKu, B, ay,..., O, If
satisfies the inequality:
ZF, "(Z)] |25, (2
Re 1+ > A 2)
e[ (2 ) k(2]

For someu=0 and &B<1, whereF, (z) is defined
asin (1).

Definition 7: A family of functions { i0{,...,
said to be in the class (K, A, B, ay,..., om)-UCVF, iff
it satisfies the following condition:

| (2-0)F,"(2) |
|(A -B)(L-WF, '(2)+ B(z-)F, "(2)

®)

where, -kB<A<1, -1<B<0, (sp<1,|¢| <k , where F(2)
is defined as in (1).
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RESULTS Hence:
Theorem 1: Let K, (z) be the integral operator defined o
n o §50m2)|
by (1) then: E (2)==| 2 rn+1) o o i.m
n(@)==) 228 e
N m o Ziialymzn . P
F.(2)=| 2> a,r(n+1) gz e (4) By using similar method we get the result (5).

i=1 n=1|-(n _)\ + 2) n,i
DISCUSSION

and . i . , .
Having classes defined previously, we first give a

) sufficient condition for a family of functionscfKDF,,
(W, B, 0g,..., om). Before embarking on the proof of our

o rn+1) ot | e
D,”F,(2)= [ZZZO( I'(n+)\+2) Vi 2" }e

i=1 n=1

"(2) ;
result, let usalculate the ex ressmn— required
where, D,> and D,™ are the fractional derivative and P F.(2) a
fractional integral respectively oflS andy, (n = 1,  for proving our result.
2,...) denote the logarithmic coefficients of f. Recall that, from (1), we have:
Proof: From (1) we have: z a o
=[O (S0 T
. s\t t
_7 f(t)jl [fm(t)j"“
F@=(]=2] =2 dt
@ ;[( t t Then:
then o
F(2)= [ (z)} (fm(z)J
4
*EL(2)= sz'lDZJ.(@j ..(—f mEt)] m dt _ cxﬂog#t.ﬂxm Iogifmy)
0
S (E@Y (@) . . N
=D} 1{[1(22)} (@] } Since f (2)dJS, then by using logarithmic
coefficientsy,, we get:
o T
= DZ e 2012\/ Fran +21m2v mZ Zii“ Vil
-D A1 Jqllogfl(z)+ +ap, Iogﬁ} Fm (Z) e ™ =enm
Here:
Since {f(z)OS, then by wusing logarithmic
coefficientsy,, we get: Yo 2
o g F'(z)= ZZZmanZ“ eg21 !
i=1 n=1
20(12 2+, +2xmz 2
D,'F.(2)=D,"" e ’ Here:
Then: "
zR, (2)_
2ZZa‘v z} Fm (Z)
(Z) DA N m ZZZalyn
_JZZZG‘Y"“ZH} PR ZF"(Z)_Zgzﬂ Yo Z €7
=e "™ Dz 2Zzaiynizn ' == (6)
i=1 n=1 ' F'(z) sz\vn‘\z"
m o elfl n=1
{ZZMZ. r(n-r+2)"* } S2L2 Mt
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Theorem 2: Let the function fOT for i0{1,...m}. The above inequality reduces to:
Then the functions ;IKDF,, (1, B,0y,..., o) for
i0{1,...m} if and only if:

3

o

Zzzai(u_l)n/n,i 7<1-B

i=1 n=1

3 Y 20, (- Dy, < 1-B )

e Let z- 1™ along the real axis, then we get:
where,u=0, 0<p<1 ando; >0 for iC){1,...m}.

33 20, (-, < 1-B

Proof: First, consider:

i=1 n=1
2hn"(@)| _pd 14+ 20 "@)| 0+ 1 "(Z This gives the required result. Next, we consider
Fn'(2) Fin '(2) m (2) the class:
From (6) we obtain: fiOKDFn (K, A, B, i, B,ay,..., om)-UCVF,
w+1) Fn @ "(2) _ = (+1) zii mivn,if‘ Theorem 3: Let the functions;f0 T. for iC{1,...m}.
F '(2) =t Then the functions;fIKDF (K, B, W, B,o1,..., 0m)-

m e UCVF" for iC{1,...m} if and only if:
<2+ Y |y, || 2|
i=1 n=1
<2u+13 Y myy,, 2220 B+ oy, < (A= B)A-p) (8)
i=1 n=1 i=l n=1
If (7) holds then the above expression is boundeg\,here -EkB<A<1-1<B<0, 0sp<1, &K <w anda;>0 for
by 1{3 and consequently: i0{1,...m}.
szl"(z) —Re[1+ _ZFmI"(Z)]<_B Proof: Suppose that@KDF, (K, B, W, B,os,..., 0m)-
Fin'(2) Fn '(2) UCVF,,. Then we obtain from (3) and (6):

Which equivalent to: "2)
(z-0) Fm
) |28, "(2) @ ()
ZFm (Z) Zk, E "(z
Re 1+ > + — — _ m
e( F @) ] | ABLWBE=O )
Hence fOKDF (i, By, ..., ay). for id{1,...m}. ‘ 2(2—1)221 oy, 27
Conversely, let fIKDF (1, B, ay,..., ay). for — —|<1
i0{1,...m} and prove that (7) holds. ‘(A B)1-H)+2B(z- Z)gn;mivn.if
If f;OKDF(Y, B0y, ..., om)il{1,...m} and z is real,
we get from (2) and (6): Since Re (z)|7 for all ZJU.
m m o Then we have:
1+2> >y, 2 2p D> my,, 2
i=1 n=1 i=1 n=1
> 241> S oy, 7 +B 22-00), ) oy, 2
i=1 n=1 R =L n=1 — <1
(A-B)A-p) +2B(z-{) Y, 27
That is equivalent to: ;mzzl '
WSS ay nZ - Sav nf< b If we choose z anél real and letting z 1" andZ — -
u;; i .Z;‘;l o P k*, we obtain:
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20+ K>Sy,

izl n=1

(A-B)-p)+ 2B+ K>S my,

i=1 n=1

<1

The above inequality reduces to:

20+ )3 S oy, < (A= B)I-p)+ 2+ KEY S myy,

i=1 n=1 i=1 n=1

This is equivalent to:

20+ B myy,, < (A- B)(-qt)

i=1 n=1

20+ )3 S oy, -

i=1 n=1

Therefore:

33 20- B)@+ K)my,, < (A- B)(1-p1)

i=1 n=1

Conversely, assume that (8) is true grd-1and
|{|<k then we have:

' (2)
‘( Z)F @
= 2(Z_Z)ZZ miyn.if_1
—‘(A—B)(l—u)‘FZB(Z_Z)iimiyn,iil_l
<201+ iz MY,

—ZB(1+|Z|

AW BE-0 P

.y, — (A= B)1-H)

This is equivalent to:

201- B)@+ KDY oy, -

i=1 n=1

(A-B)1-u)< 0

By hypothesis, this implies thati{K, B, y, ay,...,
om)-UCVF™,

CONCLUSION

The integral operator defined was motivated by

Breaz and the grolff This operator can be
generalised further and many other results sucthes
coefficient estimates and distortion theorem can be
obtained.
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