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Abstract: Projective geometry is that area of geometry that treats geometric
figures from the point of view of the perspective and the horizon line, figures
that are considered invariable by projection. The origins are found in the
Pappus works of Alexandria (4th century AD), which, referring to the results of
Apollonius in Perga, introduces the concept of an anarchic report. The study of
projective geometry is later resumed by mathematicians like Pascal or
architects like Gérard Desargues in the seventeenth century, to be theorized and
taught in the late 18th century by Gaspard Monge. Jean-Victor Poncelet,
through his work, the Traité des propriétés géométriques des figures, gives a
strong leap to this science, but this is based on Euclidean geometry. However,
the affine geometry excluded the possibility of an intersection of parallel lines,
an essential notion in the projective geometry. But the 19th-century discoveries
of August Ferdinand Möbius, Julius Plücker and especially Felix Klein's 1900s,
definitively separate the projective geometry from the Euclidean one. There is
also a conceptual revolution: If until then geometry was a science of figures,
now the focus is on geometric transformations, the associated internal
compositional laws, the structures of the various transformation groups.
Keywords: Robots, Mechatronic Systems, Automation, Projective
Geometry, Geometric Figures, Perspective, Horizon line, Invariable by
Projection

Introduction
Projective geometry is a branch of mathematics that
studies relationships between geometric figures and
images resulting from their design (mapping). Projections
can be movies, maps of the Earth's surface, shadows of
objects. Projective geometry has evolved from the need to
understand perspective in drawing and painting. Each
point of the projected object and the corresponding point
of its image must be on the projector's radius, a line
passing through the center of the projection. Modern
projective geometry emphasizes mathematical properties
(such as line continuity and intersection points) that are
preserved in projections despite length, angle and contour
distortions. Projective geometry is that area of geometry
that treats geometric figures from the point of view of the
perspective and the horizon line, figures that are
considered invariable by projection. The origins are found
in the Pappus works of Alexandria (4th century AD),
which, referring to the results of Apollonius in Perga,
introduces the concept of an anarchic report. The study of

projective geometry is later resumed by mathematicians
like Pascal or architects like Gérard Desargues in the
seventeenth century, to be theorized and taught in the late
18th century by Gaspard Monge.
Jean-Victor Poncelet, through his work, the Traité
des propriétés géométriques des figures, gives a strong
leap to this science, but this is based on Euclidean
geometry. However, the afine geometry excluded the
possibility of an intersection of parallel lines, an
essential notion in the projective geometry. But the 19thcentury discoveries of August Ferdinand Möbius, Julius
Plücker and especially Felix Klein's 1900s, definitively
separate the projective geometry from the Euclidean one.
There is also a conceptual revolution: If until then
geometry was a science of figures, now the focus is on
geometric transformations, the associated internal
compositional laws, the structures of the various
transformation groups.
Unlike the Euclidean geometry, where the figures are
made with ruler and compass, only ruler is required in the
projective geometry. Projective geometry does not take into
account parallelism or perpendicularity of straight lines,
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isometry, circles, isosceles or equilateral triangles. Uses
only part of the axioms of Euclidean geometry.
The projective space is the set of all vector vectors of
a vector space. If we imagine the observer placed in the
origin of the vector space, then each element of the space
corresponds to a direction of its gaze.
A projective space differentiates itself from a vector
space by its homogeneous character: it does not contain
any point that can be considered as the origin and thus
resembles the affine space.
Descriptive Geometry is a mathematical branch of
Projective Geometry and its fundamental problem is the
transformation of three-dimensional space into twodimensional and reciprocal space. In other words, it
deals with the representation of the geometrical figures
in the three-dimensional space as well as with the
deduction of the figures from the three-dimensional
space starting from their plane representations.
In the technique, it is the theoretical foundation of the
science of body representation on a plane and the deduction
of its spatial form from its plane representations.
Descriptive geometry in the present form owe to
Gaspard Monge (1746-1818; Fig. 1) a French engineer
and mathematician who trained at the Polytechnic
School of Paris.
At 25, he is a mathematics and descriptive teacher at
the Military School in Mezieres.
In 1780, Monge's reputation reached Paris. Then
Turgot, the minister of Louis XVI, entrusted him with
the post of professor of hydraulics at the Louvre. In the
same year he entered the Academy of French Sciences,
although he was only 34 years old. Senator arrives from
the Conservative party.

In our country, the first elements of Descriptive
Geometry were taught in Iasi, at the Hotarnici School of
Engineers by Gheorghe Asachi and in Bucharest by
Gheorghe Lazar at St. Sava College.
By an extension, Descriptive or Projective Geometry,
it can be used to transform the Three-Dimensional Space
into a Tetra-Dimensional Space and the other, being the
only branch of mathematics that can directly describe a
four-dimensional space.
Projective
geometry-descriptive,
positional,
or
synthetic-was discovered in 1799 by Gaspard de Monge,
French engineer and mathematician. His equally brilliant
student, Poncelet, an officer in Napoleon's army, took a step
forward in this branch of geometry. After Napoleon's
withdrawal from Moscow, he fell prisoner to the Russians
and was captured in the city of Saratov on the Volga.
During this period of captivity he developed the basics of
projective geometry. The French and the Russians did not
understand it initially, but the Germans accepted it in the
"Crells Journal" magazine, which made the projective or
descriptive geometry known throughout the world.
Researching the History of Descriptive Geometry of
Professor Gino Loria1, Professor M. St. Botez2, remains
disappointed that "among the countries that have
cultivated Descriptive Geometry" is not mentioned
Romania, which had an older and better mathematical
education, for example Bulgaria . This shortcoming is
attributable to the author's lack of information.
In his historical research, our great professor discovers a
descriptive Geometry book, which can be said to be "the
first of its kind in Romanian" 2; it is the translation into
French of the French Treaty of Lefebure de Fourcy, entitled
"Traits of Descriptive Geometry, precedes the introduction
of queries on the theory of the plan and the leagues of the
thesis". It was translated into Germany - Munich 1837 - by
Georg Mayer3; in Portugal "Complemento di Geometria
Descriptiva" by L. de Fourcy; in Romania by the architect
Alexandru Orescu, professor, printing house of the National
College, 1851, Bucharest.
I notice that in Romania it was translated before
Portugal. M. St. Botez therefore rightly considers Al.
Orescu was the first Professor of Descriptive
Geometry in our country2.
The first volume, 283 pages, contains the text, the
second, the purge2:






Fig. 1: Portrait of Gaspard Monge, (1746-1818)
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Introduction: the plane, the right, the angles between
the straight and the straight and the plane
Part I: descriptive treatment of the right, the plan,
the sorting of the classes
Part II: curved surfaces, rotating surfaces, crooked
surfaces, hyperboloid and paraboloid, tangent plane,
flat sections, body intersections
Part III: The theory of crooked curves, the propeller
Part IV: Exercises
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This organization of the teaching of Descriptive
Geometry has been preserved to date. It is logically
logical and easy for the student audience.
It is worth mentioning that the Hotarnici Engineers
School introduced the study of Descriptive Geometry by
Gheorghe Asachi in the second decade of the 19th
century in Iasi and a few years later, the National School
of Bridges and Roads (actual UPB), through Gheorghe
Lazar in Bucharest.
The two schools mentioned above cultivated the study
of Descriptive Geometry for Engineering, which was later
implemented by Traian Lalescu and the Politehnica of
Timisoara set up at its instigation and maintained as a
natural continuity by the Politehnica in Iasi:
1.
2.

3.

Jean-Victor Poncelet (1788-1867; Fig. 2), a French
mathematician, founder of "Proiective Geometry," taught
at the Metz School of Mechanics and at the Faculty of
Science as well as at the Polytechnic School, both in Paris.
In 1822, he published the "Traité des propriétés des
projectives cifre", (1822; 2d ed., Vol. 2, 1865/66)
The theoretical basis of his new discipline,
"Projective Geometry".
Some studies by Jean-Victor Poncelet the eminent
student of G. Monge can be spotted in Fig. 3.
The earliest preoccupations in the fields of geometry
and even Descriptive Geometry (even if not then named)
belong to Apollonius of Perga (Greek Astronomer and
Geometry, 262 BC), which was noted for its geometrical
studies on conical sections; introduced for the first time the
"notions of suspension points", "parabola", "hyperbola",
"eccentric orbits", "epicicloids" etc ...

Gino Loria "Storia della Geometria Descrittiva de
origini sino et giorni nostri", Ulrico Hoepli - Milano
1921
M. St.Botez "Descriptive Geometry Survey a Hundred
Years Ago", Rev. Academic "V. Adamache", Vol.
XXXIII, No. 1, 1947; Iasi, Printing House "Fight of
Moldova", 1947
Gh. Ţiţeica "Opere", Vol. 1, pg.III, Romanian
Academy

Professor Alexandru Pantazi of Politehnica in Bucharest
was born in Piatra Neamt on August 21, 1896, as an
instigator son. At the end of high school (1914) he enrolled
at the Faculty of Sciences of the University of Bucharest,
the Mathematics Department. Due to the 1916-1918 war,
Pantazi had to interrupt his studies, being mobilized as a
lieutenant. After the war, in 1920, he took his mathematics
license with the mention "very good" at the University of
Bucharest and immediately left for Paris. Here he resumes
his mathematics license at the Sorbonne in 1922, then
prepares his doctoral thesis in mathematics, which he
claims on January 12, 1922. The thesis was entitled "Sur
applicabilitée projective des hypersurfaces développables".
In this thesis, Pantazi deals with a series of generalizations
of results found by his professor Elie Cartan, a creator in the
field of Projective Geometry. Back in the country, Pantazi
was appointed assistant to Gheorghe Ţiţeica at the
Analytical Geometry Seminar. At the same time, he worked
as an actuary at the Ministry of Industry and Commerce and
a teacher at the School of Statistics and Actuarial. In 1940
he was appointed as a substitute for Descriptive Geometry
and Projective Geometry at the Polytechnic School in
Bucharest and in 1943 by competition, he was appointed
the head of this department, where he practiced until his
life's end. In the years 1946-1948, after Petre Sergescu's
departure to France, Pantazi also replaced the Department
of Analytical Geometry at Politehnica in Bucharest. In the
years 1940-1942 Pantazi held at the University of
Bucharest, the Faculty of Mathematics, a Higher
Geometry course and a Geometric Applications course of
Analysis (1938-1941).

Fig. 2: Jean-Victor Poncelet (1788-1867)

Parabola-cutting plane
Parallel to side of cone.

Circle and Ellipse

Hyperbolas

Fig. 3: Some studies by Jean-Victor Poncelet the eminent
student of G. Mong
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al., 2015; Ab-Rahman et al., 2009; Abdullah and Halim,
2009; Zotos and Costopoulos, 2009; Feraga et al., 2009;
Bakar et al., 2009; Cardu et al., 2009; Bolonkin, 2009 a-b;
Nandhakumar et al., 2009; Odeh et al., 2009; Lubis et al.,
2009; Fathallah and Bakar, 2009; Marghany and Hashim,
2009; Kwon et al., 2010; Aly and Abuelnasr, 2010;
Farahani et al., 2010; Ahmed et al., 2010; Kunanoppadon,
2010; Helmy and El-Taweel, 2010; Qutbodin, 2010;
Pattanasethanon, 2010; Fen et al., 2011; Thongwan et al.,
2011; Theansuwan and Triratanasirichai, 2011; Al Smadi,
2011; Tourab et al., 2011; Raptis et al., 2011; Momani et
al., 2011; Ismail et al., 2011; Anizan et al., 2011; Tsolakis
and Raptis, 2011; Abdullah et al., 2011; Kechiche et al.,
2011; Ho et al., 2011; Rajbhandari et al., 2011; Aleksic and
Lovric, 2011; Kaewnai and Wongwises, 2011; Idarwazeh,
2011; Ebrahim et al., 2012; Abdelkrim et al., 2012; Mohan
et al., 2012; Abam et al., 2012; Hassan et al., 2012; Jalil
and Sampe, 2013; Jaoude and El-Tawil, 2013; Ali and
Shumaker, 2013; Zhao, 2013; El-Labban et al., 2013; Djalel
et al., 2013; Nahas and Kozaitis, 2013; Petrescu and
Petrescu, 2014 a-i, 2015 a-e, 2016 a-d; Fu et al., 2015; AlNasra et al., 2015; Amer et al., 2015; Sylvester et al.,
2015b; Kumar et al., 2015; Gupta et al., 2015; Stavridou et
al., 2015b; Casadei, 2015; Ge and Xu, 2015; Moretti, 2015;
Wang et al., 2015; Antonescu and Petrescu, 1985; 1989;
Antonescu et al., 1985a; 1985b; 1986; 1987; 1988; 1994;
1997; 2000a; 2000b; 2001; Aversa et al., 2017a; 2017b;
2017c; 2017d; 2017e; 2016a; 2016b; 2016c; 2016d; 2016e;
2016f; 2016g; 2016h; 2016i; 2016j; 2016k; 2016l; 2016m;
2016n; 2016o; Cao et al., 2013; Dong et al., 2013;
Comanescu, 2010; Franklin, 1930; He et al., 2013; Lee,
2013; Lin et al., 2013; Liu et al., 2013; Padula and
Perdereau, 2013; Perumaal and Jawahar, 2013; Petrescu,
2011; 2015a; 2015b; Petrescu and Petrescu, 1995a; 1995b;
1997a; 1997b; 1997c; 2000a; 2000b; 2002a; 2002b; 2003;
2005a; 2005b; 2005c; 2005d; 2005e; 2011a; 2011b; 2012a;
2012b; 2013a; 2013b; 2013c; 2013d; 2013e; 2016a; 2016b;
2016c; Petrescu et al., 2009; 2016; 2017a; 2017b; 2017c;
2017d; 2017e; 2017f; 2017g; 2017h; 2017i; 2017j; 2017k;
2017l; 2017m; 2017n; 2017o;2017p; 2017q; 2017r; 2017s;
2017t; 2017u; 2017v; 2017w; 2017x; 2017y; 2017z;
2017aa; 2017ab; 2017ac; 2017ad; 2017ae; 2018a; 2018b;
2018c; 2018d; 2018e; 2018f; 2018g; 2018h; 2018i; 2018j;
2018k; 2018l; 2018m; 2018n).

Later, in 1728, in London, Ephraim's Encyclopedia
"Universal Dictionary of Arts and Sciences" appears
(see a photograph taken from this dictionary on cones
and their study).
All these studies throughout history show that
Descriptive Geometry has emerged before Projective
Geometry, the latter developing it first and demonstrating
more eloquently their importance in the evolution of
engineering sciences (Rulkov et al., 2016; Agarwala, 2016;
Babayemi, 2016; Gusti and Semin, 2016; Mohamed et al.,
2016; Wessels and Raad, 2016; Maraveas et al., 2015;
Khalil, 2015; Rhode-Barbarigos et al., 2015; Takeuchi et
al., 2015; Li et al., 2015; Vernardos and Gantes, 2015;
Bourahla and Blakeborough, 2015; Stavridou et al., 2015;
Ong et al., 2015; Dixit and Pal, 2015; Rajput et al., 2016;
Rea and Ottaviano, 2016; Zurfi and Zhang, 2016 a-b;
Zheng and Li, 2016; Buonomano et al., 2016 a-b; Faizal et
al., 2016; Cataldo, 2006; Ascione et al., 2016; Elmeddahi et
al., 2016; Calise et al., 2016; Morse et al., 2016;
Abouobaida, 2016; Rohit and Dixit, 2016; Kazakov et al.,
2016; Alwetaishi, 2016; Riccio et al., 2016 a-b; Iqbal, 2016;
Hasan and El-Naas, 2016; Al-Hasan and Al-Ghamdi, 2016;
Jiang et al., 2016; Sepúlveda, 2016; Martins et al., 2016;
Pisello et al., 2016; Jarahi, 2016; Mondal et al., 2016;
Mansour, 2016; Al Qadi et al., 2016b; Campo et al., 2016;
Samantaray et al., 2016; Malomar et al., 2016; Rich and
Badar, 2016; Hirun, 2016; Bucinell, 2016; Nabilou, 2016b;
Barone et al., 2016; Chisari and Bedon, 2016; Bedon and
Louter, 2016; Santos and Bedon, 2016; Minghini et al.,
2016; Bedon, 2016; Jafari et al., 2016; Chiozzi et al., 2016;
Orlando and Benvenuti, 2016; Wang and Yagi, 2016;
Obaiys et al., 2016; Ahmed et al., 2016; Jauhari et al.,
2016; Syahrullah and Sinaga, 2016; Shanmugam, 2016;
Jaber and Bicker, 2016; Wang et al., 2016; Moubarek and
Gharsallah, 2016; Amani, 2016; Shruti, 2016; Pérez-de
León et al., 2016; Mohseni and Tsavdaridis, 2016; AbuLebdeh et al., 2016; Serebrennikov et al., 2016; Budak et
al., 2016; Augustine et al., 2016; Jarahi and Seifilaleh,
2016; Nabilou, 2016a; You et al., 2016; AL Qadi et al.,
2016a; Rama et al., 2016; Sallami et al., 2016; Huang et
al., 2016; Ali et al., 2016; Kamble and Kumar, 2016; Saikia
and Karak, 2016; Zeferino et al., 2016; Pravettoni et al.,
2016; Bedon and Amadio, 2016; Chen and Xu, 2016;
Mavukkandy et al., 2016; Gruener, 2006; Yeargin et al.,
2016; Madani and Dababneh, 2016; Alhasanat et al., 2016;
Elliott et al., 2016; Suarez et al., 2016; Kuli et al., 2016;
Waters et al., 2016; Montgomery et al., 2016; Lamarre et
al., 2016; Daud et al., 2008; Taher et al., 2008; Zulkifli et
al., 2008; Pourmahmoud, 2008; Pannirselvam et al., 2008;
Ng et al., 2008; El-Tous, 2008; Akhesmeh et al., 2008;
Nachiengtai et al., 2008; Moezi et al., 2008; Boucetta,
2008; Darabi et al., 2008; Semin and Bakar, 2008; AlAbbas, 2009; Abdullah et al., 2009; Abu-Ein, 2009;
Opafunso et al., 2009; Semin et al., 2009 a-c; Zulkifli et al.,
2009; Marzuki et al., 2015; Bier and Mostafavi, 2015;
Momta et al., 2015; Farokhi and Gordini, 2015; Khalifa et
al., 2015; Yang and Lin, 2015; Chang et al., 2015;
Demetriou et al., 2015; Rajupillai et al., 2015; Sylvester et

Materials and Methods
In the Fig. 4 one can see the perspective of a point
and two points, this being the basic way in which the
projective geometry is conceived.
In the Fig. 5 one can see the perspective of three points.
Figure 6 sows the center of perspectivity and the axis
of perspectivity.
Several sections are used to help draw the drawing
together with the respective perspectives (Fig. 7). The
visibility of the perspectives and the section increases if
shades of different nuances and colors are used.
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A
B

a

Center of
perceptivity

b
C

c

Axis of perceptivity
Fig. 6: The center of perspectivity and the axis of perspectivity

Fig. 4: The perspective of a point and two points

O

Fig. 7: Sections are used to help the drawing together with the
respective perspectives

Figures 8-12 show some immediate applications for
representing images using projective geometry. They are
useful in the technique of artistic photography and industrial
design as well as in architecture, although the projective
geometry and its more modern descriptive side are
practically two mathematical and engineering sciences.

Results and Discussion
H Points A, B, C, D and A '. B ', C', D 'are linked by
a biunivoca projective transformation.

Fig. 5: The perspective of three points
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Fig. 8: Uses of projective geometry in the technique

Fig. 9: Uses of projective geometry in the technique

Fig. 10: Uses of projective geometry in the technique
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Fig. 11: Uses of projective geometry in the technique

Fig. 12: Uses of projective geometry in the technique

A bi-linear and linear correspondence between two
projective forms of the same (Fig. 13).
Linear correspondence = the correspondence of
elements belonging to F are incidental to elements
belonging to F '.
Obs: If the corresponding elements are the same, then
the homography is called colinization and if they are
different then it is called reciprocity.
Desargues's Theorem: If the two triangles have the
vertices on three competing lines, then the homologous
sides are cut into three collinear points (Fig. 14).
Reformulation. If A, B, C, A', B', C 'are different points
and AA'∩BB'∩CC' = {O}, then the intersection points of
the pairs (AB, A'B ' BC, B'C'), (AC, A'C') are collinear.

In the figure, the points A, B, C can move freely and A ',
B', C 'only move on half-axles OA, OB, OC. The ribs
whose intersections are of interest are colored the same;
'Desargues' right' is the red one (passes through K, L, M).
The purpose of this script is to convince us of the
correctness of the theorem and perhaps to introduce
ideas for solving or applying.
In this case, the planes (ABC) and (A'B'C ') are
different, so they are parallel or they are intersecting
after a right d. Given the given conditions (the problem
assumes the existence of the three intersection points, so
(ABC) (A'B'C') = d.
As {K} = AB∩A'B 'otinem K ∈AB⊂ (ABC), K ∈
A'B ⊂ (A'B'C'), so K ∈ A (ABC), ie K∈d.
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A’

B’

C’

D’

D
C
B
A
Fig. 15: Using The Desargues’s Theorem in Space

P0

Fig. 13: Points A, B, C, D and A '. B ', C', D 'are linked by a
biunivoca projective transformation

P1

O

xˆcam
d

pi

zˆcam

P2
P3

n̂d

yˆ cam

C
A

Fig. 16: The Central Projection System

B
C’

A’

r
B’

pi’

K

Analog for M and L, so K, L, M are 'd-collinear
(Desargues's Theorem demonstration).
If all points are coplanar, you can use Menelaus's
theorem.
It uses the Desargues’s Theorem in space (Fig. 15).
The Central Projection System can be seen in Fig. (16).
Projective representations can be perspective or
correlated (the correlated representations of the straight
lines on a plane - they can be performed with the beam of
tangents in a second order curve, in space - with the beam
of rays - tangent to the second-order surfaces), they are
well defined, for example, in the representation of a
straight line on the other, a point on the right-hand right
belongs to a single point on the right-hand side. Such
points are called Correspondents. Straights, related to the
possibility of mutual design, as well as points, are called
straight correspondences. Going to the corresponding
planes, we can talk about a correspondence of points and
lines where it is possible to match the points and their own
lines with the improper ones.
Straights, planes and spaces can be in correlation or
perspective. In the latter case, constructive elements of
the second order appear to be planar plane planes
arranged on the second order.

P

A

A’
O

B’

B

C’

C
L
Fig. 14: Desargues's Theorem. Source: Desargues's Theorem
demonstration
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of the figures, but overlapping of planes or spaces occurs
through translations and rotations, so that elements
corresponding to the original and transformed space
overlap and become double.
Under the name of the beam, planes and second order
ruled surfaces, we will agree to understand the multiple
combinations of these elements, combined with specific
stable elements: dot, straight, plane. Fascils have
projective properties, linking the points and the straight
lines of the planes or spaces.
The best known is the beam of projective rays and
the planes of the central projection image, which we will
agree to call a beam with a central point because the rays
and planes in this beam belong to a single point - the
projection center.
Less well-known, but to be mentioned in this course,
will be the bilinear beam, the unilinear beam and the
multilinear beam of second-order rays, planes and surfaces.
Bilateral straight-beam, planes and rudimentary
surfaces of the second order are part of a special group of
three straight lines, two of which intersect with each
other and the third intersects the first two.
The unilinear beam - also consists of the same
elements but belonging to a single straight line.
The multilinear beam - also consists of the same
elements and is the total of the bilinear bundles, the
special lines of which are on two intersecting planes,
having a common line.
All projective transformations to be studied further
have an important property, called incidence,
maintaining the belonging of the points of the straight,
the planes of the planes, the planes of the space.
Consequently, keeping the order of the points on the
right, of the planes on the plane and of the planes in
space, their overlapping is excluded.

In the group of projective representations, as a particular
case, are the perspectives and blueberries. Transforming the
perspective differs from those that, when representing a
straight line, one of the points becomes double or
unchanged. In the perspective view of a plane on a different
plane (in space) double becomes a pair of congruent lines of
these planes. Congruent lines are called two of their own
lines, which can overlap each other in such a way that all
their corresponding points will overlap and become double.
In the perspective view of a plane on another plane, they
will intersect after the mentioned double right, which in the
given case will also be called the perspective axis.
The affine representation is the second most
important special case of projective representations and
it is distinguished by the fact that the improper
elements of the construction after the transformation of
the blue remain inappropriate. Therefore, any family of
parallel lines of plan or space pass into a family of
parallel steps corresponding to the plan or space
transformed and any straight point disposed orderly and
uniformly passes it in a straight line with corresponding
points arranged evenly and orderly. However, it should
be borne in mind that if on the right hand side the
points are unevenly arranged, then the unevenness of
the points is kept after the blue transformation. The
corresponding points on the right-hand side will be
positioned so that the ratio between the corresponding
lengths on the right and the right one will be a constant
size - the constant of this transformation. In plan, all
the elements are stretched and shortened in two
perpendicular directions, called the main conjugate
diameters of blueberries. Such perpendicular
conjugated diameters in space are three. In metric terms
on the main conjugated diameters the deformations of
the figures are extreme.
Special cases of blueberries are: kinship
transformations, pure affine, conforming and
congruent movement.
In the kinship transformations the corresponding
plans-blueberries must have a pair of straight ones that
are matching congruent. In relation to them, all the
stacked position matching points must perform a
symmetrical proportional elongation or tilting of a
plane relative to another.
When moving purely to the double-right, the points
of the transformed plane move in the directions parallel
to that line, so that the farther away from it, the more it
moves directly proportional to it.
In conforming transformation, proportional extension of
the figures takes place in all directions evenly from a double
point. However, the directions and angles, constructed from
a point in the original plan (initial space), retain their value
in the transformed plane, if these are the respective
directions and angles.
Congruent representation - is a particular case of
conforming representation when there is no deformation

Geometric
Buildings
Representations

and

Plan

Projects

One will study from the beginning the affine
representation of the straight on a straight line in the
beam of projective rays.
In Fig. 17 are two affine representations. One - in a
beam with a center point with projection center S perspective and second - in a straight line, tangent to a
second-order curve, - correlated. In the latter case, the
correct straight lines - the blue ones are arranged to
one another arbitrarily and they become tangent to the
same curve.
It is easy to notice that perspective correspondence is
a particular case of correlated correspondence when the
corresponding straight lines are parallel to one another
and the projection center S can be outside the space
between these straight lines and within it.
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The affine correspondence of the straight lines in the
fascicle is also maintained when the projection center of
the straight beam becomes improper and the projection
rays are parallel to each other (Fig. 18).
Correlative correspondence in the straight beam,
tangent to the second order curve, is also preserved in the
general projective correspondence of two straight lines
(Fig. 19), being represented in their perspective in the
central point beam, situated one-sided on the other.
Thus, irrespective of the projective correspondence of
two straight lines, including all special cases, to their
arbitrary arrangement with one another, the rays joining
the corresponding points of these straight lines together
with the respective lines form a set of tangents to a curve
of order two. Consequently, a second-order curve in the

plane can be constructed using two straight lines, which
are in a projective correspondence, for example in a
congruent correspondence (Fig. 20).
Two straight projective correspondents have two
specific points V and c (c/) (Fig. 10), which are easy to find
if you put them in a perspective correspondence in a
straight-line beam. One of the points is at the intersection of
these straight lines and is double and the second c and c/are
located at V at equal distances. Or Vc = Vc/.
Therefore, two corresponding projective lines may be
superimposed in the plane so as to form a double straight
with two double points V and c.
S
s

s
d
a

c

b

a'

b'

c'
d'

a

c

b

a'

d

c'

b'

d'
a
b
c

d

d
c
b

Fig. 19: The projective representation of the line of the
general position in the rays beam with a central point
(perspective) and in the rays beam tangent to a second
order curve (correlative)

a

Fig. 17: Two affine representations
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Fig. 20: Construction of the second order curve with two
congruent straight lines

Fig. 18: Representing the affine of the straight into a beam of
parallel rays (the center is located at infinity)
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In the affine of the straight lines in the centralbeam beam (see Fig. 7 or 6), their overlapping double
point will be one. In Fig. 6 points, the points c and c/
(see Fig. 10) are formally located on the
perpendicular, lowered from the projection center S and
at the intersection of the corresponding straight lines
(see Figure. The second pair of points, superimposed
on point V (see Fig. 10), will be infinite.
Therefore, the role of points c and c/(see Fig. 10) on the
blue correspondent lines (see Fig. 6 and 7) can play any
matching point pair. Thus, two corresponding straight lines
in their overlapping in the double straight can have a single
double point. However, this role may play a pair of own
points corresponding to these straight lines. In the case of
the congruence of the straight lines they can be overlapped
with all the points and as a result, this double straight line
will entirely consist of double points (Fig. 21).

between their points - straight or straight rays - with
planes or ruled surfaces of the second order, planes with monolithic or bilinear beams.
S

C

Projective Correspondence of Straight-Line Beams
with Central Points
C'

Straight-point projective correspondent beams, as
well as straight projective correspondents, can be in
mutual correspondence, both perspective and correlation.
This is conditioned by their mutual position in the plan.
If two projections of central point projective
correspondence are in a reciprocal perspective (Fig. 22),
then at the intersection of the corresponding rays aa/ ... dd/,
there will be obtained a row of collinear points 1, 2, 3, 4 - a
straight line.
If the same two beams are different from one another,
then a second order curve 1, 2, 3, 4, S, S/ (Fig. 23).
However, it should be borne in mind that if the fascicle
centers are on both sides of a straight line, as in Fig. 22,
then one of the beams, for example S, a, b, c, d, must be
placed in the plane, in reverse (in the mirror), which means
that the order of location in the fascicles, of the
corresponding straight lines, must either identical to those
of your watch or clockwise.
The second order curve, to the mutual correspondence
of two correlated straight beams, will be obtained,
regardless of their orientation, except for one perspective,
when a right is formed at the intersection of the
corresponding rays. From that perspective of two
corresponding projective ray beams, it must be considered
as a particular case of projective correspondence.

V

Fig. 21: The double points of the projective correspondent
lines
S
a

b

c
d

1
2
3

4
a'

b'

c'

d'

S'

Fig. 22: Correspondence perspective of two straight-line
beams with a central point
2

3

1
4

Projective Representations of Plans and Clusters
Projective representation of planes and bundles can
be done in space and in plan (homology). Projective
representations of center-point bundles can only be
implemented in space because the plane bundle is a
spatial construction.
Under the name of bundles we generally agree to
understand the construction of lines, planes and rusted
surfaces of the second order, which ensure a projective
correspondence of two objects and their component
parts, in this case of the planes, which is the link

a'

b'
c'
d'

S'

b

c

d

a

S

Fig. 23: Correlative correspondence of two rays beams with
central points
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Representing the Perspective of Planes

S

The plan view representation is carried out in the
bundle of projective ray with a central point,
consisting of direct and planar rays, belonging to a
point-the center of the bundle (Fig. 24). The
corresponding projective planes P and E in the
perspective of the beam and plane with the center
point must have two straight lines which are
correspondingly congruent and in perspective they
must be overlapping at all their points forming a
double straight line, full of double points. Such a line
in Fig. 24 is VV right. The double VV right can be
both proprietary and improper. In the latter case the
planes must be in correspondence and placed in the
bundle with a central point parallel to one another.
The projection center can be placed on one side of
the planes as well as between them.
If the projection center S is moved infinitely, then the
bundle will become a set of parallel lines between them
and planes intersecting on these straight lines. In this
case (Fig. 25) the representation of plan E on P and vice
versa, called kinship representation, is ensured. Both said
(conforming and kinship) representations are particular
cases of affine representation.
Consequently, the bundle of projective ray with a
central point, especially with its own center, does not
ensure the bevel transformation of the general position
planes, which is not always taken into account in the
known works of projective geometry.
Two corresponding blue-plane planes do not have
matching congruent lines.

v

b
a

P

c

d

v

B

v
C

E
A

v

D

Fig. 24: Corresponding perspective of planes P and E in the
projection beam with focal point
v

b
a

v
c

d

C

B

v

v
A

The Basic Constructive Elements of the Perspective
Correspondence of the Planes

D

Fig. 25: Correspondence affine (kinship) of planes P and E in
the beam of projective rays with improper point

The basic constructive elements of plan view
correspondence (Fig. 26) are: the corresponding planes P
and E; horizon planes E and P; the SiPiEV main vertical
plane; the aftermath of the plan P (in plan E) and of the
plan E (plan P), passing through the iE and iP points called
horizon lines; following the intersection of the planes P and
E, passing through the point V, which belongs
simultaneously to the plan of the main vertical; the principal
verticals of the corresponding P and E - iPV and iEV planes;
the projection center S, which is also the center of the
central point projection bundle; the main points of the
horizon iP and iE of planes P and E; points of the null
deformations cP and cE of planes P and E; point V - the
basis of the perspective.
The elements listed above allow us to perform the
geometric constructions required to get any image of a
plane on another.

n
P

cP



m
V2
V1



ΘE
ΘP

V

iE
n
cE



m'

E

Fig. 26: Constructive elements
perspective of the planes
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Point m/ can also be built by another method. If the
point m and the radius of deformations cPcE will lead to a
plane that extends beyond the drawing will intersect with
the axis of the VV perspective, then the trace of this plan
in plane E will pass through the point cE at the
intersection with the radius mS we will give the point m/.
Thus, lines that pass through two points can also be
constructed. In this case, by any two points belonging to
the straight line and the projection center S, a projection
plane can be taken up to its intersection with the
perspective axis in the V1 point. From the point obtained,
the trace of this plane is taken to a point of the straight
represented (e.g. m/), obtained by one of the methods
described above. At this point there will also be the
second point n/, the correspondence of the point n,
obtained by leading the projection radius up to its
intersection with the projection plane at point n/ through
the initial point n and projection center S.

deformation point and keeping its position, ie with loss or
preservation its incidence.
P'
C'P(CP)

i'P(iP)

S'

V'(V)

i'E

Geometrical Conditions of the Perspective
Representation of the Plan in the Standard Version
and the Non-Standard Variant
In the standard version of the plan view, the
following geometric conditions are met.
For example, the planes P and E (see Fig. 26) are taken
out of the reciprocal perspective location and require to
relay these planes in another bundle of projection radii
with a center point with the center S/ (Fig. 27).
In this Figure are shown the main elements of the
perspective planes P/ and E/ including the plane of the
vertical main S/i/PV/, where as the placing of each other and
switching them invariant perspective cPiP with c/Pi/P and iPV
with i/PV/ ensures the solution of the problem. The angle
between planes P/ and E/ (see Fig. 27) is not equal to the
initial angle between planes P and E (see Fig. 26). This is of
practical importance in photogrammetry because it creates
conditions that allow a single optical-mechanical device
solving perspective transformation of photograms obtained
with different shooting with central mechanism.
The most up-to-date variant of the image perspective
transformation, for example the aerographic chart, was
examined above. However, in practice, it is often necessary
to resort to the non-standard solution of the problem,
because the standard solution in concrete cases becomes
impossible or unacceptable.
Some options will be examined.

C'E
E'

Fig. 27: The standard version of the perspective representation
of the plan

i
P

a
1

b
CP

c
2i
P

21

v

C1
I'
CE

Double and Multiple Representation of Planes in
Perspective

IE

i'
d'

c'

Suppose we have the plan in perspective and we need
to get another with pre-established properties. We will
call such a representation - double perspective.
The two-way representation of the planes can be
encountered in the oriented fields (the fields are oriented
where the elements of the perspective are parallel to each
other) in two versions: by changing the position of the zero

b'

E

Fig. 28: Transforming the plan with a direct perspective
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The point in plane E, corresponding to point c in plan
P, must belong to the right (iEi)/, but the point will not
have the conformity property, which has the point c/does
not coincide with the right. There was a loss of incidence
(belonging to the right).
With the change of the position of the zero
deformation point, i.e. with the loss of incidence in the
oriented fields, there may also be two cases. The first
case (Fig. 28) is the modification of the perspective
plane, since the position of the disappearance line both in
the initial plane, located in the plane P and in the plan
transformed into the plane E, remains the same part as
that on the original plane. The consecutiveness of the Ib
points on the original plane P remains the same on the
transformed plane E. If we refer to the photogram, the
horizon line of the image remains on the same side. We
will call such a direct perspective transformation.
The second case (Fig. 29) differs by the fact that the
perspective of the plane is inverted, ie the line of
disappearance, located on the original image in plane P in
part b (in Fig. 29 - abi), on the image transformed in plan E
is located at the point a/ (on the same Figure - b/a/i/). If we
refer to the photogram, the horizontal horizon of the image
is placed on the opposite side. We will call such a reverse
perspective transformation.
The next case is to keep the position of the zero
deformation point, better to ensure the incidence of this
point, in this case, the belonging of the right, which is the
main vertical of the perspective plane. The zero
deformation point c in the transformed plane coincides with
the same cP point of the P plane. However, the main escape
point i does not coincide with the point P of the P plane. As
a result, we will get a new perspective in the E plane with
the invariant c/i/.
Both of these plan view transformation cases can be
used with both loss and preservation of the incidence of
point c in the double and multiple transformations of
photograms to the first and subsequent transformation
steps, except for the last stage when the transformation is
performed in the standard version.
And in the non-oriented fields, can also be obtained,
the perspective of the transformed plan. In principle, the
plan of the new perspective can have any localization of
perspective elements. Methods for determining the
location of these elements will be further studied in the
combined plans (in homology).
In the previous paragraphs, the cases of obtaining the
new prospects were examined by transforming the original
perspective. All these planes are different by having a pair
of lines that are in congruence and pairs of corresponding
null deformation points with the conformance
property (undeformed angles built at these points). In
a transformation perspective with maintaining the zero
deformation point position in the image points field
(Fig. 30), the transformations take place differently.

a
b

P

c
Θ

cP

c1

iP
V'

S
i'

V

i

iE
c'
cE

E
a'

b'

Fig. 29: Transforming the plan with an inverse perspective

cP(c)
i

S

iP

V

cE(c')
i'

Fig. 30: Transformation perspective with maintaining the zero
deformation point position in the image points field

Suppose we have a perspective view of the abed square
(Fig. 31) with the invariant of the perspective ci but placed
in plane P and projected in plane E provided that it
combines the line of disappearance of the image with the
plane of disappearance of plan P.
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As a result the inappropriate elements of the plan in
which there was a square represented on the line of
disappearance of its image will be projected onto the
improper right of plan E.
This means that the parallel sides of the square will
again be represented in the parallel E plane.
However, the angles between the sides will be
deformed due to the fact that the zero point of the image c
is not combined with the similar point cP of the plane P
and the square image in the plane E will be a
parallelogram a/b/e/d/. In the case of overlapping in plane
P outside the line of disappearance and the main vertices
but also ci and cPiP, the transformed square image in plane
E will become a rectangle, elongated or compressed along
the main vertex cEV.
Thus, a parallelogram, or its particular case a rectangle,
are the corresponding Figures of a square. It is clear that if
instead of the image of a square we take the image of the
perspective of any of the drawing or the image and carry
out with it the transformations examined, we will therefore
obtain the representation of the image of the image.
In general correspondence there is no pair of straight
lines that are in congruence and the point of null
deformations turns into an improper point.
The standard view representation makes it possible to
obtain three special cases of blue plane correspondence:
kernel, conformance and congruence, but excludes
obtaining the corresponding blue plane correspondence plan
as discussed above.
Mutual correspondence is obtained when the
projection center becomes improper and the projection
rays parallel to each other (Fig. 32).
This correspondence has a pair of straight lines ab
and a/b/which are in congruence.

a

c
b

d

CP
c
i'
iP

s

v

d'

c'

cE
a'

b'

Fig. 31: Obtaining affine correspondence by a perspective
transformation of the perspective plane

Deforming the Image at the Points of the Projective
Plane

P
a

Corresponding correspondence between planes P and
E (Fig. 24) can be obtained when these planes are
parallel to one another. Then the perspective axis (double
right VV) becomes improper and all relevant points of
planes P and E obtain the compliance property.
Congruent correspondence is a particular case of
conforming correspondence when two overlapping
planes coincide with all their points. Such a plan will
become double, consisting of double points and double
lines.

b

b'

Projective Representation of Central Point Bundles
Radiation and center-point planes, as well as centralbeam beams, can be in correlation and perspective.
For simplicity, we assume that we have a projection
plane P (Fig. 33) and two bundles with projection centers
S and S/, correlated perspective. These bundles will be in
projective correspondence, because at the intersection of

a'

E

Fig. 32: Representing kinship in the family of parallel straights
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S1 and S/1 and planes (S25 and S/25) there will be
points and straight points located in the same plan P.
If the plane P is layered in two P and P / which are
arranged in space together with random bundles (Fig.
34) and then take any pair of corresponding rays S2 and
S/2 as the axes of the plane bundles, obtaining two
projective correspondent bundles, then the intersection
of the corresponding planes in the bundles (S25 and
S/2/5/, S23 şi S/2/3/ …) will give us the lines I ... m etc.,
which form the ruled surfaces of the second order. This
surface will also pass through the right joining the
centers of the bundles S and S / and its corresponding
bundles will be in perspective but correlative.
As axes of planar pairs of planes which are in a
projective correspondence and form second-order ruled
surfaces, any pair of straight lines taken through the
projection centers S and S/ and the corresponding points i
and i/ (i=1,3…, i/=1/,3/…) of planes P and P/ obtaining new
ruled surfaces. So in the following way we can get an
infinity of ruled surfaces of the second order, passing
through the right SS/, which is their common line.

S

S'

2
1
P

5

4
3

Fig. 33: Two core projection co-axes, supported by a plan that
corresponds to them, are in perspective
correspondence

Perspective Representation in Combined Plans
(Homology)

S'

S

Before proceeding to the analysis of perspective
views in the combined planes we will examine the
conditions for obtaining the combined planes.
Figure 35 from the point of view of the linear
perspective are presented the conditions of perspective
transformation of the square image abcd, located in the
plane P, in its ABCD conformation, obtained in the T plane
by means of the projection center S. In the same plan T but
with the help of the centers projection S1 and S2, located in
the plane of the horizon H, were obtained two blue
representations of this square A1B1C1D1-rectangle and
A2B2C2D2-paralelogram, which undergo a clear affinity
change compared to the A1B1C1D1 rectangle.
These and other perspectives transformations can
also be made in the combined planes if the planes P and
T are rotatably pivoted around the axes perpendicular to
the vertical plane of the iSJV main and pass through the
points i and V (Figs. 35 and 36).
In Fig. 36 by the abed letters is the perspective
image of the ABED square with the center of the S
perspective (the zero deformation point c), the line of
the VV/and the disappearance line ii/. When changing
the position of the center of perspective S/(c/), the
square image turned into a parallelogram A/B/E/D/,
corresponding to the square ABED.
In photogrammetry, it is usually necessary to perform
the projective transformations in order to obtain sufficiently
precise the geometric shape of the represented object, or the
similarity of the object - its diminished geometric model.

2

2'
1'
5'

1 P

5
3
3'

4'
l
m

6

7

Fig. 34: Two projective bundles corresponding to central
points, arbitrarily located one at the other, at the
intersection of the corresponding plane beams, form
the ruled surfaces of the second order

When using the optic, mechanical and mechanical
methods of projective image transformation, as
mentioned, there are frequent situations where a single
ordinary transformation is not sufficient and we need to
perform two or more.
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Fig. 35: Linear Perspective in Variants: conform to ABCD and
affine A1B1C1D1 (A2B2C2D2)
i

i'

A'

C

Fig. 37: Getting the perspective field transformed with the
new invariant c'i' with the direct perspective
S(c)

The Homologous Transformation of the Perspective
Plane with the Change of the Perspective Invariant
Position in its Field

a
B'
b
d

In dual and multiple transformations of the perspective
plane, a great deal of importance has not only the distortion
of the image in it, but also the position of the elements of
the perspective towards the image. In the practice of the
optical-mechanical transformation of the perspective plane
it is important that as a result of this main vertical
transformation it passes approximately through the center of
the image and the point of the null deformations is in the
middle of it. Such a lightweight perspective plane turns into
confirmation, which is usually required, for example, in the
optical-mechanical transformation of aerofotograms for
cartographic purposes.

A
D'

B
D

E
E
V

V'

Fig. 36: Perspective representing in combined planes

In these cases, it is of particular importance to place
the elements of the perspective of the image transformed
to the image field of work. We will examine several
cases of perspective transformation of the projective plan
in order to obtain its changes with the transformed
perspective elements of the set.

Double Perspective in Homology
First, we will examine the dual perspective in the
targeted fields. For this purpose, we will introduce the
notion of fields of perspective planes, their characteristics
and their mutual orientation conditions. Under the field
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names of the planes of perspective, we will understand the
elements of the perspective that characterize them: the main
vertices, the null deformation points and the main points of
flight, because their position on the image often depends on
the possibility of transforming the perspective plane into a
plan. We will also agree to divide the fields into initial
(passive), transformable (active) and results that are
obtained as a result of transformations.
Let us assume that in the perspective plane with the
invariant of the original perspective (Fig. 37) the image is
located in a marked area by dotted line and its
transformation perspective in conformation to the phototransformer can only be assured if the point of deformations
null c/ will be at the center of the image. To do this, we
make the necessary transformations.

Cn
V

V

in
C
i

Fig. 38: Getting the perspective field transformed with the
new invariant c'i' with the inverse perspective

C

1

in

Cn

4'

a

3'

b

2'

e

1'

d

i

4

We chose in Fig. 37 the transformation field with the
inverse of the line cnin, the basis of the VV perspective and
the transformation of the initial field into the resulting c/i/.
In this transformation, we first get the point i/ through a
simple construction.
The obtained image of Vin of the right ci, but in the
transformed field cnin and the union of points cn with the
point i and give us two straight lines.
At the intersection of these straight lines there is the new
main escape point i/ or the resulting field. Since the initial ci
and cnin transformable fields are mutually oriented, then as a
result of the transformation of the initial field, the new
transformed field c/i/ did not change the orientation, because
only the redistribution of the horizontal: 1, 2, 3, 4, 5 in the
initial field, 1/, 2/, 3/, 4/, 5/ - transformable. With letters a, b,
e, d, the double points of intersection of the corresponding
straight lines in the ray beams with the centers in the main
escape points i and i/ respectively are noted.
The null deformation point of the transformable field c/
is at the intersection of the new main vertex that passes
through the primary i/ or right-point escape points
connecting the null deformation points of the initial field c
and the transformable field cn because this line retains its
orientation angular to all three main vertices, combined in a
plane of perspective fields.
The dotted line in Fig. 37 shows the boundaries of the
image, at the center of which the new zero deformation
point was obtained c/.
Transforming the perspective perspective plane can also
be performed with the reverse perspective (Fig. 38). It is
easy to notice that in this case the initial ci and
transformable fields cnin are mutually antitetic oriented.
As a result of the construction, performed analogously
to the previous case with direct perspective, the new field
versus c/i/ the original one has the opposite orientation.

2

V

of

3

Transformation

C'

i

k'

Generally
Homologous
Perspective Plan

i

C'

k

8

V

8

Fig. 39: The condition of obtaining the
affine field in the combined planes

transformed

Therefore, with respect to the image shown in Fig. 39
through the dotted line, the line of disappearance is on
the opposite side to the original one. And on the
drawing, the close plane in the original field turns away
from the transformable field and vice versa.
If the transformed and transformable field disappear line
coincides (Fig. 39), the resulting field is affine. The main
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point of escape and/or the point of deformations c/is
projected to infinity, becomes inappropriate, improper
becomes the main vertical c/i/of the resulting field. The
rectangles in the corresponding plane, represented as
quadrants in the transformable perspective field at the
intersection of the ray of beam abed with the horizontal 1, 2,
3, 4 in the resulting field are parallelogram formed at the
intersection of the parallel lines passing through the abed
points and 1/2/, 3), 4).
The resulting field parallels can be obtained by using
the diagonal dk trapezes of the initial field. From that
point k/, obtained with the points cn and in and the
homology axis VV, allowed us to obtain the dk/of this
diagonal in the resulting field.
Further, the right dk/at the intersection with the parallel
family of lines, passing through the abed points, in turn,
allowed us to obtain a family of straight lines parallel to the
VV axis and passing through points 1, 2, 3/, 4/.
Thus, the projective-bay plane formed by the projectivehomologous transformation of the perspective plane is
distinguished by the fact that it does not have in its main
vertical field, the accompanying points of the main vertical,
the main point of escape and the points of deformation.
In the more general perspective perspective
transformation of the plan, for example, overlaying the
disappearance line of the transformable plane (Fig. 40) with
the vertical vertex of the initial plane, the abed quadrilateral
is the square image of the plan according to the new
anbnendn quadrangle of the transformed plan.
The problem of determining the position of the
perspective field elements of the resulting field appears.
For this purpose, we will find the position of the
disappearance line of this field and the zero deformation
point, with which we will also get the main vertical.
One of the points of escape of parallel lines in the initial
field and the plane according to is the point in, the second
point of escape of the right-hand sides andn and bnen is the
point i1, by which we will trace the line of disappearance
ini1 of the final field, because the anbendend square is a
double perspective view of the square of the corresponding
plane. If we now construct a right angle so that its sides pass
through the points in and i1 and then we will point its tip
and draw a circle through three points, then one can argue
that the point of zero deformations will be placed on it.
When using the right angle, the ini1 segment is the
diameter of the circle. Therefore, it is enough to find the
middle of the ini1 segment and by taking the center of the
circle we draw this circle. To determine the exact position
of the null deformation point of the final field, it is
sufficient to obtain the second circle. To this end, we will
find the escape points of straight families parallel to the
diagonals of the square, represented by the anen and bndn
straight lines. These points are i2 and i3, through which
we draw the second circle.

Fig. 40: The general case of perspective transformation of the
perspective plane in combined planes

At the intersection of two circles and we will get the
searched point c/. Descending from this point
perpendicular to the extinction line ini1, we will get the
main escape and/or the main vertical point of the
resulting field c/i/.
In order to verify the correctness of the executed
constructions, we will choose the baseline of the V/V
perspective line in the plane of the plan and we will
convert the square anbendend in the square
a/b/e/d/similar to the square of the corresponding plane
by means of the points i/c/.
In the general case in the plan according to the
figure does not necessarily have to be square. It is
sufficient to have any triangles (or parallelogram) with
two pairs of parallel sides, marked, for example, by the
points in their vertices.
After a series of perspective transformations and
blueberries, they will also be represented by triangles
or quadrilateral.

Perspective Space Representation on the Plan
In view of the perspective view of the three-dimensional
space on the plane (Fig. 41) outside the special points
examined above and the main vertical iVn there are still two
important points, the nadir point n and the main point o.
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An

i

V

J

the origin of the rectangular coordinate system in this plane
for solving photogrammetric problems.
If the projection center S will be moved to the
horizontal plane H elsewhere and we will project the
abedanbnendn figure on the corresponding T and Tn
planes, we will get an inclined parallelipiped.
Under the name of a projective plane, as is
customary, we refer to the plane consisting of points
and lines and has an improper right if we consider the
abstract image or the drawing of this plane, considering
it to consist only of elementary constructive elements.
If we introduce straight lines and special points into the
plane, then it will be possible to distinguish the
particular cases of the projective plans.
For example, if the projection plane consists of points
and distributed lines absolutely uniform along it, as
mentioned above, we will consider it conforming,
absolutely symmetrical and has no special points and lines,
except the line improperly mentioned above. On this plane,
all points have the property of the zero deformation point,
which is the property of the compliance.
If the projective plan has a single point, then it must
have the main point of escape, the main vertical and the line
of disappearance. Such a plan is perspective and has axial
symmetry over the main vertical. The points and lines on it
to the conform plane (as its perspective view) are unevenly
distributed. The closer they are to the disappearance line,
the more dense and dense they are.
If the projective plane has two axes of symmetry
reciprocally perpendicular and has no deformation points
in its own field, then it is affine and the symmetry axes are
called the main conjugate diameters. For all directions, the
structural elements of the blueprint are uniformly located.
In two main symmetry directions the density of the
structural elements is distributed differently, but it is
different with a constant value.
Thus, all projective plans are divided into two classes:
perspectives and blueberries. Other types of projective
planes in collinearity do not exist. All the others, listed
earlier, are their particular cases.
In the representation of space on the plane, as mentioned
above, plane views appear with a special location of the
nadir point. The nadir point is the geometric space of the
straight line of the image, perpendicular to the original
plane, represented by the center - point beams on the
perspective plane. The perspective plane of the spatial
object differs from the perspective plane of the plan object
by the fact that in the representation of the curved elements
of the spatial object, its plane curves, obtained as a result of
the sectioning of the space with the projective plane beam,
will be represented on the straight line of the perspective.
Therefore, the perspective plane of the spatial object in
relation to it is only partially collinear, because a right in the
field will be represented as a straight and the curve can also
be a straight line if it is in one of the planes of the beam
with central point, which projects space on the plane.

Fig. 41: Representing the perspective of the space T ...Tn in
plan P

The nadir point is distinguished by the fact that it is the
point of escape of the image of all vertical lines towards
the horizontal planes T and Tn. these lines are aan, bbn,
een, ddn, which represents the image of prism edges AAn,
BBn, EEn, DDn. The lower edges of ABED and the upper
AnBnEnDn of the prism or represented in plane P are
trapezoidal abed and anbnendn, the opposing sides of
which ad and ben andn and bnen are converging to the
main point of escape and the image of the prism edges
perpendicular to the plane of the vertical vertex iVJ or
represented parallel to one another and perpendicular to
the vertical vertical iV.
From Fig. 41 also shows that in the representation of the
space between the planes T and Tn, each of the planes
parallel to them is represented separately, because they have
a perspective "sa" axis passing through the point Vi, located
between the points V and Vn. However, all the other
elements of the P-plane, the line of disappearance passing
through the i-point, the vertical vertex iV, the zero
deformation point c, the nadir point n and the principal
point o - for all the horizontal planes are the same. The last
point, the main one, is the foot of the perpendicularly
lowered from the projection center S on the plane P and is
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The perspective plane of the spatial object also has
axial symmetry.
Any collinear transformation of the perspective plane,
except the conformation, leads to violation of the design
conditions of the image transformed into the spatial image,
because the nadir point does not hit the required spot, which
is determined by the central projection.
The beam of projective rays in this case should have a
different geometric construction, different from the
geometric construction of the central point projection beam.
The plan of projective transformation of the plan of
the spatial object perspective, as mentioned, is called
projective. This plan generally does not have a certain
symmetry due to the fact that the nadir point does not
coincide with the main vertical.
In the photogrammetric processing of the image,
transforming the plan view of the center projection
perspective into the projection may occur regardless of the
specialist's desire, for example, to obtain an enlarged or
reduced image of the microfilms, without accurately
respecting the shooting and reproduction conditions,
deformation of the image of the substrate, especially nonelongated on the two mutually perpendicular directions, etc.
In these cases, the theory, methods and tools used for the
usual projection of central projection, for stereo processing
and optometric transformation of deformed image are less
useful and can lead to significant loss in precision. In
transforming these images, it is important to know the new
position on them for the correct introduction of corrections
for the influence of the terrain. The transformation of such
images can be accomplished by any of the known methods
and from the point of view of the theory, without any loss
of precision, since such a picture remains collinear in
relation to any flat surface of the terrain.

accurate image of an abstract phenomenon that is relatively
easy to pass in the future in a mathematical language.
The general notion of stack bundles, projection rays
can be formulated, for example, in the following way.
A bundle of projective rays - is an abstract geometric
construction of lines (rays) that connect points with the
same name in space and plane of the image.
The geometric basis of the bundle construction is one
of its lines, which in itself represents the geometric
location of the intersection of the projection radii to the
representation of the plane plane plane and the individual
planes, which is an assembly of individual lines in itself,
to the representation of the space of the objects on the
plane space) of the image.
The rays of the complex bundles unite between them
the corresponding points of the objects and their image
and the coplanar plane (plane) and the ruled surfaces of
the second order unite between them the right lines (the
straight lines and the curves of the second order) of the
objects and their images.

The Bi-Linear Projection Beam
The basis for almost all intricate projective ray beams
is the bilinear beam. The most obvious bilinear beam can
be shown in the plane representation of plane P on plane
E (Fig. 42) or vice versa, plane E on plane P. The general
principle of designing points from one plane to another
can be defined in the following way.
The bilinear beam (Fig. 43) with the as and a/s
directories, as well as the center-point beam, can be
represented on the projection plane P.
x
ax

Project Representation of the Plan with the
Complex Projects of the Projects More Completed
Through the Central Point

a

o
ay

y

P

It is known that the concept of "beam" of straight rays
passing through a point only refers to the central point
version. However, with the development of new shooting
tools in the aerospace industry, it is necessary to extend this
concept and be assigned to the cases, mostly projectivecholarine and the second order of representation. In these
cases, an abstract-constructive representation of geometric
lines of the image that joins the corresponding points of the
plane or the space of the objects with the plane (space) on
which they are represented is also possible. Unlike the
central point beam in a generalized way, the geometric
location of the intersection of the projection radii may be
straight or even flat.
The geometrically constructive representation of the
beam of projective rays that unite the same points in space
and their plane of representation and still the space of
representation, gives us the opportunity to obtain the most

a'x

S1

S
ax

Y
Ay

A

O

Ax

E
X

Fig. 42: Representation of the affine general position plan by
the bi-linear beam of projective rays
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their extension they will intersect it in points V and V/
(Fig. 44a). In particular cases one of the directories, eg as
(Fig. 44b) may be parallel to plan P (intersect the plane
at the wrong point) and two a/s - to intersect it at point
V/as mentioned, both directories (Fig. 44c) may be
parallel to the projection plane. The directories parallel
to both planes will be called special ones.
In addition, the bilinear beam can also be transformed
into a monolinear (Fig. 45a and b) with the director of a,
which intersects with the plane Pin point V (Fig. 45a), or
at the wrong point (Fig. 45b).

as
a's
b

A

P

General Principles of Projective Transformations
of the Plan through the Bilinear Beam of Projective
Rays

a

Fig. 43: Representation of the bilinear beam on the projective
plane

In the general case, when two corresponding projective
planes P and P/ (Fig. 46) intersect after the right VV/and the
points V and V/are double and at the same time VV
crossing points/with bilinear beam directories as and a/s, the
transformation of the right abcd to right a/b/c/d/is done
with the traces Va, Vb ... V/c/, V/d/of the projective
planes (aVa/.) of the two beams with the axes a and a/s.

In this case, the projection rays of the beam will
correspond to points A and the planes and surfaces of the
second order, passing through the directories as and a/s
straight lines ab. In a particular case, when the right of
the projection plane becomes coplanar to one of the
beam directories, the corresponding second-order surface
turns into a plan.
Imagines the bilinear beam in the form of two plane
bundles with the axes a and a/s. Through any point in Plan
P we can plot the planes a/sa and so, which in plan E will
give us the traces of AAX and AAY. The intersection of
these planes will give us the projective radius Aa, which
intersects the as and a/s lines in S and S1. The lines,
parallel to the ox, oy and OX, OY coordinates and the as
and a/s beam directories, are planed with planes and all
other lines - with second order ruled surfaces. In this case,
straight rows, such as the diagonal of the oaxaay
quadrangle and two axes of plane beams as a/s, allow
them to draw with their help a single ruled surface of the
second order, which in its extension will intersect plan E
after the right OA. This surface is a hyperbolic paraboloid
because the oa, a, a/s, OA and all other directories that
form a single series will be parallel to a single plane and
all projection rays belonging to another generating series
will be parallel to another plane, which is not parallel and
does not coincide with the first one.
One will call the axes of the planes of the plane as and
a/s of the bilinear beam and the straight lines αA of the
plane a/a, as well as the second order ruled surfaces, passing
through oa, as, a/s, OA - rays projection, planes and
rudimentary surfaces of the second order, respectively.

b

a
V

V'
P

V'

P

as

a's

a's

as
c

P
as

a's

Fig. 44: Variants of the location of the directories a and a' with
the object of the projection plane P
a

a
V

Projective Representation of the Plan Using the
Bilinear Beam of Projective Rays

P

P

Representation of the Bilinear Beam on the
Projective Plane

as
as

Unlike the blue representation of planes on the other,
through the bilinear beam of projective rays, its
directories do not have to be parallel to plan P and at

Fig. 45: Variants of the location of the director line a towards
the projective plane P
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The traces Va and Va/... V/d and V/d/of the planes of
the beams are correspondingly straight between them,
forming stair beams with V and V/centers. In each of these
centers two Vabcd and Va/b/c/d/, V/abcd and V/a/b/c/d/ray
beams are obtained. A pair of beams with different centers
are in perspective perspective and construct straight lines in
the first and second planes. These lines are projective
correspondents, because a pair of planes, taken from both
bundles and passed through the corresponding points at
intersection, give the rays (aa/, bb/, cc/, dd/) that pass
through the as-/s and forms a second order ruled surface.
The succession of the design of points and straight lines
from one plane to another is the following.
Two planar correspondence planes P and P (Fig. 47) are
mutually arranged such that firstly they intersect after two
corresponding lines, in this case two pairs of corresponding
points V and V/overlap.
Secondly, through these points are drawn two
intersecting planes so that their traces in the
corresponding projective planes coincide with their
corresponding corners. Then at the intersection of these
planes, which are designing, we will get the bilinear
beam directories as and a/s.
Perpendicular to the planes P and P/draw the W
plane, find the intersection points S and S/of the beam
directories with this plane and draw through them the
radius OO/, which is in this plane.
The image of any point in plane P will be projected at
the corresponding point in plane P/as follows.
Through the director A and B draw the VSB design
plane and find the intersection with its VB track with the W
plane in the plane P. From the point I received through the
center S we plot the Sm of the VSB design plan in the W.
Analog plane by the director of a/s and point B plot the
second design plane V/S/B and also find the intersection of
its trace V/B with the trace W. The intersection of the tracks
mS and eS/in the W plane gives the point of intersection of
the radius of design BkB with plan W.
The similar kC point for the CkC radius will be
obtained at the intersection of the nS and hS/.
The projections of points B and C in plan P/(B/and
C/) are obtained at the intersection of the traces e/V/and
h/V/of the planes a/se/a/sh/in plan P/CKC. The traces
of the planes asB/and asC/in the plane P/, which pass to
the as direc- tor, are obtained by means of the
intersection points of the lines nS and mS with the trace
W in the plane P/. One of these points is denoted by the
letter n/, the other is outside the drawing at the
intersection of the mS and h/O/.
If such a construction is made for a point orce belonging
to the BC straight line, then depending on the accuracy of
the construction, its projection will hit right B/C/.

a's
as

P'
d

a'

c
b'
b

P

c'
a

V'

d'

V

V'

B'

P'

m'

O'

C'

n'

h

h'

kC

kB

S'

e

a's

e'

S

a'x

C

W

m

O

B

as

n

P

Fig. 46: Rigid second-order surfaces passing through a and a'
and projecting any right abcd to the right
correspondent a'b'c'd'

Conclusion
The self-construction of the planar beam connected
to each other in a bilinear bundle can be obtained in

Fig. 47: Designing the points and straight lines from plan P in
correspondences belonging to plane P'
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the case where the entire set of lines in the projection
plane P (Fig. 46 and 47) are projected on plane P/. As
a result, a set of ruled surfaces of the second order,
which pass through the two bundle directories and its
axis VV/. The latter, like the first two, is tangent to
the entire set of rough surfaces of the bilinear bundle.
Therefore, if there are to be drawn other planes with
the exception of the planes P and P/, then they will be
tangent to the whole set of rusted surfaces of the
second order and hence they will cut it only after
straight lines of the same series as the projection
planes P and P/. Right VV/but belongs to another
series of formation of the bundle of rusted surfaces of
the second order, to the series of rays and intersects
with all the surfaces. Thus, regardless of the fact that
we will section the bilinear bundle with the beam of
rays passing through its axis or not, this beam appears
in the bundle alone, by the formation of coplanar sets,
projectively connected to each other by straight lines
of the same series that form rusted surfaces the second
order, passing through the axis as. All these lines can
also be considered as intersections of the planar plane
formed by the VV/axis, with two planar beams with
the axes α and α/s.

Applications
The self-cProjective and Descriptive Geometry has
multiple applications in all areas of our everyday life. In
Fig. 48a is presented the project of a commercial sports
complex for Carol Park in Buchsarest, Romania, realized
with the help of projective geometry and in 48b a
Science and Astronomy museum.
Using GPS and GPD for very precise locations and
newer for measurement (determination) of the exact area of
an area (mapping), is today a normal action. This combined
instrument is nowadays indispensable in aviation, satellite
broadcasting, GPS locations for any type of moving
vehicle, military and civilian applications that require a
perfect location in real time.
The use of the projective geometric knowledge,
descriptive in the design of modern circular particle
accelerators, of toroidal form, can be seen in Fig. 49.
Determination of flat sections in different geometric
bodies, by means of descriptive geometry, by obtaining
the peaks, or by the sides (Fig. 50a and 50b).
Sequence of a straight pyramid with an end plane
can be followed in the Fig. 51.
In Fig. 52-57, the intersection of polyhedra can be
traced.

(a)

(b)
Fig. 48: Using GPS and GPD for very precise locations
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The use of the projective geometric knowledge,
descriptive in the design of modern circular particle
accelerators, of toroidal form
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Fig. 49: The use of the projective geometric knowledge, descriptive in the design of modern circular particle accelerators, of
toroidal form
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Fig. 50: Determination of flat sections in different geometric bodies, by means of descriptive geometry, by obtaining the peaks, or
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