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Abstract: We discussed in this research a power series method for solution of a two-step reactive-
diffusive equation with variable pre-exponential factor. A transformation was used to fit in the
geometry of the model to allow an asymptotic series expansion which is invoked in a two
compartmental regions with respect to the spatial variable. Adequate matching conditions were used at
the interface between the two regions. The results were displayed graphically and compared with the

previous work in the literature.

Key words: Reactive-diffusive equation, two-step reaction, exothermic chemical reaction, variable

pre-exponential factor

INTRODUCTION

Studies on combustion abound in the literature. A
number of investigators have considered works in
relation to chemical kinetics, thermodynamics, fluid
mechanics and transport processes. In the industry rapid
exothermic reaction processes which take place with
the evolution of large amount of heat are very
important. Energy released by a chemical explosion
generally occurs from exothermic reactions.

Alao and Ayeni'™ in their research established the
condition for the existence and uniqueness of solution
for a transformed mathematical model describing a
viscous reacting flow. They used the Arrhenius term
step reaction and considered that the activation energy
is small.

Furthermore, Alao™ working after their former
work; generalized the viscous reacting flow. Similarly,
solutions were investigated and the numerical solutions
for the resulting differential equation were obtained.
Adegbie and Ayeni"! in their study discussed the
existence and uniqueness of solution of a non-
homogenous branched chain reaction with slow radical
recombination.

Okoya"'” brought to light a new analytical solution
for the Frank-Kamenetskii parameter § in the space in
the special case of n = 2, Q, = 0 corresponding to the
sensitized reaction. The analytical solution is in terms
of Bernoulli's numbers, and it is thus in accordance
with the numerical integration for which B (<< 1) is
very small and for B—0. It reduces to the solution for
the Frank-Kamenetskii case

exp(-8, )cosh™ {exp 62“‘:|}2 (1)

0., is the dimensionless temperature at the centre of
the slab. He also determined the transitional values J,
and 0, numerically Olanrewaju er al'" investigated
the effects of the geometry of vessel in the notation.
They discovered that the maximum temperature in a
non-uniform vessel occurs at the centre and that the
maximum temperature for diverging or converging
vessel is greater than the one of the diverging vessel

MATHEMATICAL FORMATION

The governing equation for the steady temperature,
T, of a one-dimensional Slab with boundaries lying in
the coordinate plane x = *a may be written in term of
physical variables,

d’T RT RT -E
A— Al — E| — 21=0 (2
dx2+pQ' [vkpjexP+pQ2 [vkpjeXp( RT] @

with the corresponding boundary conditions

T=T,onx=ta 3)

Ty, in the initial temperature. All other variable or

parameters are deferent in the Nomenclature.
Conversing that the consumption of the consultable

in neglected, if d, = 0, it has been show experimentally
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that the model can predict the critical ignition
temperature for variety of combustible material
(Bowes[s]).

Using the following non-dimensional variables.

fes

= 4)

on equation (2) and (3) we have after dropping the bars

dze+c5(1+BQ) exp( 0 ]

1+B6
(5
+0,(1+[6) exp( BG] 0

6=0o0nx *1

(6)

where

a’QE, A KT, exp —E,
- vhp RT,

v ART?
—1E,
RT,

exp
p

vh
ART;

aZQZrEIB(

8, =

In (4) & and O, are the Frank-Kamenetskii
parameters which are the measures of the exothermicity
of the reactions.

A number of attempts for the solution to determine
the factors that control thermal ignition of combustion
materials relating to the model in Eq. (4) and (5) have
been done. Frank-Kamenetskii® obtained a closed
form solution. Considering that Q, = 0, the limit of
large activation energy (e—0) Bowes"!, Ward and Van
De Velde!'” established the possibility of perturbation
solution under physically reasonable assumption when
Q; =0 and n = 0. Numerical and asymptotic solutions
were obtained for some Biot numbers and for some
realistic conditions Burnell e al.”” and Bilingham'". In

these work we are using the spatial induced
converging series method to obtain solution to the
model in (4) and (5)

Substituting (B), (C) and (D) in Eq. (2) and Taking
the coefficients of y°, y', y*

Order y":

2, 2

4o J8,+v (1+rka +7L2 za"}52:0
T

2a2+v“(l+7»a0+

66

where
v=1+pa, @)
Order y""
v'(Aa, —A* +
s T
(A aja, —A Baoazl) 8)
ra’
+nv''a, [l+7»a0 + ]
2
Order y?
120,45, vi{a, A -APaja, —ABa’ +APaga;
+Aa,(a,A — A Ba,a,
~A*Baja, —A’Ba; +ABa,a;)
2.2
+nv'a,(1+Aa, + Xzal )+
2.2
a2y, z(mao "ao] ©)
v™(ah—A’Ba,a, —A’Ba; + Apa
rBasa; +ray(a,h—A"Baja, —
292,02
+ABaja,) +mv™a, (1 +rha, + };a J
_ 292
+ m(m -1 v (1+ rAa, + Maé}af =0
2 2
using the boundary condition
0V =>ay =a,+a yra,y’ +ay’ ... i=0
1=0
07 (0)=a, =0
Hence, for, Eq. (5)
a,=— %[V“S, + v"‘Bszcons tant=A,
where
vi=v"=1
from (6) we have
6a, +9, [nV“’la, + 7»V“aJ+82 [me’la, + thal] =0
a, = —%[nV“"al + ?»V“alJ+52 [mV""'a1 + D"‘r}»al]al =Aja,
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from (8) we have

12a, +§, |:V" (a,A—A’Bal)+nv"a, + n(n2— D V"’zaf}

+9, [Vm(azk —ABal)+mv™a, +

{[n(n—n ey
. 2

4 12
|:m(n;_ l) mez — Vm}VZB:I 82

al +{Av" +nv 18 +H{Avm —mv 18, }a,)

=A,al +A,

m(m_l) mezalz:l =0
2

V'A?B]S, +

Recall that
oV (y)=a,+a,y+a, )’2 +

Where: a, =0

For outer region 6°

ibj (1-y)= i“bjzj
1=0 =0

Where:
z=1-y
dz =-dy
dz* =dy’

Since the series ijzj is similar to the first series. Its
=0

form of coefficients will be similar
b, =B,
b, =B, b,
b, =B,b’ +B,

METHOD OF SOLUTION

The non-linear boundary valued problem in the Eq.
(2) and (3) is solved using a converging power series.

The power series for the inner-region (0, o), o <
1/2, so given by

6% (=3 a0 (10)
=0

67

and the power series for the outer-region a
6° () =3 b, (1- )’ (11
1=0

Substituting Eq. (10) into Eq. (2) and collecting the
coefficients of xo, x!, xz; we have:

(12)
_ n-1 m m-1
0, = al[nv S, + V"AS, + mv % (13)
(nv"™ +vr)da, +
—1| [4n(n-1)v""'8
= 2 ( ) 1 (14)

12| S 4mv™'8, +m(m—1) ta, +nAv" '3’

V™78, + mrAd, + 4178,
Similarly, substituting the series in the Eq. (11)

into the Eq. (2) and collecting the coefficients of z°, z',
7’ (where z = 1 — y). We have

b, = —[v" + v"‘%

5)
b, = —a, [nv“"ﬁl + VUAS, + mv'“"% (16)
(nv"’l +V"‘r)81a2 +
_ n-1
4:—71 sn(n-1)v"'g, an
1213 4+mv™'8, + m(m —1)v™'3, ta, + nkv" ' ,a;
+mrA8, + 4178,
Using the boundary condition,
0'(0)=6°(0)=0
We have
a,=0,b,=0 (18)

Since there is continuity of heat transfer within the slab,
then

_go 40 _d0

ei

atx =uo

19)

dx dx
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Using the conditions in equation (19), we have:
Na;+N,b} +N, a, + N,b, =N, (20)
M2’ +M,b; + M, a, + M,b, = M (1)

After much algebra, we have 4th degree the
polynomial

pal +u,a + .l +pa, +p, =0 (22)

And similarly for b;. After obtaining a; and by, the
a,, a3, a4 and b,, bs, b, are obtained as follows:

a, =1.442053
a, =—0.43925
a, =—0.154486

a, =-0.5841154

b, =1.442053

u, =1.346913x10™
u, =2.321132x107
u, =11315.67

W, =—632427.7

W, =—2.05849x10"

Hence, the solutions for the inner and outer regions
are obtained.

DISCUSSION OF RESULTS
AND CONCLUSION

The steady state solutions of temperature as shown
in Fig 1-3 reveal the solution obtained by previous
works in the literature and that the curve is continuous
at the merging point. This is also an improvement over
the previous work by other authors is that it caters for
two-step activation energy rather than one which is
simple to be comprehended.

NOMENCLATURE

= Thermal conductivity of the material
The heat of reaction in step one

The heat of reaction in step two

The rate constant in step one

He rate constant in step two

The exponent

A
Q
Q
A
B

mn =

0.67

0 (x.1

-Lr =05
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Fig. 1: The graph of temperature 0 (x, T) against
position for 81 = 0.3064, 82 = 0.5721,v=1A=
1,=0.001,r=-0.5
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Fig. 2: Graph of temperature against position 0 (x, T)
for §; = 0.3064, §, 0.5721, § =0.001, p — 0.8

0(x,t)

Fig. 3: Shows the graph of temperature 0 (x, T) against
position different values of r at 8; = 0.3064, 3,
0.5721,v=1a=1,al =0.5and  =0.001

Ei, l = 12
T

The activation energies
The ratio of the activation energies
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v = The vibration frequency

h = The Plank’s constant

p = The density

R = The universal gas constant

A = Characteristic length

8i,i=1,2 = The Frank-Kamenetski parameter

B = Activation energy parameter

Om = Temperature maximum

r = Shooting guess value
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