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Mathematical M odels for the Dynamics of Tuberculosisin Density-dependent Populations:
The Case of Internally Displaced Peoples Camps (IDPCs) in Uganda
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Abstract: Mathematical models are formulated to establish the conditions (restrictions) on the size of
the area occupied required minimizing and thereafter eradicating tuberculosis. Both numerical and
qualitative analyses of the model are done and the effect of variation in the area size and recruitment
rate on the different epidemiological groups is investigated. The results of the analysis show that there
exists a stable disease-free equilibrium point provided that the characteristic area is greater than the
product of the probability of survival from the latent stage to the infectious stage and the number of
latent infections produced by atypical infectious individual during his’her mean infectious period. The
study recommends that the characteristic area per individual should be at least 0.25 square kilometres

in order to minimize the tuberculosis incidence.
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INTRODUCTION

In 1993, concerned with the rising cases of deaths
and infection rates, the World Health Organization
(WHO) declared tuberculosis as a global emergency.
Approximately a third of the worlds' population is
affected by tuberculosis, particularly affecting peoplein
developing countries where 99% of tuberculosis deaths
occur. Of the 1.7 billion people estimated to be infected
with tuberculosis, 1.3 billion live in developing
countries. The resurgence of tuberculosis and other
infectious diseases in the last decade has been closely
linked with environmental and social changes that
compromised people’'s immune systems and the social
structures that are used to defend against diseases™.
Developing and former communist countries will
continue to experience the greatest impact from
infectious diseases because of malnutrition, poor
sanitation, poor water quality and inadequate health
care but developed countries also will be affected™?.

Many epidemiological studies in the past have
already proven the direct relationship of tuberculosis
with poverty and underdevelopment. Tuberculosis
occurs in the poorest and most underdeveloped
countries of the world and within societies, it occursin
the most socioeconomically deprived sectors, where
factors contributing to its spread exist in overcrowding,
malnutrition and lack of access to health care services.
Progression rates to active tuberculosis correlate with
socioeconomic measures. An increase in the number of
people per room or aternative measures of
overcrowding increase the chances of infection by
prolonged exposure.

The unresolved political conflicts in developing
world have led to persistent wars which have forced

people into safety camps, as refugees or as internally
displaced people. Most of these camps are
congested/overcrowded with extremely poor sanitation.
Cold, sleeping rough and in the bush al lead to an
increased incidence of respiratory ailments of all kinds.
Overcrowding and poor hygiene ensure a rapid
transmission of these diseases within the family units
and treatment of tuberculosis, which takes
approximately eight months is quite costly in areas far
from hospitals”™. In camps, access to health care and
the quality of service islower than in other areas and as
a result, preventative care is less available and the
treatment of tuberculosis is less extensive and effective
and because of this, some cases go untreated and those
affected often die.

In Uganda, tuberculosis cases are more in urban
concentrations and other densely populated areas. The
distribution of tuberculosis cases by district in 1999
indicated that Uganda had atotal of 29,994 tuberculosis
cases of which the leading were Kampala with 5,525,
1,371 in Mbarara, 1,325 in Gulu, 1,323 in Lira and the
least were Kalangala with only 48 and Ssembabule with
only 54, The high levels of the tuberculosis incidence
in Northern Uganda (Gulu and Lira) is as a result of
overcrowding in the IDPCs and lack of adequate
housing in rural areas abandoned as a result of war.

As of July 2004, the population figures in these
camps were as follows; Pabbo camp, the biggest of all
the camps in Gulu district harbored 55,043 people, Acet
camp with 24,876 people, Amuru camp with 39,877
people, Anaka camp with 27,972 people, Atiak camp
with 23,655 people, Awere camp with 21,434 people
Opit camp with 25,682 people’®. Thereis very limited
space in these camps for human activities and the
make-shift structures that people occupy are not
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properly ventilated to ensure proper sanitation.
Displaced people are at a greater risk of becoming
infected with tuberculosis due to the close contact with
the infectious individuals.

With the many political conflicts in the developing
countries, the aspect of high population density in
settlements and the health risks associated with
overcrowding such as poor sanitation and high level of
disease incidences have become rampant. In this study,
we investigate the effect of population density on the
dynamics of tuberculosis.

The Model: Now, using the mechanics of transmission
as in the model of® we formulate mathematical
models that incorporate a parameter for the size of the
area occupied by the population being studied in the
transmission term so as to help analysis the density-
dependence of the dynamics of tuberculosis. In our
study, we assume that there is a homogeneous mixing
of the population where all people are equally likely to
be infected by the infectious individuals in case of
contact, the population is distributed over the whole
settlement (in the specified area) with anegligibly small
area, compared to the camp size, spared for other
human activities and we further assume that al
immigrants and newborns are uninfected and therefore
join the susceptible category.

Variables and parameters: In the density-dependent
model for the dynamics of tuberculosis, we use the
following variables and parameters:

S(t): the number of susceptible individuals at time, t

L(t): the number of latently infected/exposed
individuals at time t

I(t): thenumber of infectiousindividuals at timet

T(t): the number of recovered/treated individuals at
timet

A the total area of the camp occupied by the
population

L : Recruitment rate

W the per capitanatural mortality rate

d:  thetuberculosis-induced mortality rate

3,: the probability that a susceptible individual
becomes infected by one infectious individual
per contact per unit time

3,:  the probability that a treated individual becomes
infected by one infectious individual per contact
per unit time

k:  therate of progression to active tuberculosis

ri:  recovery rate of the latent class

r,:  recovery rate of the infectious class

c the per capita contact rate

The dynamics of a one-strain model of tuberculosis
can be described as in the compartmental model Fig. 1.
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Fig. 1: A compartmental diagram for a one-strain model
of tuberculosis

Equations of the model: Applying the assumptions
and the inter-relations between the variables and
parameters as described in the compartmental model in
Fig. 1, the density dependent dynamics of tuberculosis
are described by the following equations:

B s best 1)
dt A
%zbcsl__(m+k+r)L+b CTI— (2.2)
dt 1 A 1 2 A .
di

— =kL- (m+d+r,)I 2.3
i ( 2) (2:3)
d_T:rlL+r2| - nl - bZCTI—A (2.4)

whereN=S+L +1| + Tisthetotal population size.
ANALYSISOF THE MODEL

Existence of steady states: Let E(S",L",1",T") bethe

equilibrium points of the system described by the
equations (2.1) - (2.4). At an equilibrium point, we have

0

dt

a. The existence of the trivial equilibrium point: For

as long as the recruitment term, L is not zero; the
population will not be extinct. Thisimplies that thereis
no trivial equilibrium point i.e.
(S,L,1",T7)1(0,0,0,0).

b. The existence of the disease-free equilibrium
point, (Eg): At the disease free equilibrium, we

havel”,L" = 0. This givesg, = (+,0,0,0). We define
S = Lm as the asymptotic carrying capacity of the
population. We now investigate the stability of the
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disease-free equilibrium point, E, = (%,0,00). The
Jacobian matrix at E is given by
& 0
G- m 0 $%1 0~
c Ag +
g -
Jg, =¢ 0 - (m+k+r) blcg—"‘i 0+
c Ag +
¢O k -(m+d+r,) 0~
gO M P '”b
If |, are the eigenvalues of JEO, then
& ai;/ 6 0
( +mded (Mrkem)-1 o boghE T g
k - (m+ d+r ) | &
®
Let g=& (M+k+r) Db, Cg—_ . Then, from
k - (m+d+ rz)ﬂ
matrix B, we have

det(B) = (m+k +r,)(m+d +1,) - kb, cg 0

Trace(B) = -(L + k+rl) - (L +d + r2). Clearly, Trace
(B)<0 since all the parameters p, d, r1, r2, k, b1C and A
are positive.

For the determinant of B to be > 0, we should have
a%o aafn+k+rlceafn+d+r2

Therefore, the
Ag e k blC 5
disease-free equilibrium point, E, is stable provided
®A0 & k @ bc 0
g/ng §m+k+r £m+d+r2g
where
aer

is the area occupied per individual also referred
Lo
to as characteristic area.

& Kk 0 is the probability of survival from latent
m+k+q§

stage into the infectious stage.

@ b,c  0isthe number of latent infections produced
m+d+r, 5

by a typical infectious individual during his’/her mean

infectious period.

Thus, to have a Tuberculosis-free stable
population, the characteristic area per unit individual
must always be greater than the product of the
probability of survival from latent stage into the
infectious stage and the number of latent infections
produced by a typical infectious individual during
hisher mean infectious period. The term,
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& k C'Be b,c
m+K+r, gm+d+r, g
required for eradication of tuberculosis.

deﬁn&c the critica area size

c. The possibility of existence and stability of the

endemic equilibrium point: Let E, =(s",L",1",7")be
the endemic equilibrium point, where
(S,L',17,T")* 0. At the endemic equilibrium

point, E;, the Jacobian matrix becomes

ge (m+ blc(;f0 0 -b1c€§2 0 2

¢ Ag Ag +

g * * =

¢ begl  -(mrk+r) blcgﬁ_m cfr 9 bogrd *
J=¢ TEAg éAg
¢ o K -(md) o :

0 T r,- bcc— (m+bc 3z

é ' EA “EAss

This approach renders the conclusion impossible
since the computations become complex. Feng et al.[”
described the use of basic reproductive number, R, in
analyzing stability of the endemic equilibrium point.
According to their work, when Ry > 1 the system has a
unique endemic equilibrium that is globaly
asymptotically stable. We aso adopt the same
technique in the section that discusses the basic
reproductive number.

Conditions for the minimization of the disease: For
the minimization of the disease incidence, we require
that the population sizes of the latently infected and the
infectious individuals decrease. This is attained when

dL and d from which we obtain

—<0 <0
dt dt
blcSIK- (m+k+r1)L+b2cT|—A <0 and
KL- (m+d+r,)l <0. Combining these gives
i k  Uib,cS+b,cTl
A>j

Tm+k+rf;| m+d+r, ?;

Therefore, in order to minimize the incidence of
tuberculosis in density-dependent populations the area

occupied, A must always be greater in magnitude than
the product of the probability of survival from latent

stage into the infectious stage, i k U and the
%m+k+r1
number of latent infections produced by a typical
infectious individual during hisher mean infectious
period, 1 b,cS+b,cTy
T m+d+r,

Expected populations after eradication of the
disease: Eradication of the disease from the community
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occurs when there are no more exposed and infective
individuals in the population. Thisiswhen | =L =0
and in this case, the total population is N = S+ T.

Equations (2.1) and (2.4) reduce to =2 ds =L -ns ad
dt

C:TT = - mr , respectively. Solving these equations gives

t

S(t)=£+(S-L)e'”‘ and T:Tie'm where
m 1 m

Sand T, are the initial number of susceptible and

I
treated individuals respectively. As t® ¥ , the

population size of the susceptibles, S(t) » L , Where
m

L
— is the asymptotic carrying capacity of the total
m

population. Also, T(t) ® O whenever t ® ¥ and

hence the whole population will be comprising of only
susceptibles.

The basic reproductive number, Ry Diekmann et
al®9 defined the basic reproductive number, RO as the
average number of secondary infections caused by an
infectious individual during his’her entire life as an
infectious person.

Tuberculosis infection and re-infection are always
existent in a community due to respiratory contact
between the susceptibles individuals, treated individuals
and the infectious individuals. Whether the disease
becomes persistent or dies out depends on the
magnitude of the basic reproductive number, R,.
Stability of equilibrium points can be analyzed using
Ry). The disease-free equilibrium is locally
asymptotically stableif Ry < 1 and isunstableif Ry > 1.
In other words, when Ry, < 1, every infectious
individual will cause less than one secondary infection
and hence the disease will die out and when Ry > 1,
every infectious individual will cause more than one
secondary infection and hence an epidemic. All public
health control measures are usually based on methods
that, if effective, would lower R, to below unity.

We derive the expression for RO using the next
generation operator approachi®?. In this approach, the
population is categorized into three classes and for the
density-dependent model in this study, the three classes
aeX=(§T),Y=(L)and Z = (I) and the disease-free

equilibriumis U, = (&,0,0)
From the equations of the model, define

%( =L - 2nX - blcx8§9+ LY +1,Z - bzcxgazgz F(X.Y,2)
‘2: =b cx"*%Q- (m+k+1,)Y +b cxg%__ 9(X.Y,2)
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dz

dt
Comparing our functions with those used in the
next generation operator approach’®?! gives

=KkY - (m+d +r,)Z =h(X,Y,Z)

9(X",Y,2)=b o %93_ (M+k+1)Y +b, L= %959:0

g(X",Y,Z) =0 is assumed to implicitly determine
afunction Y = §(X',Y), and thisyields
_ (b, +b,)c(5)2)
© (mtk+r)
Thefunction, h(X"™, §(X",Y),Z) isobtained as

k(b, +b,)el)z)
(m+k+1)
Next is to obtain the partial derivative with respect

to Z of h(X",§(X",0),0) and thereafter let the

Th

h(X",8(X",Y),Z2) = - (m+d+r1,)Z

matrix H = ° . Thisgives
k(b +b, )cg—
- (m+d+r,)
(m+k+r,)

Letting H =M - D with M 3 O and D >0,
adiagona matrix, we obtain

k(b, + bz)cg—

Zand D=(m+d +r,)

(mrk+r,)

From the above expressions, the basic reproductive
number, R,, defined as the spectral radius (dominant

eigenvalue) of the matrix MD*,
R, =r (MD™ ") isgiven by
_®n@Hb, +by)cde k0

EA m+d+r, £m+k+rlg

Where g _|s the density of the susceptible population

b,cand b2C are the effective transmission rates

e 1 Qistheeffectiveinfectiousperiod
§m+d+r25

&b, +D,)CO is the number of latent infections
m+d+r, 5

produced by a typical infectious individual during the
mean infectious period

e k 2 is the probability of survival from latent
m+k+r g

stage into the infectious stage
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Note that if R, <1, the disease-free equilibrium

point is globally asymptotically stable whileif R, >1,
the disease-free equilibrium is unstable and the endemic

equilibrium is globally asymptotically stable!”. Thus;

a. When R, <1, we have aoab, +b)coee k ©6_

8A£m+d+ Bgrmkﬂlz

Az em+d+r2 ﬂgm+k+fm

b. When RO >1, wehave g%o afb, +b,)coe k 6

Ag em+d+r2ﬂgm+k+rm

The density of the suscepti bles, g_ emphasz&s

the role played by the size of the area, A occupied by
the population. When the area is big enough, the
density will be small thereby reducing on the size of the
basic reproductive number. And when the areasize A is
small, the density will be higher and consequently the
basic reproductive number or the number of secondary
infections due to a single infectious individual will be

higher.

Numerical simulation of the model: Below are some

of the parameter values used:

a. Natura mortality rate of individuals, (u): The time
unit is set at year and the constant natural mortality
rate, 1 is assumed to be inversely related to life
expectancy at birth which is approximately 45

yearsin Uganda.

1
m=— =0.0222 per year
45 pery

b. Recruitment rate, (L) : The recruitment rate, (L)
controls the total population sizes because the
asymptotic carrying capacity of the population is
L Thisissetat £ » 10°1™. For purposes of this
study, we shall set the recruitment rate at 1,500

individuals per year.

c. Per-capita Recovery rate, (r): This is taken as the
inverse of the time between tuberculosis activation

and recovery by treatment. According to Styblo

it is between 4 and 6 months and according to Feng
et al.l"), the treatment period is about 6 to 9 months

r, >1 per year. Taking the
treatment period to be 8 months, we obtain the

implying that

recovery rate as 0—15 = 2 per individual per year.

According tol*¥, recovery rate _1_
0.67

individual per year. For this study, given the
minimal difference between the recovery rates of

=15 per

221

latently infected and infectious individuas, we
shall set both I, and r, at 1.5 per individual per
year.

Per capita rate of infection, (D) and contact rate

(c): This is set to match the expected number of
1

m+d+r,

infections produced in units of time.

1
m+d +r,
is less than the period of time during which the
individua is potentially infectious. In fact, most of
the infections produced by an infectious individual
occurred  during the  first  months  of
infectiousness*?. According to Aparicio et al.l'?,
in big cities the number of contacts per day
increases significantly. For example, individuas
who rely on mass transportation (overcrowded
conditions) may experience around 100 close
contacts per day (in a poorly ventilated place).
Therefore, in the case of IDPCs, we can take up
100 effective contacts per year. Song et al.™

suggested b to be 2. We aso consider b, = b,
since the difference is negligible.

The mean effective infectious period,

Per capita disease-induced mortality rate, (d): The
disease-induced mortality rate, d varies from
country to country. It is as low as 0.07 in
developed countries but reaches 0.365 per year in
some African countries (Snider et al[6,14 ]. For
Uganda therefore, we take d = 0.365

Average per-capita Progression rate to active
tuberculosis, (k): Latent periods range from months
to decades. Most infected individuals never
progress towards the active tuberculosis state. On
the other hand, average infectious periods are
relatively short (few months) and becoming shorter
in developing nations due to the availability of
treatment™. According to Aparicio et al.l’?, the
average per-capita rate of progression to active

tuberculosis is estimated from X:EELQ,
m+

K+r g
that is, from the proportion of infected individuals
that develops active tuberculosis during his/her
lifespan. x is estimated to be between 5% and 10%
in developed countries and obviously higher in
developing countries. If the life expectancy is 45
years and hence p = 0.0222, for the case of Uganda
and if 15% of the latent population eventualy
develops active tuberculosis, then k is

x(m+ X(m+r)

computed as: K= ) = 0.00396 year *
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(a) Susceptibles , S with changing Area size, A
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Fig. 2: The effect of size of the area occupied, A on the sizes of the different epidemiological classes

The effect of variation of the size of the area
occupied, A on the different epidemiological classes:
This effect is studied using A = 0.2 square kilometres,
0.9 sguare kilometres, 2 sgquare kilometres, 20 square
kilometres, 200 square kilometres. We observe in Fig.
2athat when the size of the area occupied, A is reduced
from 2 square kilometres to 0.2 square kilometres
thereby increasing the population density, the
population will first increase because of the recruitment
rate, ? through birth and immigration. It will there after
decline because of the increased disease incidence.
There are more infections resulting from the close
contact due to high population density. When the areais
increased to say 20 square kilometres or 200 square
kilometres, there is a dlight deviation in the population
sizes in the two cases, implying that there is a threshold
area size. However, in both cases, the number of
susceptibles will increase because of the reduced
disease incidence and recruitment.

Figure 2b shows that for a smaller area size, A =
0.9 sguare kilometres hence higher population density,
the increase in population size of the latently infected
individuals shall be faster than in al the other cases.
This is as a result of increased infection rate due to a
higher contact rate of the susceptibles with the
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infectious individuals. We further observe that with
lower population density (when the area is bigger
say, A 20 sguare kilometres or 200 square
kilometres), the number of latent individuals increases,
though slowly.

It isobserved in Fig. 2c that irrespective of the area
size, the number of infectious individuals declines in a
small time interval, though at different rates. After a
while, we observe that the population increases in all
the cases, with a higher and faster increase when the
population density is higher. It is further clearly
observed that, at some point when for other area sizes
the number of infecteds is declining, it is on the rise
when the area is so small. This is because in a
congested community, there is a higher rate of infection
and hence a big number of susceptibles becomes
infected and progress to infectious stage.

A delay in the increase of the population size of
treated individuals is observed in Fig. 2d when the area
is bigger (A = 200 sgquare kilometres and 20 square
kilometres). However, an increase is observed in al the
cases. These increments occur in the period when the
number of infecteds is declining as observed in the first
phases.
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(a) Susceptibles, S with changing Recruitment rate
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Fig. 3: The effect of recruitment rate, L on the sizes of the different epidemiological classes

The effect of variation of the recruitment rate, L on
the different epidemiological classes. The above
effect is studied with the recruitment rate, L = 0, 1500,
5000 individuals. Figure 3 shows the effect of varying
the rate of recruitment into the population. The number
of susceptiblesis seen to decline (Fig. 3a) when there is
totally no recruitment into the systemi.e. L = 0. Since
recruitment in this case entails immigration and/or
birth, it is expected that without any recruitment, the
population of susceptibles would be constant. But in
this case, they are dying naturally at arate p and some
are being infected. Therefore, without any recruitment,
the population of susceptibles will be extinct. However,
when the recruitment rate is more than tripled to 5000
from 1500, the population is observed to grow faster.

In Fig. 3b, the population size of latently infected
individuals is seen to first grow steadily at a small rate
and thereafter increase steeply. The time at which the
population explodes or grows greatly varies according
to the recruitment rate. With recruitment rate at 5000
individuals, the population grows faster compared to
the original recruitment rate of 1500. This is because,
with a very high recruitment rate, the susceptibles
become many and the congestion, which in turns results
into infection due to increased contact rate, is
increased. Further still, we see that there is a bigger
delay when there is no recruitment into the system.
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This is as a result of the decreased number of
susceptibles who contribute partially to the latent
class when they are infected through contact with
infectious individuals.

The population size of the infectious individuals is
observed in Fig. 3c to first decline in the initial stages
for al recruitment rates but later increase steeply. This
increment is exactly in accordance with the available
number of exposed individuals. A similar trend is
observed with the population size of the treated
individuals as evidenced in Fig. 3d.

RESULTSAND DISCUSSION

In the search for the possible ways of eradicating
tuberculosis, there is need to address the issue of
limited knowledge on the biology of tuberculosis
(mechanisms of transmission, life cycle of the
transmitting vector and effectiveness of the existing
drugs in fighting this vector) and the host-parasite
relationship. In Uganda, the disease incidence is on the
increase as per the available records™ and among
others, overcrowding and unsanitary conditions play a
major role in explaining the observed trends in
Uganda and the world over.In order to control
the tuberculosis incidence, these issues must be
addressed.
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In this research, the effect of population density on
the dynamics of tuberculosis is discussed. It should be
noted that population density determines the level of
respiratory contact in a community and this level
directly determines the infection rate of airborne
diseases like tuberculosis. Overcrowding is most in
urban areas and now settlement camps such as
internally displaced peoples’ camps and refugee camps.
In order to carry out the investigations, a mathematical
model was formulated that incorporated the size of the
area occupied by the population being studied and areas
with very high population densities were chosen for
estimation of parameters. The results suggested that the
observed trend in tuberculosis incidence was partly as a
result of explosive population growth due to
urbanization and resettlements (for the case of IDPCs).

In the qualitative analysis of the model, the
existence of steady states and their stabilities were
analyzed. The analysis showed that a disease-free
equilibrium point existed and was found to be globally
asymptotically stable provided the characteristic area
per individual is greater than the product of the
probability of survival from latent stage into the
infectious stage and the number of latent infections
produced by a typical infectious individual during the
mean infectious period and it is the same requirement
for minimization of the disease incidence. Basing on
our findings, if tuberculosis is to be eradicated, it is
recommended that the characteristic area per individual
to be 0.25 sguare kilometres.

The results of numerical simulation where
remarkably in line with those of the qualitative analysis
of the model in that, they both emphasized the
dependence of tuberculosis incidence on the level
population density in the community hence the area
occupied by the population under study. Increments in
the magnitude of the recruitment rate were observed to
come hand in hand with an increased disease incidence
and this is because of the increase in the level of contact
due to a higher population density.

The basic reproductive number, R, is one of the
tools used in determining disease trends®. The
necessary condition for RO being less than unity, in
which case there would be no more tuberculosis
epidemics, is the same as the requirement for the
stability of the disease-free equilibrium point. The size
of the area occupied is so significant in determining the
basic reproductive number in our case. The necessary
condition to have Ry< 1 clearly stipulates the role played
by population density in determining the disease trends
in a community. The higher the density, the greater the
risk of instability of the disease-free equilibrium,
implying that there is a possibility of an epidemic in the
community.
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