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Fixed Points of Non-expansive Operators on Weakly Cauchy Normed Spaces
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Abstract: We proved the existence of fixed points of non-expansive operators defined on weakly
Cauchy spaces in which parallelogram law holds, the given normed space is not necessarily be
uniformly convex Banach space or Hilbert space, we reduced the completeness and the uniform
convexity assumptions which imposed on the given normed space.
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INTRODUCTION

Let C be a bounded closed convex subset of a
Banach space X, and let T be a non-expansive mapping
from C into itself, as we know, the fixed point set
F(T):={x€C: T(x)=x} may be empty. The quest for
geometric conditions on C which will guarantee the
existence of at least one fixed point for which non-
expansive self mapping of C has leds to an extensive
fixed point theory for non-expansive mappings. Many
results have been given independently by Browder'",
Gohde! and Kirk™), they showed that

Theorem 1"”: Let X be a uniformly convex Banach
space, C be a nonempty bounded closed convex subset
of X and T be a non-expansive operator from C into
itself. Then T has a fixed point.

In', we used the concept of weakly Cauchy
normed space to prove the existence of a fixed point of
a contraction mapping on a given weakly Cauchy
normed space and we will use this result to prove the
existence of fixed points of a non-expansive operator on
that space.

Theorem 2™: Let X be a weakly Cauchy normed
space, C be a closed convex subset of X and T be a
contraction mapping from C into C. Then T has a
unique fixed point y € C. Moreover {T"(X)},E is
strongly convergent to y for every x€C, lim,_,
T"(x)=y for every x € C.

We remark that, if y is a fixed point of a
contraction operator, then the inequality
ITG)-TIEIT)-T' W < r* [x-yl| for ever x€C
insures that the sequence of iterates T'(x)},€n is
strongly convergent to y for every x € C.

In this study, we will use theorem (3) below to
prove the existence of a come point of descending
sequence of bounded closed convex subsets of a weakly
Cauchy normed space in which the parallelogram law
holds, in this case we reduced the completeness and
uniform convexity imposed on the given normed space.

Theorem 3"': Let X be a weakly Cauchy normed space
in which the parallelogram law holds. Then every
nonempty closed convex subset C of X is Chebyshev.
Equivalently the metric projection Pc exists on every
nonempty closed convex subset of X, for every x €X
there exists a unique element Pc(x)=y € C called the
best approximation element of x in C such that
Hx—yH =dist(x, C):= inf{ Hx—zH: zeC }

We mention here that the last result used the
concept of weakly Cauchy normed spaces to prove the
existence of the best approximation elements of a
convex closed subsets in normed spaces not necessarily
be reflexive Banach space or Hilbert space in general.

Notations and basic definition!®: Let X be a normed

space and f be a function f from X into [0, ). Then

1. fis said to be lower semicontinuous if and only if
for any real number a, the set {x€ X: f(x) <a} is
closed convex subset of X.

2. f is said to be convex if and only if for any
x, vy € Xandt€ [0,, 1], f(t x +(1-t)y)<t
f(x)+(1-t)f(y).

Definition™: A normed space X is said to be weakly
Cauchy normed space if and only if every Cauchy
sequence in X is weakly convergent to an element x in
X.
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Definition'®: Let X be a normed space, T be a mapping

from X into itself. Then

1. T is said to be Lipschitzian if and only if there
exists a non-negative real number r such that || T(x)-
T(y)|| < 1|jx-y|| foreveryx, y €X.

2. T is said to be contraction if and only if there is a
non-negative real number r<l with the property
that | T(x)-T(y)|| < r||x-y|| for every x, yE€X.

3. T is said to be non-expansive if and only if ||T(x)-
T(y)ll < [lx-yl| for every x,y € X.

A point y€ X is said to be fixed point with respect
to the operator T if and only if T(y) =y, F(T) will
denote the set of all fixed points of T.

The non-expansive operators may not have fixed
point even on uniformly convex (not bounded) Banach
spaces in general.

Depending only on the parallelogram law, we have
the following lemma.

Lemma 1'; Let X be a normed space in which
parallelogram law holds, C be a closed convex subset of
X. If T is a non-expansive operator on C into C, then
F(T) is closed convex subset of X.

We proved the following:

Lemma 2: Let X be a weakly Cauchy normed space in
which the parallelogram law holds, C be a closed
convex subset of X. If T is a non-expansive operator on
C into C and the set of fixed point F(T) is nonempty,
then F(T) is Chebyshev subset of X.

Proof: Using theorem (3) and lemma (1), we get the
proof.
We have the following main proposition.

Proposition 1: Let X be weakly Cauchy normed space
in which parallelogram law holds, if {C,},€\ is
descending sequence of closed bounded convex subsets

of X, then the intersection ' '#=! C,#z®

is not empty.
Proof: Let z be a point in X not in C;, using theorem

(3), there is a unique sequence {x” }nzl, x, eC

||Z —x,|=dist(z, C,))= inf{ |

7 such

: yeCn}

that V= Z|

for every "€ N | Let {r" }":l be a sequence of real

r o =lz—x . .
numbers defined by ” ‘ "l since {C,},En is

©

. v . . . . .
descending , {"}":1 is increasing which is bounded

above by Diam({z} uc ), hence {r" }":1 is convergent to

lim” )
some real number r, r=—~ , we claim that the

sequence {x" }"=1 is a Cauchy sequence in X, to prove
this claim, let n, m € N and n>m, using the

parallelogram law, we have

2 2 2 2

2 z—x” +X,, -2 z—X, 2 27X ||| X X
m 2 2 2 2
B 2 1 2 1 2
Y R ot
2 1 2 1 2
—El"n +§l"m ——”xm —X,
Taking the limit as M——%  we see that
1 1 1 2 1 2
Pt 14 -Xx 0<-—11 X, —X
STty 41£an)€ ul 4ml£nx =X
b b
hm me =x,[=0

m——o©

this is a contradiction unless

Therefore b Jo is a Cauchy sequence in X, since X is
weakly Cauchy normed space, e is  weakly
convergent to some point x in X, for every n, the

X, ,X X cee .
sequence 777> Tn+227 g weakly convergent to X,

since C, is closed convex, C, is containing all its weak
limits as well as all its strong limits, x€ C, for every

l’le N, thuS XE m’l‘zl Cil and r]n:l Cn * q) .

Corollary 1: Let X be weakly Cauchy normed space in

which parallelogram law holds, C be a closed convex

subset of X, and /e >[0,00) be a convex lower
semicontinuous function from C into [0, %) with the

property that f(x) > o as x| > . Then
attains its infimum on X, if in addition

f(“Ty) < Max{f(x), f()}

at exactly one point.

, then f attains its minimum

Proof: Let (R be a converging to zero sequence of
real numbers, apply Proposition (1) with

C,={xeC:f()<inf, . f(x)+4,}

, there exists
xo in C such that /(o) <infic f(X)+4, VneN ¢

attains its minimum at x,, if f attains its minimum at
two different elements x and y, since (x+y)/2 is an
element of C, the next strict inequality gives a
contradiction

x+y
A > )< MaX{f(x)’f(y)}:f(x):f(y):infxec f(x)
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The following Theorem is my Main purpose
to prove.

Theorem 4: Let X be a weakly Cauchy normed space,
C be a nonempty bounded closed convex subset of X,
and T be a non-expansive operator from C into itself.

Then inf{ =T xeC}zO. Moreover, if the
parallelogram law holds in the given weakly Cauchy
normed space X, then T has fixed point. Moreover if C;
[0, 1] is the set of all nonnegative sequence of real

numbers {r" }":1 ,
then CxC, [0, 1] & F(T).

0<r, <1 and r,——=>1

B

Proof: Fix a point y, € C, let {r" } n=l be a sequence of
non negative real numbers
0<r <1 and r,———2-1 .

" " . Define corresponding
sequence of contraction operators as follows:

T,(x) = =r)y, +1T(x).
In fact,

T,(x)-T, (Z)H =r, HT(x) —T(z)H <r x, zeC.

x—zH for every

Using theorem (2), for each n, T, has a unique
fixed point x,€C, T, (x,) = X,. Hence a sequence

v, cC x, =(-r)y, +rT(x,)
We have, .
x, —T(x,)|=01-r,)
Taking the
x,—T(x,)|——=>0

=z
inf{ =T (x)|: xeC}‘:O

such that

yO - T(‘xn)
limit as n

<(1-r,)Diam(C).

tends to O,

This

. The
:C——[0,0)

limit insures that

function ' i defined

4, . =limsuplx, —x|
by n——s is a convex lower
semicontiuous function satisfying the properties of
Corollary (1), hence there is exactly one element z in X
such that

4, . =mind, . ©=minlimsuplx, -x|:xeC}

xeC n ©
>

since
lx, =T [l x, =T(x) [+ T(x,)=(2)]

lx, =T(x) [ +1x, =zl
b

we have
4. (T(2)= lim Sup llx,-T(z)I<1im Sup lx, ==, . (2

—— —®

This proved that 110 is also attained its infimum at

T(z), since the minimum is unique, T(z)=z, and z is a
fixed point of T.
We have the following remarks.

Remarks 1: Let X be a metric space, T be Lipschitzian

mapping on X, and {xn }n:l cX be a sequence in X
et A TE)—=250. o 6,

strongly convergent to a point y of X, then y is a fixed

o0

point of T. In fact, let y be the limit point of {x” }”=1,
we have the following convergent,

d(y,T(y) <d(x,, y)+d(x,, T(x,))+d(T(x,), T(y))
S d(xn’ y)+d(xn’ T(xn))+rd(xn’y)
<(+r)d(x,, ) +d(x,, T(x,)) ——>0.
This proved that T(y)=y.
Remark 2: Since every non-expansive operator is

Lipschitzian with 0<r<l, we see that remark (1) is true
for the non-expansive operators.

Remark 3: Let X be metric space, T be Lipschitzian
mapping from X into X, x be a fixed point of T, and

o0 o0
b, ) nx i
n)n=lpe a sequence in X, if nJn=l converges

d(x

converse is true.

n’T(xn))ﬂ)O

, if r not
In fact, let

strongly to x, then
equal one the

{X” }"=1 converges strongly to x. Then
d(x,,T(x,))<d(x,,x)+d(T(x,),x)

n’

=d(x,,x)+d(T(x,),T(x))

<d(x,,x)+rd(x,,x)=1+r)d(x,,x) ————=—0.

o T(x,)———>0

This proved that d(x

Conversely, let r be not equal one and

d(x,, T(xn))—>0’ we have

d(x,, x) <d(x,,T(x,))+d(T(x,),x)

=d(x,,T(x,)) +d(T(x,),T(x))

no

<d(x,,T(x,))+rd(x,,x).

The following convergent is proved that

{x" } n=l converges strongly to x.
d(x,,T(x,))
d(x,,x) < -7

n—-—>w ,0
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Remark 4: Since a contraction mapping is r-

contraction with 0<r<1, If X is complete metric space,
{x }w cX

T is contraction mapping from X into X, ' /»=l s

©

then {x” }"=1 converges strongly to the unique fixed

point of T if and only if d(x,,T(x,)) 0.

Remark 5: If T is Lipchitzian, r not equal one, and T
has a fixed point x, then there is a nontrivial sequence

{x" }”:l in C converges strongly to the fixed point of T.
In fact, let T be r-contraction, r not equal one, and T has
a fixed point x. The sequence given in (2) is not only
Cauchy but also strongly convergent to the fixed point

0

of T. In fact. To show that {x" }n:1
sequence, we have
rATCx,) = TG+ (ry = )T (x,) + (1 = 1) 0|

T(x,)-T(x,) T(x,)— ol

<C is Cauchy

x, —x,|=

<r,

+

T =

n

<rr|x, —me+ r, =, ‘Diam(C),

n

s, Lm0l = x| <, =7, Diam(C),

. {r }Oo_ .

since nJn=l is Cauchy, we see that,
—r, |Diam(C

xn _meS }"" rm‘ lam( ) n,m—->0 0

(I=rr)

Since X is weakly Cauchy, the sequence {x" }n:l is
weakly convergent, the weak convergent of the
sequence is clearly strong convergent.

Remark 6: If T is non-expansive, C is a bounded
closed convex subset of a weakly Cauchy normed space

0
e, .
X, Y n/n=l s a sequence of non negative real numbers

< n—-—>0
O_r"<1,and T t<l then the

xn = (1 _rn)yO + rnT(xn)

such that

sequence given by is

Cauchy sequence, but not necessarily

d(x,,T(x,)) —0 . In fact, we have
x, =, = AT Ce) =T O+ G, =n )T, + (5, =1
< Ty T(xn) - T(xm) + L T(xm) + yOH
S r)’l x)’l - ‘xm + }’/1 - rlﬂ Diam(c)’
thus, A=r)x, — xm” <, -r, |Diam(C ),
since {r” }"=1 is Cauchy, we see that,
r. —r |Diam(C
xﬂ _ x)n S | n m ( ) n,m—->0 )O‘
(1-r)
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