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Abstract: We deal with the interaction problem of a plate vibrating within a perfect fluid. We establish
the equations describing the dynamics behaviour of the plate using the general equations of the elasto-
dynamic. The fluid flow described by the equation of Euler’s low amplitude. We presented results of
the existence, the unicity and the regularity of the problem verified by the plate as well as by the fluid

We used the integral equations

for the numerical resolution of the problem that allowed us to

determine the coupling term between the fluid and the plate. The numerical results were obtained using
finite element method coupled with an implicit diagram in time .
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INTRODUCTION

We study the interaction problem of a plate
vibrating within a perfect fluid. The present work is
inspired from the method introduced by P.G Ciarlet and
P.H Destuyder while using a simplified version in order
to get the equations describing the dynamic behaviour
of the plate from the general equations of the elasto -
dynamic.

We consider a plate taking up a domain G from a
refined space R3?, we denote by h the plate thickness and
by 0 its average surface such that

G=0x —h , h and I'" =6x h the upper face,
2 2 2

™ =0x {_—Zh} the lower face of the plate and I'; the

lateral side of the plate. We suppose that the plate is
embedded alongI', and vibrate under the action of
volumic forces of density f and surface forces of
density g on " and g" on I .

We suppose that the plate is constituted of an
elastic, homogeneous Isotrope material of density p, a
Young module E and a Poisson coefficient y , without
hypotheses on the relative measurements of 6 and h,

the couple(o,u)of the constraints and the

displacements  of  components o, and U;  on

GxR" 1,j=1,2,3 is determined in the frame of the

linear elasticity by the system to the partial derivatives
equations :

Conservation of the movement quantity
po,U; - ajGij =f;
Law of Hook

1
T Yo 5 —e ()
E y E pp Y ] 1 1)
(0;,U;+0,U)) .
g;(U) =5
Conservation of the kinetic moment
in GxR’

Embedding condition

U,=0 over I’y xR"

Condition of free boundary

o;m /T =g

G;i =0y

1 : does normal to G oriented toward the outside

With the Latin index varying from 1 to 3 and
Greek of 1 to 2 . the convention of the summation on
repeated indexes is adopted .

If the thickness of the plate is negligible compared
to the other dimensions we can construct a bi-
dimensional problem where the parameters are defined
on the average surface and that solved, allows to
calculate an approximation of the three-dimensional
parameters, for it, we introduce:
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V= {U vectordefined on G, U=0 on I';and V, eH' (G)}
The system(1.1) becomes: To find (o,U)eZxV as

[((1;7) o, Lo, Wja JE U)r,0G
Q (1.2)

j(pa UV, +a, g,,(U))aG ijaG+jg yer:

rt

{r tensor defined on G, T, eLZ(G),rij =1 }

We are going to make the usual hypothesis in the
theory of the plates that allow to reach the model of
Kirchoff-Love and to arrive at the bi-dimensional
system. There are two types of hypothesis:

Mechanical hypothesis: We suppose that the
components of the constraints of shearing and pinching
are negligible compared to the tangential constraints
that is to say:

G,3=03, =0y , =12 (1.3)
Geometric hypothesis: We suppose that the
displacements are of Kirchoff-Love, namely that the
associated deformations verify:

{8Q3(V)—0 ,a=1,2
e, (V) =0,V, =0
While integrating (1.4) we can explicit the form of a
displacement of Kirchoff-Love given by:

(1.4)

{V (X1, X,,X5) = V5(X,,X;) (1.5)

V, (X,X,,X3) =V, (X,,X,) —=X;0,V;(X,X,) , =12

The conditions of embedding show that:

{v3 =0,v; =0 surdb (1.6)
v, =0,v, =0 surob

We define:
Z' {’C:(’C“B) tensor defined on G, t,, €L*(G) }

V= {V vector defined on G, V, eH'(G), verifying (1.1)}
We obtain the system: To find U(.,t)eV for all t [JO
and o (., t)eX forallt [0 as:

a+7) 4
J( z O opTup ——cr,mrﬂ/f G=“'£aﬁ(V)r,lﬂ6G
G

(1.7)
j(pa UV, +0,6,(U))G = ijaG+ jg ver:

e

By using (1.5),(1.6) and integrating overXx;and
dividing by h the relation (1.7) becomes (1,8)
Imuﬁawae + %J(:n“,iau,,vJae + J(:p[’fuuvuﬁﬁ + .
% [pola,u0,v,00 + [polu,v,00 =
J’ruvuae + :TJ’(g; + g.)v,00 + jrlvzae + %l(g; + g5 )v,00 +

Ifﬁvoef—'[g + g,)0,v,00

o

84

m, y)stXB (u)+7e,, (W3,

E
= 1— "/2 ((1 -
are membrane efforts
((1 v)0

are bendmg efforts
By taking successively v, =0 then v=0, the problem

n

b =T opUs FYAULS 4

(1.8) gets uncouples into an elastic plane problem and a
bending problem of the 4™ order.
Elastic plane problem

I—Eyz ((1—7/)5aﬁ (u)aa[,(v)+75}1y(u)£ﬁﬁ(v)69 + .{[pafusv369 =

[ fv.00 + 1 [(g: + g2 h.00
g h 0

Bending problem

h’ 24 A
D!AusAvsﬁﬁ +E£p6|‘0uu3.ouvsc’)9 +h'£p8l2u3V366 =

h[f,0,v,00 - %j(g; - 2,)0,v,00 +h[£v,00 + [(g} + g5)v,00
0 0 0 0

Plate fluid interaction: We immerse our plate in a
fluid and we study the interaction of the plate-fluid
system We suppose that the plate is without thickness
with respect to the fluid that occupies the fissured
domain R’ -0. The movement of a fluid is one of
flow, it is known in every x point of €2 and at all times
t, through the determination of the following quantities,
The density p of the fluid.

*  The V(x,t) speed of the fluid particle

The pressure p(x,t)

We suppose that the fluid is perfect,
incompressible of density 0 that equals a constant p,
at x and t, and that is the density of the fluid at stability.
The movement of the fluid is determined by the
equatlons of the movements of low amplitude of Euler:
Equation of mass conservation: (condition of
incompressibility)

div(v)=0in Vt >0

Conservation equation of the quantity of movement
O,(pv)+Vp=0in Q,Vt>0

Condition at infinity

lim v(x, t)=0for|x| = o Vt > 0

k

Condition of contact
! =v.e|’ =0u, Vt>0

The movement of the fluid is irrotational, the speed
V thus derives from a potential q

v=Vg in Q Vt>0
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By reporting this relation in the previous equations we

get:
Aq=0
Vael® :Vq.e|’:8iu on Qx]0, oo

limVq(x,t) =1imd,Vq(x,t)=0 for |x|—> oo

Pu0id + P =Py
p, = Pressure in the fluid at rest

The forces exerted by the fluid on the plate are going to
be solely surfacique and are given by the densities:

+

g
g =p.€
Which translate the equality of the normal

constraints to the fluid interface plates, they are normal
to the surface of the plate. The density of forces
exerting on the plate is:

g +g =[ple=-p,9,[q]
Equations describing the vibration of a plate in a
perfect fluid: Due to the previous relations the main
parameters are going to be the potential q (., t) defined
for all t on ) ,and the displacement normal u (., t)
belonging for all t in the space:
V={veH*(0) definedon6,v=0,v=0on 30 }

(We refer to [4] for the Hilbertian properties for it)
These parameters are solutions of the system
To findu (., )€V forall t> 0

(D)

=-pe

a(u(t),v)+a7b(u(t),v) = —p, [0,[q]v0 , VveV,vt-0
0

Aq=0 in Q=R*-0

Vq.e\+ = Vq‘e\f =0u ,at 0Q =0

a(u(t),v) describes the rigidity of the plate at the given
bending by:
a(u(t),v) =D j (1= 7)0,u()d v+ yAu(t).Av)00

0

b(u(t),v) describes the inertia forces of the plate given
by:

3
b(u(t),v)= pi j 0,u(t)d,v a0+ pohju(t).v 9
0 0
3
p__ P
12(1-7%)

the term p, I 0,[a]® describes the coupling between
0

the fluid and the plate

Since the potential q that verifies a problem at the
exterior limits ,it is not easy to solve the system (pl)
within the conventional methods, for this we use

&5

integral equations to bring back the problem on the
average surface of the plate and that allows to calculate
the potential jump.

Position of the problem: The potential is the solution
of the following equations:

Agq=0o0n Q
2
(b2) Vqel® =Vq.e|' =w indQ =0

This problem is of Neumann type and the existence
requires a condition of orthogonality on data and this
condition is verified.

Theorem: Given w in (Hj,’(0)) the problem (p2) has a

unique solution in W, (Q2)

Demonstration: The problem (p2) is equivalent to the
variational problem

To find q defined in € as
(p3) quw o0 = jw[\y]aQ Yy e W (Q)
0 (¢}

W, (Q) is an Hilbert’s space
The bilinear form at left is continuous, coercive on
W,(Q). The linear form at right is continuous on

W, (Q) according to the theorem of Lax-Milgram the

problem (p3) admits an unique solution in W, (Q)

where the existence and the unicity of the solution of
the potential problem (p2)
We introduce a linear operator A independent of

the time defined on (Hj,’(0)) to values in Hj,’(0) by
Aw=[q] where q is solution of the problem (p2).

Properties of the operator A
Theorem: The operator A is an isomorphism of

(Hi'(0)) in Hiy'(6)
Theorem: The operator A allows to define a bilinear
form C(w,V) defined by

C(w,v)= .[ Aw.vo0
0

symmetrical definite positive on (Hj, (0)) xHj,’ (0)
We call ¢(.) the added mass form or the form of
coupling fluid plate

Analysis of the verified problem by the bending u of
the plate: Now ,We consider the problem of bending of
the thin plate. In the absence of forces, the plate is
represented by 0 opened from R*, We are interested
in the calculation of the displacement u according to the
perpendicular to® Since A is independent of the time
one has: 0, [q]=0,Aw=0,A0,u = 9;Au

The problem of bending takes the following form:
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Find uin 6x]0, T [ with value in R solution of the
equations:

2
af(—p%Au + phu + p,Au) + DA’u =0 in 6x]0 , T[

with the conditions to the limits
u=Vue=0in BGX]O s T[

and the initial conditions

u(0,x) = uy(x) , 0,u(0,x) =u,(x)in 6

(4

Theorem: Given u, in H;(0) and u, in H{(0) the
problem of bending admits an unique solution in

C*(0,T3H{ (0)) N C'(0,T;H (9))
Demonstration: The problem of bending is equivalent
to the following variational problem:

Find u: [O,T] — H;(0) verifying

a(u(t),v) + o;b(u(t),v) =0 VveH’(0),Vt>=0
u(0, x) =u,(x)

o,u(0, x) =u,(x)

where

3
b(u(t),v) = po% j Au(t)AvOO + pyh j u(t)vod +
0 6

+ P j Au(t)vo8
6

The operator A being symmetric, continuous and
definite positive .The expression b(u(t),v) is a scalar

product on H;(0) equivalent to the usual scalar
product. The bilinear form a(u(t),v) is symmetric,
continuous and coercive on H; (0)xH; (0) . therefore
under the hypothesis u, in H;(0) and u, in H(0)
according to the theorem of Lax-Milgram , the problem
variational (p5) admits an unique solution in H; (6)

where the existence and the uniqueness

of the solution of the problem (p4)

Integral representation of the potential problem
Expression of the added mass: One of the difficulties
of the bending problem is the absence of an explicit
expression of the bilinear form c(.,.) We use the integral
equations [3] to bring the outside problem (p2) to a

a problem on @ ,and that allows us not to have an
expression of the form c (.,.) but to be able to calculate
its value We consider V=Vq and calcul AV=VAq in

the sens of the distribution on R’ and using the
elementary solution of the equation of Laplace in R’

we obtain (with V=Vq)

86

V(x) = rotJ. - y\ [exV]oB = —rot!ﬁ[equ]&@

—rot| ————ex|Vq |00
i4ﬂ\x -] (vl

Let i be regular on the boundary of @ ,we have

I[V.ew(%) = _G[—FO'EVB\W%) = .! eVy.Voo = -! - Xl

Ix -yl

VoVyoo = IW\V
0

with ¢ = Aw

To get @ = Aw it is sufficient to solve the integral
equation:

For a given w in (H,’(0)) find ¢ in Hj, (0)
satisfying:

Hmwwae ==<w,y>
Where <, > designates the duality between (Hj,’ (0))
and Hj,’(0)
Once @ obtained, we calculate c(w,v)zI(pV@G
(¢}

Theorem: For we (H;, (0)) the problem Find
Hl/Z(e)
”—V@Vg{/@@ =<w, >
o 47 |x Y |

admits an unique solution

Demonstration: By using the theorem of
Lax-Milgram the bilinear form is continuous coercive

on H}’(0) and that the linear form at right and linear

continuous where the existence and the unicity of the
problem of the integral equation.

Approximation

Problem of the integral equation: To approach the
problem of the integral equation we are brought to use
finite elements [2] of class C”, we write the discreet
problem that amounts to a matrix linear system
[K]X=F

[K] global rigidity matrix

K@, j) = jj vx VAA,0000
F( J)zijjae
0
X(1)= ? (ml)
i/T =number of the i summit of the T triangle
ﬂ’zLT EP
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To calculate the elementary matrix [ke] we need to
calculate the elementary integrals

1
ijvxivxjaeae

Several methods have been tested for the
calculation of these integrals it was evident from this
analysis that one of the methods consists in doing the
first integration analytically by using the method of de
Hoop and numerically the second by using a numerical
formula of integration if the two triangles have an
non-empty intersection and to approach the two
integrals if the two integrals are disconnected
We write therefore

= 4i _[ Funct(x)0K, Funct(x)= I ;GL
K

ZA
T ! |x—y|

Problem of bending: For the approximation of the

bending problem (pf) we are brought to use elements

finite[2] of class C' for example the finite element of

Argyris coupled with an implicit diagram in time .

CONCLUSION

Our work is a numerical attempt at resolution of the
equation of coupling fluid-plate which occupies an
important place in the practical domain.
We elaborated a program in language Fortran allowing
to calculate the solutions approached the problem posed
.A this effect; we used the method of Cholesky for the
variable of the space and the method of Newmark for
the variable of time

We made a first digital test for the problem of the

integral equation for various choices of W:

w=1, w=x ,sin(x)e” , w=05(%,%).,

1 if x>}
0 if not

87

We obtain a convergence according to the meshing.
Curves are close relations for the regular functions .
On get back a good estimate of the solution .

_ S 1 _ e
for W—5(A=A)’W_{O if not

one notice that the values in the point ( v, }/2) and are a

little taken away because of the singular point who
corresponds in the Second member w.

To improve the convergence it is necessary to refine the
meshing at the level of the peculiarity for our program
we used a uniform meshing .let us hope to generalize it
afterward and to take a not uniform meshing .

The second test is for the problem of flexion. we tested
the problem corresponding successively to three
deflections:

u(x,y,0) =x>(x=1)*y* (y=1)*(1+1*)
u(x,y,0) =y*(y-1)*sin® (7mx)(1+1%)
u(x, y,t) =y2(y—1)2 sin2(27zx)(1+t2)

We notice that we have the convergence of the solution
calculated towards

the exact solution, curves are close relations, we get
back a good estimate of the solution
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