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Abstract: Problem Statement: With respect to our observation in the relevant literature, work on
stability and boundedness of solution for certain third order nonlinear differential equations where the
nonlinear and the forcing terms depend on certain variables are scare. The objective of this study was
to get criteria for stability and boundedness of solutions for these classes of differential equations.
Approach: Using Lyapunov second or direct method, a complete Lyapunov function was constructed
and used to obtain our results. Results: Conditions were obtained for: (i) Uniform asymptotic stability
and, (ii) Uniform ultimate boundedness, of solutions for certain third order non-linear non-autonomous
differential equations. Conclusion: Our results do not only bridge the gap but extend some well known

resultsin the literature.

Key words: Asymptotic stability, uniform ultimate boundedness; third order; complete Lyapunov

function.

INTRODUCTION

We shall be concerned here, with uniform
asymptotic stability of the zero solutions (that is when
p(t, X y, 2 = 0) and uniform ultimate boundedness of
solutions of the third order, non-linear, non-autonomous
differential equations:

X+(tx,x)x+q()g(x) + r(t)h(x) = p(t,x,X,X) (1)

On settingx =y, x=z
system of differential equation:

Eq. 1 isequivalent to the

X=y,y=z,

z=p(t,x,y,z) - f(t,x,y)z- q(t)g(y)- r(t)h(x) (2
In which:

p:R"" RP®R;F:R" F® R;g,h:R ®R;q,r:’R*® R;

R=(-¥,¥):R" =[0,¥);

p, f, g, h, g and r depend only on the arguments
displayed explicitly
and

Tt (0y) =, (63t (1y) =1, () gch()=h ()

(;j—tq(t):q(t) and %r(t):r'(t) exist and are

continuous for al t, x, and y. The dots here as
elsewhere, stand for differentiation with respect to the
independent variable t. Moreover, the existence and
uniqueness of solutions of (1) will be assumed. Stability
analysis and ultimate boundedness of solutions of
nonlinear systems are important area of current research
and many concept of stability boundedness of solutions
have in the past and also recently been studied, see for
instance!, a survey book, Rouche et al.*® and
Y oshizawa'®" ?2 are background books. The studies of
qualitative behaviour of solutions have been discussed
by many authors in a series of research study. See for
instance’ 3182 and references therein. These study
were done with the aid of Lyapunov functions except
in® 3 where frequency domain approaches were used.
With respect to our observation in the relevant
literature, these authors considered stability, asymptotic
behaviour, boundedness of solutions of Eq. 1, 2 in the
case f(t,x,x) equal any of  f(x,x,X),f(x,%),f(x)and a
where ais positive constant and q(t) = r(t) = 1.

Inf* Swick discussed conditions for uniform
boundedness of Eg. 1 when p(t,x,x,%)°0using an
incomplete Lyapunov functions.
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MATERIALS AND METHODS

In this study, conditions for uniform asymptotic
stability and uniform ultimate boundedness of solutions
of the nonlinear differential Eq. 1 will be considered
with the aid of an effective method for studying
stability and ultimate boundedness of solutions namely
Lyapunov second or direct method. Here a complete
Lyapunov function was constructed and used to obtain
the following results.

RESULTS

In the case p(t, X, y, 2) = 0 (1) and its equivalent
system(2) become

K+ (X X)X +0X) +)hX) =0 €)
and
XY=z (4

2= -f(txy)z a®gy)- rOhX)
with the following result

Theorem 1: In addition to the basic assumptions on the
functions f,g,h,q and r, suppose that a,a;,b,b;,c,d,d;, are
positive constants and for all t= 0

h(x)
X
hax) = c for al x;

b£@£ b, foral y?0;
y

di=r) =q@®),a®=r@® =0

h(0) = O,

3 d, for al x?0;

a=f(t, x,y) =a foral xandy
yix(t, X, y) =0, fi(t, X, y) = 0 for all xandy.
4

Then the zero solution of is uniform

asymptotically stable.

In the case P(tX,%X,X)=p(t)* O Eq. (1) and (2) become
X+ (t,x,X) +q(t)g(x) +rOh(x) =p(t) (5)

and

202

iX=yy=z
12=p(t) - F(t.x,y)z- a(H)g(y) - r(Hh(x)
with the following statement:

(6)

Theorem 2: Suppose that: (i) hypotheses (i)-(iv) of
Theorem 1 hold;
[p(t)|ER, <¥,R30 & 0.

Then the solution (x(t),y(t),z(t)) of (6) is uniformly
ultimately bounded.

Theorem 3: Suppose that: (i) hypothesis (i) of Theorem
2 holds:

[Pty 2] ERO+RON M +2)
provided that |x|+|y|+|z|3 p,0£p<¥, where py(t)

and p(t) are non-negative continuous functions
satisfying:

pit) EPL,OE P <8, "t30 @)
and thereisi > 0 such that if:
OEpo() £T t3 0. (8)

Then the solution (x(t),y(t), z(t)) of (2) is uniformly
ultimately bounded.

DISCUSSION
The proofs of Theorem 1, 2 and 3 depend on the
continuously differentiable function V = V(t, X, vy, 2)
defined by:

2V = 2(a+a)r(t)H(x)+4q(t)G(y)+4r(t)h(x)y
+2Z +by?+bb X + 2ab xy+ 2bxz+2(a+a)yz

+2(a+a)Qytf(t,x,t)dt )
wherea and b are positive constants satisfying:
%< a<a (10a)
and
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o<b<min{b- E;
a
-1
o
buy )
Up
L, 1
(a- a)2‘1ga +1+d, 'd, [ f(tx,y) - a]ZH

9 .

dy(eb- 9la+1+d, 'd S0 (10b)

and that:

H(X) = Qh(x)dx and G(y) = g(t)et

Lemma 1: Subject to conditions (i)-(iv) of Theorem 1,
V(t,0,0,0) = 0 and there exist positive constants

Do = Dy (a,b,c, do,d; a,b) and D1=D;(a,a,b,b1,c,ro,do,
a, b ) such that:

Do(X*(O+y*®+Z(1) =V (1) = D:1(¢ )+ *(O+Z(1)  (11)

Proof: Setting x(t) =y (t) = z (t) = 0 in (9), clearly
V(t,0,0,0) = 0. Then (9) can be recast in the form:

2V =V +V, + Vs (12a)
Where

Vi=2(a+a) r (t) H(x) +4q(t) G(y) + 4r(t) h(xX)y, (12b)
V, =bb ¢ +H@’+R)y*+7 +2alxy+Rxz+2ayz,  (12c)
and

V, =7+ 2ayz + a%y? + 2(a +a)(‘5t f(tx.t)dt (12d)

_ (aZ + a2)y2.

In view of hypothesis (iv) of the Theorem 1, r(t)3d; and
q(t) 3 r(t) together imply:

%Vl % d,[(a +a)H(x) +2G(y) + 2h(x)y] (13)
By hypothesis (ii) of Theorem 1, we have:
2G(y)+2h(x) y® -b *h(x) (14a)

since b>0 and (by+h(x))?3 0 for all x and y . Also from
hypotheses (i) and (ii) and the fact that:

h?(x) = ZZ‘jﬂ'(x)h(x) dx
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Since h(0) = 0, we have:
(a +a)H(x)* %[(a+a)b- 2clb 'dx? +bh2(x)  (14b)

On gathering (14a) and (14b) into (13), we obtain:
V3 [(a+a)b-2¢]bdy dy X (15a)

Also V5 can berecast in the form XPX T where:

ab ab  bo
X=(xy2,P=dab (a’+b) a:
gb a 1;

and X" is the transpose of X. The ei
P will al be positive, thus det P = [3
R >0 by (10b), so that:

9enval ues of matrix
(b- B) > & since b-

Va3 RZ(C+y?+7%) (15b)
Finally, by hypothesis (v) of the theorem f(t,x,y) 2
afor al x,y and t3 0O then:
V33 ay?, (15¢c)
sincea-a> 0 by (10a) and (z + ay)?3 Oforaly and z
A combination of estimates (15a), (15b) and (15c)
yields:

Ve lg(a +a)b- 2db'd,d +1bzgx2
2e 2 0
1 1
+=(a+b?)y* +=b%*z%
2( )Y >

By (10) ab-c>0,ab-c>0and a b, dy, d3, &, R
are all positive constants, there exists a positive
constant:

1 . s - 1 zu
d,==ming(a +a)b- 2db 'd,d +=1;(a +b);b?]

2 e 2 y
such that:

V3 dy(CHy*+7) (16)

for al x, y, zand €0, this established the lower
inequality in (11). To prove the upper inequality in
(11), hypotheses(ii) and (iv) of the theorem imply that:

h(x)Ecxforal xt 0 (179)



J. Math.

and
rit) Erpandq(t) £Eqo fort3 0 (17b)
whererg and g are positive constants.
From estimates (17a) and (17b), we obtain:
V. £ lae 16, 5
(£ =catar=.Cpx? + (b,g, + ¢ty )y (18a)
28 25

where we have used the inequality:
2| x”y| £XR+y?

Sum of (12¢) and (12d) together with the Young's
inequality yields:

Vo+ V3£ (atb+1)RyC+[Ra+1)+(@+a) (au+1)]ly”

+ (@+R+at+2)Z (18h)

Substituting (18a) and (18b) into (9) to get:
v £%§(a+b +1) +%§% + a+lzgcr0 §x2 +%[(a +a)(a, +1)
#h(a+1+(0g + 0, Iy’ +5(a +b+a+ 27

Since a,b,c,a,3,a1,b1 rp and g are positive constants,
there exists a positive constant:

® 16 U
at+a+—_-Cr,m
3 25 °f
[(@+a)(a +1)+b(a+1)+b,q,+cr):

(@a+b+a+2)]

d, zimaxg(ewb +1)+1
2 a 2

such that:

VE dy(xC+y?+7) (19)

Equation 19 is the upper inequality in (11), and
hence estimate (16) clearly implies that V(t, X, y, 2) ?
+8 as (C+y?+7) ? 8 . From (16) and (19), Lemma 1
is established.

Lemma 2: Under the hypotheses of Theorem 1, there
exists a constant D3>0 depending only on a,b,c, dg ,d;, a
and b such that if (x(t), y(t), z(t)) is any solution of (4),
then:

Vo SVX®.Y(0).20 E- DO +Y () +Z() (20
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Proof: Let (x(t),y(t),z(t)) be any solution of (4), then an
dementary calculation of (12), and (4) yields:

Vi =@ +arHX)+ 2g'(t)G(y) +2r' (t)yh(x) - br(t)h(x)x
+a +a)y th(tx,Ddt+ @ +a)yQtf, (tx,t)dt +aby?
ama(y)

é
-1 (t
"0ty

- 2h'(x)8y2 - b[f(t,x,y) - alxz
u

-[2f(t,x,y)- @ +a)]Z° - bw- ngy+2byz.
é a

In view of hypothesis (vi) of Theorem 1,

(a+a)g@ytf,(t,x,t)dt +yétfx(t,x,t)d g£ 0,

for al x,yand t 3 0 since a and a are positive
constants and by Y oung’ sinequality, we have:

V

w EW - W, + (a+ Dby? + bz?

Py N 21
-blf(txy)- e beTO00L by &)
é 1}

Where:

W3 = (a+a)r' (H(x) +29' ()G(y) + 2r (t)yh(x)

and

W, =br(h(x +r(t) da +2 30IY._ oz
é r(ty a

H2f(t,xy)- (@+a]z°

Now if r@t)=0 for such t& we have:

W1=2q¢(1)G(y)

then by condition (ii) G(y)® Ofor al y?0, so that W.£0

sinceq¢(t) EOforallt3 Q.

If r¢(t) <0 sinceq¢(t) £ re(t) it follows that:

W £ re(t)[(a+ a)H(x)+2G(y)+2yh(x)].

Itisclear, from (14a) and (14b) that:

(a+a)H(x)+2G(y)+2yh(x) * 0

for @l xandy, since a and a are positive constants,
hence in both cases we have:
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W1£0 (22)
Also hypotheses (i) and (iv) of Theorem 1, imply
Rr(t)h(x)x 3 BdoRpé " »¢ 0 (23a)

Sincer(t) £ q(t), g(y) 3 by (y 1 0), h@x) £ ¢c" x and
r(t) 3 dy" t3 O, it follows by (10) that:

a()g(y)

ga +a 2090

2h'(x)33 d,[(a+a)b- 2] >0 (23b)
u

By hypothesis (v) f(t,x,y) 3 aforal xy andt 30
SO that:
2f(tx,y) - (a+a) 3 a-a (23c)

On gathering estimates (23a), (23b) and (23c), we
obtain:

W33 Rdod)C+dy[(a+a)b-2c]y?+(a-a)Z (24)
From (22) and (24), estimate (21) becomes:

V, £- bdd,x?- d,(ab- c)y? - [d,(ab - c)

_(a+ Db]y? - %(a- a)z’ - g%(a- a) -

b SaMa(y) _
€a(aly)

b]gxy - b[f(t,x,y)- a]xz
é a

Vv, £- %b d,d,x* - d,(ab- c)y’- %(a- a)z’

é é A uU
-éd (ab- c)- b§a+1+dgjldf§M- bl'J ady?
& 8 & v i g

e
- §5@- @) - blLs i TH(x,y) - 2l

é : o
- bd,d, &x + 2d;'a; gADIO) iy g
4 6 & a @

- %bdodl[x +2d ;[ f(t,x,y) - a]z)?

Now by (10) and the fact that:
P N UZ
21! éq(t)aly) b4 2 0

g Y aa
[x +2d.'d,'[f(t,x,y) - ]z]*2 O

C%X
]

for @l x,y,zand t 3 0 and RBdo d; are al positive
constants, there exists a positive constant:

d, = min&=bdgd,:d(ab- ¢y=(a- a)]"
€2 2 ]

such that for all x,y,zand t? O:

V, £- ds (C+y*+2) (25)
This completes the proof of Lemma 2.

Proof of Theorem 1: Let (x(t),y(t),z(t)) be any solution
of (4). To prove the Theorem 1, we shall use the usual
limit point argument as is contained in % to show that
when Lemma 1 and Lemma 2 hold, then V()
V(t)° V(t,x(1),y(t),z(t)® Oast ®8. In view of the
fact that from Lemma 1 V (t,x,y,z) = 0 if and if only if
X+y?+Z = 0, V(t,x,y,2) > 0 if and if only if X+y*+2 1
0,V (txy,2) ® + 8if and if only if ¥+y*+Z® 8. The
remaining of this proof follows the strategy indicated
in*¥ and hence it omitted. This completes the proof of
Theorem 1.

Proof of Theorem 2: Let (x(t),y(t),z(t) be any solution
of (6). According to Lemma 1 and Lemma 2, it follows
that V(tx,y,z) = 0 if and if only if X + y* + Z =0,
V(t,x,y,z) >0 if andif only if ¥ +y?+ Z1 0,

V(txy,z) ® +8 if andif onlyif ¢ +y*+ Z® 8.
Along any solution (x(t),z(t),z(t)) we have:

Vi) =V, +bx+(a+a)y +27p(t)
By Lemma 2

Vig £- 4,0C +y +2)

in (25), so that:

\/(6) £- d4(X2 +y2 +22)+31/2d5|::)(x2 +y2 +ZZ)1/2 (26)
whereds = max [§;a+a;2]. Choose
1
(¢ +y? + 22 2 =
the inequality in (26) becomes:

Vi £ - 4(x +y? +22)£-d, (27)
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provided that:
x2+y®+ 27 3 2d.d;'=d,

Theorem 2 follows from (16), (19) and (27), see for
instance'?.

Proof of Theorem 3: Along any solution (x(t),y(t),
Z(t)) we have:

Vi) =V, +[bx+ (a+a)y +22]p(t,x.y,2)

By Lemma 2, V,, £-d,(x*+ y*+ z?)in (25), and by

condition (ii) of Theorem 3, we have:
Vier € Voo * S5 (x| |yl +[2) R, (0 + pAD) ] +[y] +|]
£-(d -3dT)(x2+y? +2?) +3/2d (R + Y + Z2%}'?

Choose 1 so small so that dy >3 dsl , there exist
positive constants dg and d 1o such that:

V- d(x+ ¥ +7) k224

The remaining of this proof follows the strategy
indicated in the proof of Theorem 2. Hence it is
omitted; this completes the proof of Theorem 3.

Remark 1: If p(t,x,y,2) = e(t) then (1) reduces to the
case studied by Swickt, Clearly our results improve
and extend that of [*7].

Remark 2: Unlike in*"! and!®!, the bounding constants
in Theorem 2 and Theorem 3 do not depend on the
solutions of (1) and (5).

CONCLUSION

It is well known that the problem of ultimate
boundedness of solutions of nonlinear is very important
in the theory and applications of differential equations.
And the effective method for studying problems of
ultimate boundedness of solution of nonlinear
differential equations is still the Lyapunov’'s direct
method see for instance™ 5Bl In this study a
complete Lyapunov function was used to achieve the
desired results.
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