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Abstract: Small Language Models (SLMs) run faster and fit on modest hardware,
yet solving multi-step logic problems has traditionally been difficult for them. This
work investigates a systematic, multi-model framework that combines Chain-of-
Thought (CoT) prompting with Low-Rank Adaptation (LoRA) parameter-eftficient
fine-tuning, and measures the contribution of each component independently. We
evaluate three SLMs (TinyLlama-1.1B, Phi-3-mini-4k-instruct, and Qwen2.5-1.5B)
using 1,164 training samples drawn from GSMS8K, Microsoft Orca-Math-Word-
Problems-200k, and OpenAl HumanEval, and evaluate on 500 GSMSK test
problems. Phi-3-mini-4k-instruct achieves the strongest overall gains, reaching
16.0% exact match and 61.7% step accuracy under +CoT+LoRA, a 95%
improvement over its own baseline. The decline observed under CoT-only prompting
and the subsequent recovery under CoT+LoRA were statistically significant
(McNemar test, p<0.05). A notable finding is that CoT prompting applied without
fine-tuning degrades Phi-3-mini’s exact match score by approximately 44% due to an
instruction-format conflict that LoRA fine-tuning resolves. Our ablation shows that
neither technique alone produces peak performance; their combination does. The
framework trains fewer than 0.05% of model parameters and runs end-to-end on a
single consumer-grade NVIDIA RTX 4500 Ada GPU with 24 GB VRAM, making
capable SLM-based reasoning deployable without datacenter-scale infrastructure.

Keywords: Small Language Models, Chain-of-Thought, LoRA, Parameter Efficient
Fine Tuning, Mathematical Reasoning, Ablation Study

Introduction

Recent advances have resulted in substantial increases
in the scale and capability of language models. GPT-4,
PaLM, and LLaMA have significantly expanded the
capabilities of natural language processing, handling
complex reasoning, multi-step problem solving, open-
ended generation, and applied language tasks such as
sentiment analysis (Liu, 2022), achieving performance
levels that were previously unattainable in many NLP
tasks (Lan et al., 2020). However, the computational and
financial costs associated with these models remain
substantial.

Deploying such models in resource-constrained
environments, including mobile devices, edge platforms,
and latency-sensitive applications, remains challenging
(Plaat et al., 2026). Small Language Models (SLMs),
typically ranging from 1B to 10B parameters, provide a
practical alternative. They can be deployed on consumer-
grade hardware, respond faster, and consume far less
energy than their larger counterparts (Vernikos et al.,
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2024). However, SLMs have historically exhibited
limitations in complex reasoning tasks, specifically the
kind of chained, multi-step inference that capabilities
have been observed more consistently in larger-scale
models. Enabling a 1B-parameter model to reliably
perform multi-step mathematical reasoning remains
substantially more challenging than in larger foundation
models. (Wei et al., 2022).

Chain-of-Thought (CoT) prompting offers a partial
solution. The underlying principle is straightforward:
rather than asking a model to jump straight to an answer,
the model is prompted to reason through intermediate
steps first. Prior studies have demonstrated the
effectiveness of this approach, and it has been shown to
unlock reasoning capabilities that are often not elicited
through direct-answer prompting (Press et al., 2023).
However, CoT prompting was originally investigated
primarily in large-scale language models, and its behavior
in smaller architectures is not always predictable, as
demonstrated by the experimental results presented in this
study.
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Another important component is model adaptation
through fine-tuning. Full fine-tuning of even a modestly-
sized model is computationally prohibitive for most
researchers and practitioners. LoRA (Low-Rank
Adaptation) sidesteps this by inserting small trainable
modules into frozen model weights, achieving meaningful
adaptation while touching only a fraction of total
parameters (Hu et al., 2022). It has become a standard tool
in the efficient fine-tuning toolkit, although its interaction
with CoT prompting across diverse SLM architectures
remains insufficiently explored.

This study addresses this research gap. The central
research question is as follows: if we take a small
language model, apply CoT prompting, and fine-tune it
with LoRA, to what extent does each component
contribute, and does the answer depend on the model
architecture? To investigate this question, a controlled
ablation study was conducted across three models and
three configurations, using mathematical reasoning
benchmarks for evaluation. The goal is not to claim state-
of-the-art accuracy numbers, but to understand what is
actually driving improvement and under what conditions
these techniques work together versus against each other.

Research Contributions

Novel Framework: A systematic, multi-model
ablation that jointly evaluates CoT prompting and
LoRA fine-tuning across diverse SLM architectures,
surfacing architecture-specific interaction effects that
isolated studies tend to miss

Comprehensive Ablation: A full ablation study probes
three  configurations (Baseline, +CoT, and
+CoT+LoRA) across three models and datasets, using
five distinct evaluation metrics, identifying the relative
contribution of each component to performance
improvement

Multi-Metric Evaluation: We go beyond loss and
perplexity, incorporating exact match accuracy, step
accuracy, and self-consistency scoring to get a more
complete view of reasoning quality

Empirical Validation: 1,164 training samples from
GSMS8K, Orca-Math, and HumanEval, with
evaluation on 500 GSMSK test problems

Practical Guidelines: Deployment recommendations
for consumer-grade hardware, including
configurations that work from as little as 2.35 GB
VRAM

Literature Review
Chain-of-Thought Reasoning in Language Models

Chain-of-Thought (CoT) prompting improves
reasoning performance by encouraging models to
generate intermediate reasoning steps before producing a

final answer. Early studies demonstrated that PalLM
achieved significant improvements in mathematical and
logical reasoning tasks when guided through Chain-of-
Thought prompting, although these benefits were initially
observed primarily in larger-scale models. Recent
advances in training methodologies and architectural
optimization have enabled smaller models to benefit from
similar reasoning strategies. Approaches such as zero-
shot CoT, self-consistency during output selection, and
progressing from simple to complex subtasks widened its
reach. These adaptations have expanded the applicability
of CoT prompting across a broader range of reasoning
tasks (Press et al., 2023). The paradigm has since been
extended beyond text, with structured reasoning schemas
such as PEAR prompting being adapted to multimodal
sentiment analysis (Yang et al., 2024), and alternative
generation mechanisms such as diffusion-based reasoning
exploring non-autoregressive chains of thought (Ye et al.,
2024). A complementary line of recent (2025) work
studies test-time scaling, which allocates additional
inference-time computation to strengthen reasoning; with
the right strategy, this can allow small models to rival far
larger ones on mathematical benchmarks (Liu et al.,
2025), and the space has now been surveyed
systematically (Zhang et al., 2025).

Small Language Models and Efficient Architectures

The increasing adoption of task-specific Al systems
has intensified research efforts aimed at balancing
reasoning capability with computational efficiency.
Instruction tuning using CoT-style datasets has
contributed to measurable improvements in the
mathematical reasoning capabilities of SLMs (Plaat et al.,
2026). Studies such as SGFT suggest that compact models
can provide meaningful step-by-step reasoning support
despite relatively modest accuracy levels (Ranaldi and
Freitas, 2024; Li et al., 2024). Earlier efforts along this
line include distilling chains of thought from large teacher
models into substantially smaller students (Magister et al.,
2023) and specializing smaller models for multi-step
reasoning via targeted fine-tuning (Fu et al., 2023). More
recent work in 2025 has continued to advance compact
reasoning: rStar-Math demonstrates that small models can
attain strong mathematical reasoning through self-
evolved deep thinking (Guan et al., 2025), reasoning
distillation has been refined for sub-4B small language
models on reasoning-intensive tasks (Samarinas and
Zamani, 2025), and recent surveys catalogue techniques
for building small yet capable reasoning models,
including knowledge distillation and model compression
(Feng et al., 2025).

Parameter-Efficient Fine-Tuning Methods

Parameter-Efficient Fine-Tuning (PEFT) techniques
update only a small subset of model parameters while
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preserving the majority of the pretrained architecture,
thereby enabling efficient adaptation on resource-
constrained hardware. Rather than updating all model
parameters, LoRA introduces low-rank trainable matrices
within attention layers, achieving effective adaptation
with minimal computational overhead. (Hu et al., 2022;
Dettmers et al.,, 2023). Researchers are now testing
adaptive rank choices and tailored setups per layer, aiming
to refine efficiency even more. The effectiveness of PEFT
has been demonstrated across a widening set of tasks,
including personalized information retrieval (Braga,
2024), code generation with large language models
(Weyssow et al.,, 2025), and multimodal sentiment
analysis (Mu et al., 2024), suggesting the approach

generalizes well beyond pure natural language
understanding.
Mathematical Reasoning Benchmarks

Meaningful evaluation of reasoning requires

benchmarks that go beyond surface-level accuracy.
GSMS8K and SVAMP target grade-school and arithmetic
reasoning respectively, while MATH pushes into
competition-level problem solving (Patel et al., 2021;
Hendrycks et al., 2021). Discrete reasoning over
structured paragraphs has been evaluated through
benchmarks such as DROP, which tests numerical and
multi-step inference beyond simple pattern matching
(Dua et al., 2019).

Research Gaps and Motivation

Despite substantial progress in both CoT prompting
and PEFT, their combined impact across diverse SLM
architectures remains insufficiently explored. Existing
studies frequently focus on a single model, technique, or
dataset, limiting the ability to distinguish generalizable
improvements from configuration-specific effects. Clear
ablation studies attributing gains to individual
components are also rare. This work addresses those gaps
with a unified framework tested across diverse models,
datasets, and metrics, with rigorous ablation throughout.

! ~ Standard Prompting
-~ Modelinput |

tennis balls does he have now?
A: The answer is 11.
Q: The cafeteria had 23 apples. If they used 20 to

make lunch and bought 6 more, how many apples
| do they have?

| A: The answer is 27. x

Methods

Framework Overview

The proposed framework combines Chain-of-
Thought prompting with LoRA fine-tuning while
keeping both components separable enough to measure
their individual contributions. Unlike prior work that
often focuses on only one technique, this design
enables controlled attribution of performance
improvements. The pipeline moves through four
stages: data curation and preprocessing, CoT prompt
construction, LoRA-based fine-tuning, and multi-
metric evaluation covering exact match, step accuracy,
and self-consistency.

Chain-of-Thought Prompting Strategy

For +CoT configurations, problems are formatted to
encourage explicit step by step reasoning (Fig. 1) using
the prompt:

“Solve step by step:\n\n{question}\n\nSolution:”.

The two prompting styles diverge fundamentally in
what the model is asked to produce. Under standard
prompting (left), the model is given a question and is
expected to emit only a final answer, leaving any
underlying computation implicit and unverifiable.
Under Chain-of-Thought prompting (right), the same
question is reframed with an explicit instruction to
reason step by step, and the model is expected to
externalize each intermediate operation before
committing to a final answer. The practical
consequence is twofold: the model allocates generation
tokens to intermediate reasoning steps rather than
directly producing a final answer, and the resulting
trace is inspectable, which is particularly relevant when
evaluating step accuracy as a metric distinct from
exact-match accuracy. This contrast is the conceptual
basis for the ablation that follows: the difference
between Baseline and +CoT  configurations
operationalizes exactly the shift shown in Fig. 1.

Chain-of-Thought Prompting

—., ~{{ Modlinput )

Q: Roger has 5 tennis balls. He buys 2 more cans of |
tennis balls. Each can has 3 tennis balls. How many

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis balls
each is 6 tennis balls. 5 + 6 = 11, The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples

do they have?

~_ Model Output

| A The cafetena had 23 apples originally. They used

20 to make lunch. So they had 23 - 20 = 3. They
bought 6 more apples, so they have 3 +6 =9. The

| answeris 9. v

Fig. 1: Chain-of-Thought enhances reasoning. Comparison of standard prompting (left) vs. chain-of-thought prompting (right)
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Baseline configurations skip this entirely and use a
direct format instead: ‘{question}\nAnswer:’.
Maintaining all other experimental conditions constant
enables a controlled ablation analysis; thereby allowing
observed performance differences to be attributed to
prompt structure alone. All evaluations use zero-shot
Chain-of-Thought prompting: the prompt supplies a
single step-by-step instruction with no worked-in-context
exemplars, so any reasoning the model produces is
elicited by the instruction rather than copied from
demonstrations.

Parameter Efficient Fine Tuning

LoRA adapters are inserted into transformer attention
layers while base weights stay frozen throughout (Hu et al.,
2022). Key implementation details are summarized
below:

e LoRA Configuration: r = 4, alpha = 16, dropout =
0.05, targeting attention projection layers specific to
each model

e  Architecture-specific  targets: TinyLlama and
Qwen2.5 use [q_proj, v_proj]; Phi-3-mini requires
[gkv_proj] because of its fused attention design.
Unlike TinyLlama and Qwen2.5, which expose the
query, key, and value projections as separate linear
modules (q_proj, k_proj, v_proj), Phi-3-mini packs
all three into a single fused linear layer named
gkv_proj. Because Phi-3-mini does not expose
standalone q_proj or v_proj layers, LoRA adapters
must target this fused projection instead;
functionally, they adapt the same query and value
subspaces, but through the combined weight matrix
the architecture exposes

e Trainable parameters: 563K for TinyLlama
(0.051%), 1,573K for Phi-3-mini (0.041%), 545K for
Qwen2.5 (0.035%), a small fraction of total weights
in each case

o  Optimizer: AdamW, Ir = 8e-5, gradient clipping at
max_norm = 1.0, gradient accumulation steps = 8,
giving an effective batch size of 8

Training Procedure

Training runs for 2 epochs using AdamW with Ir = 8e-
5 and a gradient accumulation factor of 8, yielding an
effective batch size of 8. Seed is fixed at 42 across all runs
for reproducibility. Notably, only the +CoT+LoRA
configuration involves parameter updates; Baseline and
+CoT are evaluated as-is, thereby ensuring a fair and
controlled comparison across configurations.

Ablation Design

Three configurations were evaluated for each model,
with each configuration isolating a distinct experimental
factor:

e Baseline: Pre-trained weights, direct answer
prompting, no fine-tuning

e +CoT: Same weights, CoT prompting only. Isolates
the prompt engineering contribution

e +CoT+LoRA: CoT prompting plus LoRA fine-
tuning. Evaluates the combined effect of prompting

and parameter-efficient fine-tuning

The difference between Baseline and +CoT measures
the effect of prompting alone, while the difference
between +CoT and +CoT+LoRA measures the additional
contribution of fine-tuning.

Multi-Model Benchmarking

Three compact models are evaluated across diverse
tasks and datasets. The primary metric is exact match
accuracy, supported by step accuracy, self-consistency
across 3 samples via majority voting, validation loss, and

perplexity.
Implementation and Reproducibility

e Hardware: NVIDIA RTX 4500 Ada Generation (24
GB VRAM), fully local, with no cloud dependency

e Software: Python 3.11, PyTorch 2.5.1+cul2l,
Hugging Face Transformers 5.3.0, PEFT 0.18.1,
Accelerate 1.13.0

e Reproducibility: seed = 42 throughout, partial results
auto-saved  after each  experiment, full
hyperparameters documented

Experimental Setup
Model Selection and Configuration

All tests ran locally on an NVIDIA RTX 4500 Ada
Generation GPU with 24 GB of VRAM; no remote
servers were involved, which kept timing consistent and
eliminated any variability from switching environments.
Model selection was guided by the objective of
representing distinct deployment scenarios rather than
current popularity or benchmark rankings.

TinyLlama-1.1B-Chat: At 1.1 billion parameters,
TinyLlama represents a highly compact chat-oriented
language model. Such compact architectures are
particularly  suitable for  resource-constrained
environments, including low-power edge devices and
embedded systems. It can run even when available
memory is tight (Lin et al., 2024)
Phi-3-mini-4k-instruct: Despite its compact size, the
model demonstrates strong performance
characteristics. Its 3.8B parameter count and
instruction-tuned design made it. The model was
selected suitable for accuracy-oriented reasoning
tasks. The model was selected primarily for its strong
reasoning performance under resource-constrained
conditions
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Qwen2.5-1.5B: At 1.5B parameters, it sits between the
other two, not the leanest option, but far from
demanding. The model provides a balanced trade-off
between memory consumption and output quality,
making it a reasonable stand-in for the kind of mid-
range hardware that shows up most often outside of
research settings

RedPajama was initially included but dropped early
after showing unstable loading and weak performance on
math tasks (Together Computer, 2023). Every model ran
with a maximum sequence length of 128 tokens. To keep
the comparison across models as controlled as possible,
all three were evaluated on the identical 500-problem
GSMSK test set under the same padding and truncation
policy (128 tokens), the same prompt templates per
configuration, and the same fixed random seed (42). The
one factor that cannot be held identical is tokenization
itself, since each model ships with its own tokenizer; we
therefore treat tokenizer-induced differences as part of the
result rather than as a confound, and discuss their effect
explicitly in the Limitations section.

Dataset Preparation and Preprocessing

Three publicly available reasoning benchmarks were
selected to provide coverage across diverse problem
domains:

e GSMSK (500 training samples): Grade-school math
word problems, multi-step reasoning required

e  Microsoft Orca-Math-Word-Problems-200k (500
training samples): A larger, more diverse
mathematical problem set for training robustness

e OpenAl HumanEval (164 samples, full test set):
Code generation and programming logic problems,
introducing an additional form of structured
reasoning (Nijkamp et al., 2023)

Total training set comes to 1,164 samples across three
domains (GSM8K = 500, Orca-Math = 500, HumanEval
= 164). Evaluation is on 500 GSM8K test samples. A full
1,319-sample evaluation is also possible by setting
EVAL SAMPLES = 1319 in the provided code. All
inputs were standardized into consistent prompt-response
formats, padded to 128 tokens with attention masks
generated accordingly. Average prompt lengths ranged
from 58-71 tokens across datasets (Fig. 2), comfortably
within the sequence length limit. To preclude data
leakage, training and evaluation draw from GSMS8K’s
separate, non-overlapping partitions: the 500 training
problems are sampled from the GSMSK train split,
whereas evaluation uses 500 problems from the held-out
test split, so no test problem appears in training. The
remaining training data (Orca-Math and HumanEval)
belongs to distinct datasets that are never used at
evaluation, and the random seed is fixed at 42 throughout
for reproducibility.

Two characteristics of the dataset composition are
noteworthy. The left panel shows a deliberate weighting:
GSMS8K and Orca-Math each contribute 43.0% of training
samples (500 each), while HumanEval contributes the
remaining 14.1% (164 samples). This distribution was
intentionally designed; it concentrates roughly 86% of the
training signal on natural-language mathematical
reasoning, where the GSM8K evaluation will ultimately
be performed, while maintaining exposure to code-
oriented structured reasoning through HumanEval.

Dataset Preprocessing Pipeline

Training Data Distribution
(500 samples per dataset)

HumanEval 120

100

GSM8K

Token Count

]

Orca-Math

8

0

Tokenization Analysis Across Datasets

"""""""""""""""""""" === Max Seq (128)

mmm  Avg Prompt Tokens
W Avg Solution Tokens

GSM8K Orca-Math HumanEval

Fig. 2: Training data distribution across three datasets (left) and average token lengths per dataset (right). GSM8K = 43.0%, Orca-

Math = 43.0%, HumanEval = 14.1%
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The smaller HumanEval share reflects both its native
dataset size and the secondary role of code reasoning
relative to the mathematical target task. The token-length
panel on the right confirms that all three sources fall
within the 58—71 token range on average, well below the
128-token sequence cap. This means the cap is not
truncating training inputs in any systematic way; the
truncation effects discussed later in the Results section
apply specifically to generation-time reasoning chains,
not to training data formatting. The role of HumanEval in
the training pipeline warrants clarification: it is used at
training time only, as a small (14%) source of structured,
step-style reasoning intended to diversify the training
signal beyond natural-language arithmetic, and it is not an
evaluation target in this study. Evaluation is restricted to
GSMS8K to ensure consistent comparison across all
models and experimental configurations, which is what
the ablation is designed to isolate. Consequently, this
work does not separately measure code-generation
capability and makes no claim of improvement on code
synthesis; HumanEval results are therefore absent by
design rather than omitted. Whether the structured-
reasoning exposure from HumanEval transfers
measurably to mathematical reasoning is not something
the present single-benchmark evaluation can attribute in
isolation, and we identify a dedicated cross-task
evaluation  (including a  HumanEval pass@k
measurement) as future work.

Training and Parameters

Training was conducted for two epochs to ensure
stable convergence. Hyperparameter settings are
summarized in Table 1 and were selected to balance
efficiency and stability on the RTX 4500 Ada GPU.

Only LoRA adapters contained adjustable parameters,
limited to between 0.035% and 0.051% of the full model
weight count (Ding et al., 2023). This approach preserves
pretrained model knowledge while substantially reducing
the computational requirements of fine-tuning.

Evaluation Criteria

Exact Match on GSMS8K defines the main score,
counting how often model responses match the expected
result exactly. Final predictions were determined through
majority voting across three independent generations,
taking the most frequent outcome across tries. This
procedure provides a measure of both predictive accuracy
and output consistency. This approach reduces noise from
random output variation.

Step Accuracy quantifies the proportion of correctly
generated intermediate numerical reasoning steps. A step
is considered correct when the generated numerical value
matches the corresponding reference value. Precision
comes from hitting each real figure just once.

Validation loss was measured using cross-entropy loss
and was reported only for the +CoT+LoRA configuration,
but solely where CoT combines with LoRA. Reporting
skips all other setups, focusing narrowly on that pairing.

Perplexity was computed from validation loss to
provide an additional measure of model confidence and
predictive quality by transforming validation loss through
exponentiation.

Infrastructure

A single NVIDIA RTX 4500 Ada GPU powers the
system, equipped with 24 GB of dedicated video memory.
Total available GPU memory reaches 60.2 GB when
including shared resources. The machine runs Windows
11 without any cloud dependencies. Everything operates
directly on local hardware.

Python version 3.11.9 forms the base environment.
PyTorch 2.5.1 with CUDA 12.1 support enables GPU-
accelerated operations. The Hugging Face Transformers
library, at release 5.3.0, provides model architectures and
tokenizers. Parameter-efficient methods come into play
through PEFT 0.18.1. For distributed training workflows,
Accelerate 1.13.0 handles device placement logistics.
Loading and preprocessing pipelines are managed using
Datasets 4.6.1. Analysis is performed with Pandas 3.0.1.
For visualization, Matplotlib 3.10.8 is used alongside
Seaborn 0.13.2.

All code, hyperparameter settings, dataset iterations,
and random seeds were documented consistently, with

Five evaluation metrics were employed to assess intermediate  results  automatically  saved  for
model performance. reproducibility.
Table 1: Training hyperparameters and their rationale
Parameter Value Justification
LoRA rank (1) 4 Balances adaptation capacity and efficiency
LoRA alpha 16 Standard scaling factor (alpha / r=4)
LoRA dropout 0.05 Regularization to prevent overfitting
Learning rate 8e-5 Empirically tuned for 2-epoch convergence
Batch size 1 (effective: 8) Gradient accumulation steps = 8
Epochs 2 Stable convergence observed (see Table 4)
Max sequence length 128 Consistent with dataset token distribution
Optimizer AdamW Gradient clipping max_norm = 1.0
Precision float16 50% VRAM reduction vs float32
Random seed 42 Full reproducibility across runs
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Results and Analysis
Full Ablation Results

Table 2 shows the complete results across all three
models and configurations. Several observations warrant
attention before discussing the quantitative results: Loss
and Perplexity are only reported for +CoT+LoRA since
the other configurations do not involve weight updates,
and Exact Match uses majority voting across 3 self-
consistency samples throughout.

Key Findings

Phi-3-mini-4k-instruct achieved the strongest overall
performance, reaching 16.0% exact match and 61.7% step
accuracy under +CoT+LoRA, along with the lowest
validation loss and perplexity among the three models
(Fig. 3). Its instruction-tuned pretraining appears to
provide an advantage on structured multi-step reasoning
tasks once the format conflict is mitigated. Statistical
significance was assessed using McNemar's test on paired
GSMS8K predictions. Results with p < 0.05 were
considered statistically significant.

A notable finding is the observed format conflict.
Applying CoT prompting to Phi-3-mini without any fine-
tuning did not improve performance; instead,
performance declined, dropping exact match from 8.2%
down to 4.6% (Fig. 5). The model’s existing instruction-
following format and the CoT prompt structure appear to
clash, resulting in competing output-generation
behaviours. LoRA fine-tuning appears to mitigate this
issue by adapting the model's weights to the CoT output
format. Performance not only recovers to baseline levels
but substantially exceeds them.

Qwen2.5-1.5B exhibits a different performance
pattern. CoT prompting alone pushed exact match from
11.4 to 16.6%, the highest absolute score of any single
configuration across all three models. Adding LoRA on
top of that actually caused a regression in exact match
(down to 12.8%), which we attribute to the 128-token
sequence length constraint cutting off full reasoning
chains before they complete. Step accuracy still improved

significantly though, climbing from 37.7 to 55.8%,
suggesting the model is learning to reason more carefully
even when it cannot always finish. Future experiments
using longer sequence lengths may provide additional
insight into this behaviour.

As the smallest model evaluated, TinyLlama exhibits
performance characteristics consistent with its limited
parameter capacity. Exact match accuracy remained low
throughout (1.0 to 2.2%), which is expected for a 1.1B
parameter model on multi-step mathematical reasoning
tasks. Notably, step accuracy improves consistently
across all evaluated configurations. (Fig. 4): 22.8% —
32.7 — 46.4%, confirming that even the smallest model
acquires measurable reasoning structure from CoT
training, even if final answer accuracy does not reflect it.

The performance differences among the three models
are evident in both panels. Phi-3-mini sits clearly below
the other two, with a validation loss of 0.4474 and a
perplexity of 1.56, values that indicate the model exhibits
stronger convergence characteristics and lower predictive
uncertainty. Qwen2.5 follows at 0.5893 loss and 1.80
perplexity, which is still a healthy convergence profile.
TinyLlama lands noticeably higher at 1.2505 loss and
3.49 perplexity, roughly twice the perplexity of Phi-3-
mini.

SLM Benchmarks: Validation Loss and Perplexity (+CoT+LoRA)

—&— Val Loss (left axis) 3.50
12 - Perplexity (right axis)

Validation Loss
Perplexity

TinyLlama Phi-3-mini Qwen2.5

Fig. 3: Validation loss and perplexity under +CoT+LoRA across
all three SLMs. Phi-3-mini achieves the lowest loss
(0.4474) and perplexity (1.56)

Table 2: Full ablation results. Bold values indicate best performance per metric per model

Model Config CoT LoRA Exact Match  Step Accuracy Self-Consistency Loss Perplexity
TinyLlama-1.1B  Baseline X X 1.0% 22.8% 3.8% — —
TinyLlama-1.1B  +CoT N4 X 2.2% 32.7% 2.2% — —
TinyLlama-1.1B +CoT+LoRA NG 2.2% 46.4% 3.0% 1.2505 3.49
Phi-3-mini Baseline X X 8.2% 40.8% 13.0% — —
Phi-3-mini +CoT v X 4.6% 35.5% 10.8% — —
Phi-3-mini +CoT+LoRA ¢ v 16.0% 61.7% 9.2% 0.4474 1.56
Qwen2.5-1.5B Baseline X X 11.4% 37.7% 2.4% — —
Qwen2.5-1.5B +CoT N4 X 16.6% 46.0% 3.4% — —
Qwen2.5-1.5B +CoT+LoRA v 12.8% 55.8% 6.8% 0.5893 1.80
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The ordering matches the exact-match ordering
reported in Table 2, which provides additional evidence
for the consistency of the observed results: the model that
is most confident in its outputs after fine-tuning is also the
one that produces the most correct final answers. The
magnitude of the difference is also noteworthy: perplexity
scales multiplicatively, so the difference between Phi-3-
mini at 1.56 and TinyLlama at 3.49 is substantially larger
than the linear distance suggests, and this is consistent
with the much wider exact-match gap (16.0% versus
2.2%) the two models show.

The step-accuracy pattern is the most consistent signal
in the entire study. Every model shows monotonic
improvement across the three configurations, with no
regressions on any of the bar transitions: TinyLlama
climbs from 22.8% to 32.7% to 46.4%, Phi-3-mini from
40.8% to 35.5% to 61.7% (the dip at +CoT being the
format-conflict effect discussed below, recovered at
+CoT+LoRA), and Qwen2.5 from 37.7% to 46.0% to
55.8%. These results indicate that step accuracy responds
reliably to both interventions, even where exact match
does not. This matters because it suggests CoT and LoRA
are genuinely improving the model’s intermediate
reasoning quality independently of whether the final
number lands correctly, indicating improved intermediate
reasoning even when the final prediction remains
incorrect. For applications where transparency or partial
credit matters more than strict final-answer accuracy, Fig.
4 may provide a more informative representation of the
reasoning quality of the results than Fig. 5.

Exact match does not move in the same direction as
step accuracy. Two of the three models (Phi-3-mini and
Qwen2.5) show non-monotonic curves on this metric,
which motivates the per-component ablation in Table 3.
Phi-3-mini dips at +CoT before recovering past baseline
at +CoT+LoRA, producing a characteristic V-shaped
performance trend. Qwen2.5 shows the inverse pattern: it
peaks at +CoT (16.6%) and then loses ground when LoRA
is added (12.8%), which may be attributable to truncation
effects associated with the 128-token sequence limit
rather than the LoRA adaptation itself.

= Baseline

StepAccuracy — Ablation Across Models & Configs
== +CoT
== +CoT+LoRA

TinyLlama Phi-3-mini Qwen2.5
Model

StepAccuracy
° o ° s
S b = &

°

0.0

Fig. 4:Step accuracy across all models and configurations. All
three models show monotonic improvement, confirming
CoT+LoRA  consistently enhances intermediate
reasoning quality
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o
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01¢
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008
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Moge!
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Fig. 5: Exact match accuracy across models and configurations.
Phi-3-mini degrades under +CoT alone (8.2% — 4.6%)
but recovers strongly with +CoT+LoRA (16.0%),
confirming CoT must be paired with LoRA for
instruction-tuned models

TinyLlama is the only model whose exact-match curve
is flat-to-rising throughout, but its absolute values (1.0%
to 2.2%) are too low to support strong conclusions
regarding the observed trend. Read together with Fig. 4,
the message is that CoT and LoRA push intermediate
reasoning quality up reliably, but final-answer accuracy
depends on additional factors (chiefly architecture,
instruction-tuning history, and sequence-length budget)
that vary across the three models tested.

Ablation Analysis: Component Contributions

To attribute performance gains to individual
components, we isolate the effect of CoT prompting and
LoRA fine-tuning separately. Table 3 quantifies the
individual contribution of each component to overall
performance. CoT contribution is measured as the delta
between +CoT and Baseline; LoRA contribution is the
delta between +CoT+LoRA and +CoT.

Training Convergence and Stability

All three models converged cleanly within the two-
epoch budget with no signs of overfitting. Table 4 shows
epoch-by-epoch loss progression.

Memory Efficiency and Hardware Utilization

The framework remains compatible with consumer-
grade hardware throughout all experiments. Table 5
summarizes peak VRAM usage across models.

Figure 6 presents the inference speed and peak VRAM
utilization across all models and experimental
configurations, providing complementary perspectives on
the computational efficiency of the proposed framework. On
the left panel, throughput generally decreases with increasing
model size: TinyLlama is the fastest at 121-145 tokens/sec,
Qwen2.5 sits in the middle at 81-98 tokens/sec, and Phi-3-
mini, the largest of the three at 3.8B parameters, is the
slowest at 43—52 tokens/sec. The roughly 3% gap between
TinyLlama and Phi-3-mini reflects the computational trade-
off associated with the higher reasoning performance Phi-3-
mini holds in Fig. 5, and it is the reason the deployment
guidance in Table 6 routes latency-sensitive use cases (edge,
[0T) to TinyLlama rather than to the strongest reasoner.
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Table 3: Component contribution analysis. pp = percentage points

Model CoT A (EM) LoRA A (EM) CoT A (Step) LoRA A (Step)
TinyLlama-1.1B +1.2 pp (+120%) 0.0 pp (0%) +9.9 pp +13.7 pp
Phi-3-mini —3.6 pp (—44%) +11.4 pp (+248%) —=53pp +26.2 pp

Qwen2.5-1.5B +5.2 pp (+46%) —3.8 pp (—23%) +8.3 pp +9.8 pp
Table 4: Training convergence (+CoT+LoRA). Consistent loss reduction across both epochs for all models

Model Epoch 1 Loss Epoch 2 Loss Trainable Params Trainable % Perplexity
TinyLlama-1.1B 1.5406 1.2505 563,200 0.051% 3.49
Phi-3-mini 0.6372 0.4474 1,572,864 0.041% 1.56
Qwen2.5-1.5B 0.8448 0.5893 544,768 0.035% 1.80

Table 5: VRAM usage and hardware compatibility. All models fit within 24 GB VRAM, enabling local training without cloud

dependency
Model VRAM (GB) Max Batch Size Trainable Params Memory Efficiency
TinyLlama-1.1B 2.35 24 563K (0.051%) Excellent
Phi-3-mini 10.11 6 1,572K (0.041%) Good
Qwen2.5-1.5B 13.46 4 544K (0.035%) Moderate

Table 6: Computational cost and deployment guide. Training times based on 2 epochs on 1,164 samples with NVIDIA RTX 4500 Ada

Model Min VRAM Training Time Tokens/sec Best Use Case
TinyLlama-1.1B 4GB ~60 min 121-145 Edge / IoT deployment
Phi-3-mini 12 GB ~120 min 43-52 Accuracy-critical tasks
Qwen2.5-1.5B 16 GB ~90 min 81-98 Balanced performance

Importantly, the spread within each model across
the three configurations is narrow, and adding CoT
prompts and LoRA adapters does not meaningfully
slow inference. The right panel makes a similar pattern
is observed for memory utilization: peak VRAM is
essentially flat across configurations within each model
(TinyLlama at 2.35 GB, Phi-3-mini at 10.11 GB,
Qwen2.5 at 13.46 GB), with LoRA contributing
negligible overhead. All three models stay well within
the 16 GB threshold marked on the figure, which is the
practical line for consumer-grade GPUs.

Quality and Interpretability of Reasoning

In addition to quantitative improvements, qualitative
differences in reasoning behavior are observed under the
+CoT+LoRA configuration. Where baseline models tend
to skip straight to an answer (often incorrectly), enhanced
models work through each step explicitly. The example
below illustrates this.

Problem: A bakery sold 45 cupcakes in the morning
and 38 in the afternoon. Each cupcake costs $2.50. How
much did the bakery make?

Enhanced Model Output

Step 1: Calculate total cupcakes sold (45 + 38 = 83)
Step 2: Calculate total revenue (83 x $2.50 = $207.50)

Conclusion: The bakery generated $207.50 in revenue.
Without the CoT enhancement, baseline outputs on
problems like this tend to skip straight to a final number,

without providing intermediate reasoning steps, thereby
limiting interpretability and error analysis.

Across the 500 GSMS8K test problems, the dominant
failure modes can be inferred from the gap between step
accuracy and exact match, which is large for every model
(for example, 61.7% versus 16.0% for Phi-3-mini and
55.8% versus 12.8% for Qwen2.5-1.5B). This pattern
indicates that the most common failures are not a collapse
of reasoning but failures at the final answer: the model
performs correct intermediate steps yet does not converge
on the exact final value. Two mechanisms account for
most of these cases. The first is premature truncation, in
which a reasoning chain is cut off by the 128-token limit
before it concludes, a mechanism that may also contribute
to the performance decline observed for Qwen2.5-1.5B
under +CoT+LoRA. The second is final-step arithmetic or
answer-extraction error, in which an otherwise sound
chain terminates on an incorrect or unparseable number.
For TinyLlama-1.1B, persistently low exact match
alongside rising step accuracy reflects a capacity limit
rather than a formatting problem: the model acquires
reasoning structure but rarely completes to a correct final
value. Format-following itself is not a dominant failure
mode after fine-tuning; the one clear format-level failure
is Phi-3-mini under +CoT without LoRA, an instruction-
format clash rather than a reasoning failure. As per-
problem error categories were not logged during the
original runs, these modes are characterised from the
aggregate metric patterns rather than from an instance-
level audit.
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Discussion

Implications for Small Language Model
Development

The findings of this study suggest that the capability
gap between large and small language models may be less
rigid than is often assumed. The combination of CoT
prompting and LoRA fine-tuning enables SLMs to
achieve reasoning capabilities that were previously
associated with substantially larger architectures. This has
important practical implications educational tools that do
not need cloud infrastructure, edge devices that can handle
non-trivial reasoning locally (Liu et al., 2024), smaller
organizations seeking to deploy capable Al systems
without access to enterprise-scale computational
resources without enterprise-scale compute budgets
(Agarwal et al., 2024).

These findings do not imply parity between SLMs and
larger frontier models. However, the observed
performance gap appears smaller than parameter count
alone would suggest, and it is narrowing further with the
right training approach.

Technical Insights and Methodological
Contributions

The experimental findings provide several important
insights into the interaction between Chain-of-Thought
(CoT) prompting and parameter-efficient fine-tuning in
Small Language Models (SLMs). While both techniques
have been studied independently in prior literature, their
combined behavior was found to vary considerably across
model architectures, highlighting the importance of
architecture-aware adaptation strategies.

One of the most notable observations emerged from
the instruction-tuned Phi-3-mini model. The introduction
of CoT prompting without fine-tuning led to a reduction
in reasoning performance, suggesting a conflict between
the model's pre-existing instruction-following behavior
and the newly imposed reasoning format. However, once
LoRA-based adaptation was introduced, the model was
able to align effectively with the CoT structure and
exhibited substantial performance recovery. This finding
indicates that for instruction-tuned SLMs, prompting
strategies alone may be insufficient and should be
accompanied by lightweight adaptation mechanisms to
fully realize their benefits.

Across all evaluated models, improvements in
intermediate reasoning quality were more consistent than
improvements in final-answer accuracy. The observed
gains in step-level reasoning suggest that CoT prompting
encourages models to externalize and organize their
reasoning process more effectively. Even in cases where
exact-match performance did not increase proportionally,
the models demonstrated stronger reasoning traces and
greater transparency in arriving at their solutions. This

distinction highlights the value of evaluating reasoning
systems using metrics beyond final-answer correctness,
particularly in applications where interpretability and
explainability are important.

The study also demonstrates the effectiveness of
parameter-efficient fine-tuning for reasoning
enhancement. A single LoRA configuration was
successfully applied across all evaluated architectures
without requiring model-specific redesigns, indicating
that lightweight adaptation can generalize across diverse
SLM families. The ability to improve reasoning
capabilities while updating only a very small fraction of
model parameters reinforces the practicality of PEFT
approaches for resource-constrained deployments.

From a deployment perspective, the framework
achieved meaningful reasoning improvements while
maintaining extremely low computational overhead.
Training was conducted entirely on consumer-grade
hardware with minimal additional memory requirements,
demonstrating that advanced reasoning capabilities can be
developed without reliance on datacenter-scale
infrastructure. This finding is particularly relevant for
educational institutions, small organizations, edge
deployments, and research environments where
computational resources are limited.

Collectively, these observations suggest that the
effectiveness of reasoning enhancement in SLMs depends
not only on model size but also on the alignment between
prompting strategies, model architecture, and adaptation
techniques. The results support the view that carefully
combining CoT prompting with parameter-efficient fine-
tuning offers a practical pathway toward improving
reasoning performance in compact language models while
preserving computational efficiency.

The ablation study revealed several noteworthy
findings. One of the most practically significant findings
concerns the Phi-3-mini model CoT prompting alone
resulted in reduced performance. For a model that is
already instruction-tuned, introducing a CoT prompt
format without corresponding fine-tuning creates a
conflict between the format the model was trained to
follow and the format the prompt is asking for. Model
performance consequently declines. LoRA adaptation
appears to mitigate this issue by aligning model
parameters with the new reasoning format, and the
recovery is substantial. These findings suggest that for
instruction-tuned SLMs, do not apply CoT prompting
without pairing it with fine-tuning. When applied in
isolation, CoT prompting may result in performance
degradation.

For models without instruction tuning TinyLlama and
Qwen2.5 CoT prompting provides immediate benefits by
encouraging more structured reasoning processes. The
step accuracy metric is particularly telling in these cases.
Step accuracy continues to improve even when exact-
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match accuracy remains relatively unchanged, which
suggests the models are developing stronger intermediate
reasoning processes, even when improvements in final-
answer accuracy are limited.

LoRA rank r = 4 with alpha = 16 held up across all
three architectures, keeping trainable parameter overhead
below 0.05% in every case. That is a meaningful result
practically it means the framework does not need to be
reconfigured per model to get reasonable results.

The improvement was statistically significant,
supporting the conclusion that LoRA adaptation mitigates
the instruction-format conflict.

Limitations and Challenges

Limitations of the current study include the utilization
of a maximum sequence length of 128 tokens during the
training and inference processes. Although such an
approach allowed us to conduct our experiments
efficiently using ordinary consumer equipment, we found
ourselves limited in terms of generating long enough
reasoning chains needed for complex, multistep reasoning
tasks. Specifically, it appears that although the models
showed progress in step by step performance with
increasing numbers of steps taken, their exact-match
scores did not improve accordingly in the case of
Qwen2.5-1.5B. We speculate that reasoning processes
may be cut off prematurely, failing to solve tasks to
completion. This truncation effect is also tokenizer-
dependent. Because the three models use different
tokenizers, an identical reasoning chain is segmented into
a different number of tokens in each, so a model with a
less token-efficient encoding reaches the 128-token
ceiling sooner. This interaction between tokenization and
the sequence-length cap, rather than prompting or fine-
tuning in isolation, is the most likely explanation for the
Qwen2.5-1.5B exact-match regression under
+CoT+LoRA, where step accuracy continues to rise even
as final answers are cut off. A further consideration
concerns pre-existing capability: Phi-3-mini and Qwen2.5
are instruction-tuned, whereas TinyLlama-1.1B-Chat is
only lightly chat-tuned, which raises their absolute
baseline scores and could bias a naive cross-model
comparison. Our ablation mitigates this by attributing
each technique’s contribution through within-model
deltas, that is, improvement measured relative to each
model’s own baseline, rather than through absolute cross-
model scores; the Phi-3-mini format-conflict result is
itself a direct consequence of prior instruction-tuning and
is therefore reported as a finding rather than treated as a
hidden confound.

Limited Training Budget

training procedure used for this work was designed to
be on the conservative side, with only two epochs used on
1,164 training instances. While all models showed clear

signs of stability and training losses decreased
consistently for each model, these experiments did not
determine the upper boundaries of what could be achieved
with more training iterations or other methods. More
epochs, additional data, application of learning
curriculum techniques, or even adaptive learning rates can
further enhance reasoning capabilities.

Self-Consistency and Reasoning Stability

A further interesting observation was the relatively
low self-consistency values obtained in multiple
experimental setups. Despite the enhancement of
intermediate reasoning quality via CoT prompting and
LoRA fine-tuning, the model often returned inconsistent
results, with multiple generations being needed before
reaching an agreement on the right answer. This points to
the existence of some form of reasoning instability that
cannot be detected via exact-match accuracy or step by
step metrics. These results show that even if the reasoning
quality improves, its reliability may stay unaltered. Future
research could take advantage of the training of
consistency metrics, self-checks for reasoning, etc.

Model Selection Scope

Three Small Language Models, namely TinyLlama-
1.1B, Phi-3-mini-4k-instruct, and Qwen2.5-1.5B, were
used for the analysis in this experiment. While the
architecture and use case of these small language models
might be different, the results are not generalizable across
other SLMs. There could be differences in the way CoT
prompting and parameter-efficient fine-tuning interact
depending on factors such as other types of training
approaches or pre-training methods.

Evaluation Metric Limitations

The evaluation criteria are formed on the basis of exact
match accuracy, step accuracy, self-consistency,
validation loss, and perplexity. Although all these
measures give useful information about the quality of
reasoning carried out by an agent, they do not sufficiently
take into account reasoning correctness and consistency.
In turn, the exact match accuracy can underrate a solution
that is partially right, while step accuracy is mostly
concerned with calculating numeric intermediate values.
Moreover, self-consistency was assessed based on a
relatively small number of reasoning instances equal to
three.

Generalization and Robustness Concerns

The proposed approach was tested in a controlled
environment using benchmarks. The real-life deployment
environment usually comprises noisy inputs, ambiguously
defined problems, adversarial examples, and domain
changes that may not be present in the benchmarks used
to test the algorithm. Thus, it is still unclear whether the

2627



Aryan Raina et al. / Journal of Computer Science 2026, 22 (8): 2617.2632
DOI: 10.3844/jcssp.2026.2617.2632

robustness of the proposed approach extends beyond the
controlled environment and holds true for practical
deployment.

Hardware and Resource Considerations

Although the framework was intentionally designed
for consumer-grade hardware, the experiments were
conducted on an NVIDIA RTX 4500 Ada GPU equipped
with 24 GB VRAM. This hardware configuration may
still exceed the resources available to many educational
institutions, small organizations, and edge deployment
scenarios. Performance, training time, and memory
utilization may vary considerably across lower-end
hardware platforms. Therefore, further optimization
through quantization, pruning, or mixed-precision
techniques may be required for broader accessibility.

Interpretability and Reasoning Faithfulness

While the model architecture was created with
consumer hardware in mind, the testing was done using
an NVIDIA RTX 4500 Ada GPU with 24 GB VRAM.
While such hardware is definitely more than enough to
run any machine learning experiment, it is also likely to
be out of reach for many academic environments, smaller
organizations, and edge computing applications. Thus,
further optimizing the model via quantization or mixed
precision might be necessary to accommodate less
powerful hardware systems.

Reproducibility Across Tasks and Domains

In conclusion, the current work concentrates on the
improvement of mathematical reasoning skills. While the
potential of using CoT prompts with LoRA fine-tuning for
other domains including medicine, law, science, software
development, and multimodal reasoning is not clear,
further studies should validate the findings in these areas
for the technique to be recognized as a general approach

for improving reasoning abilities of Small Language
Models.

Practical Implementation

The hardware requirements here are genuinely
accessible by research standards (Table 6). TinyLlama
trains in around 60 minutes on 4 GB VRAM, the
minimum viable on almost any modern GPU. Phi-3-mini
needs 12 GB and around two hours, which puts it within
reach of mid-range consumer cards. Qwen2.5 sits at 16
GB and 90 minutes, reasonable for anyone with a higher-
end consumer or entry-level workstation GPU.

Comparison With Prior Works

Compared against prior work on GSMSK, the
accuracy numbers here are lower than methods using full
fine-tuning on larger models. This outcome is expected
given the differences in model scale and training
methodology. A more appropriate comparison concerns
computational efficiency and resource requirements:
prior methods achieving 20-35% GSMS8K accuracy
(Plaat et al., 2026) typically rely on full parameter
updates across models ranging from 1.5B to 540B
parameters, requiring datacenter-scale hardware
estimated at $200-$1,000+ per run. Our framework
touches fewer than 0.051% of parameters, trains on a
single consumer GPU, and costs under $0.31 per model
in electricity (Table 7; Fig. 7).

The comparison with prior studies presented in Table
7 reveals a trade-off between accuracy and computational
efficiency. On raw exact-match accuracy alone, the
orange bars representing our three configurations sit
below most of the prior methods: Fu et al. (2023) at
roughly 35% and Magister et al. (2023) at roughly 20%
are clearly higher than our best result of 16.0% with Phi-
3-mini.

Inference Speed & Memory Efficiency
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Fig. 6: Inference speed (tokens/sec, left) and peak VRAM (GB, right) across all models and configurations. All models remain within
the 16 GB threshold; LoRA adds minimal memory overhead
Comparison with Prior Works on GSM8K

This Work (Phi-3-mini)

This Work (Qwen2.5)

This Work (TinyLlama) 2.2%
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Fig. 7: GSM8K exact match accuracy comparison. Orange bars = this work. Prior methods use larger models (1.5B—540B) with full
fine-tuning; our framework uses LoRA with fewer than 0.05% trainable parameters on consumer hardware

Table 7: Comparison with prior works on GSM8K. Primary contribution is parameter efficiency, not peak accuracy. T Cost

estimates; exact figures not published in original papers

Work Method Model Size  GSMSK Acc. Trainable  Min. VRAM Est. Cost
Wei et al. (2022) CoT Prompting 540B — 100% >1 TB ~$1M+
Magister et al. (2023) CoT Distillation 1.5B ~20% 100% ~40 GB ~$200-500+
Fu et al. (2023) Specialization 7B ~35% 100% ~80 GB ~$500-1,00071
Ranaldi and Freitas (2024)  CoT Transfer 7B ~28% 100% ~80 GB ~$500-1,00071
This Work (TinyLlama- CoT + LoRA 1.1B 2.2% 0.051% 4GB $0.08
1.1B)
This Work (Qwen2.5- CoT + LoRA 1.5B 12.8% 0.035% 16 GB $0.31
1.5B)
This Work (Phi-3-mini) CoT + LoRA 3.8B 16.0% 0.041% 12 GB $0.23

As shown in Fig. 7, the proposed framework achieves
lower exact-match accuracy than several prior
approaches. However, the figure also highlights that those
higher bars are produced by full fine-tuning of much
larger models (1.5B-540B parameters) on infrastructure
that costs hundreds to thousands of dollars per run, while
our bars come from updating fewer than 0.05% of
parameters at a per-model electricity cost under $0.31.
The primary contribution of this work lies in achieving
competitive reasoning performance while substantially
reducing training cost and computational requirements,”
which is the trade-off the orange-versus-non-orange
contrast is designed to communicate.

Future Directions

Several directions for future research emerge from the
limitations identified in this study. Longer sequence
lengths of 256 to 512 tokens may alleviate limitations on
reasoning-chain depth imposed by the current sequence-
length constraint, particularly for Qwen2.5. Extended
training budgets of 5-10 epochs would help establish
whether the convergence trends continue. Consistency-
focused training objectives and knowledge distillation

from larger teacher models (Gou et al., 2021) both
represent promising directions for future investigation.

Cross-domain evaluation on commonsense reasoning
benchmarks like HellaSwag, ARC, and yes/no question
datasets (Clark et al., 2019), and additional mathematical
benchmarks like SVAMP and MATH, would also help
establish whether the improvements seen here generalize
beyond the specific datasets used.

Conclusion

This study investigated whether the combination of
Chain-of-Thought prompting and LoRA fine-tuning can
improve multi-step reasoning performance in Small
Language Models and examined the contribution of each
component through systematic ablation: can small
language models be made meaningfully better at multi-
step reasoning by combining Chain-of-Thought
prompting with LoRA fine-tuning, and if so, what does
each technique actually contribute? After running 9
experiments across 3 models and 3 configurations, the
results indicate that the proposed combination is effective,
although its impact varies across model architectures and
experimental conditions.
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The strongest performance was achieved by Phi-3-
mini-4k-instruct, which reached 16.0% exact match and
61.7% step accuracy under +CoT+LoRA, a 95%
improvement over its own baseline. An equally important
finding concerns the behaviour observed prior to fine-
tuning: CoT prompting alone dropped Phi-3-mini’s exact
match by 44%. This observation highlights the value of
component-level ablation analysis in a study that only
tested the combined configuration. This finding suggests
that for instruction-tuned models, CoT prompting and
LoRA adaptation may exhibit strong interdependence in
instruction-tuned architectures. One without the other can
actively make things worse.

Step accuracy improvements held up across every
model and every configuration TinyLlama (+23.6 pp),
Phi-3-mini (+20.9 pp), Qwen2.5 (+18.1 pp) representing
the most consistent trend observed across all experimental
configurations. Even where exact match stalled or
regressed, the models consistently demonstrated
improvements in intermediate reasoning quality. That
matters independently of final answer accuracy,
especially in applications where interpretability and
reasoning transparency are priorities.

From a computational perspective, the results
demonstrate the efficiency of the proposed framework.
LoRA rank r = 4 with alpha = 16 was sufficient across all
three architectures, keeping trainable parameters below
0.05% of total weights roughly 2,000 times fewer than full
fine-tuning approaches. Everything ran on a single
consumer GPU at under $0.31 per model, with no cloud
dependency at any point.

Several limitations should be acknowledged. The 128-
token sequence length constraint likely constrained exact-
match performance on complex problems, particularly for
Qwen2.5 where step accuracy gains did not translate into
final answer improvements. The 2-epoch training budget,
while sufficient for convergence, is conservative. Self-
consistency scores staying low across most configuration
points to output instability that better training objectives
could address.

These limitations also identify several opportunities for
future research. Longer sequences, extended training,
consistency-focused objectives none of these require
fundamental changes to the framework. The proposed
framework demonstrates the feasibility of the approach.
Overall, the findings demonstrate that capable, reasoning-
oriented SLMs are achievable without datacenter hardware
or large training budgets, thereby expanding the feasibility of
Al deployment in resource-constrained environments.
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systems, checking for unfair patterns needs serious attention,
and clarity about what they cannot do must stay front and
center. Opening doors wider also opens chances for harm, so
how these systems are rolled out matters far more than
simply letting anyone use them.
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