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Introduction

Historically, (Rguigui, 2015) solved a first nonlinear
order ordinary differential equation:

%-ra t)y=B(t)y". (1)

where, o(t) and p(t) are differentiable functions and
keRis fixed. The Equation (1) is called Bernoulli’s
equation, it has applications in mathematics, physics and
engineering because it’s non-linear differential equations
and by substitution the Equation (1) becomes a linear
with exact solutions. Bernoulli’s equation is very
important generally in various fields. Bernoulli improved
his concept form his monitoring on liquids and his
equation is fair only to incompressible fluids and study
compressible fluids up to closely Mach number. It is
probably to use the basic general rules of physics to
improve same equations relevant to compressible fluids.
There are various equations, each one adopt for a
specific application, but whole are similar to Bernoulli’s
equation and all depend on the basic general rules of
physics such as Newton’s laws of motion or the first law
of thermodynamics. Bernoulli’s equation is occasionally
valid for the flow of gases: As long as there is no transfer
of kinetic or potential energy from the gas flow to the
compression or expansion of the gas. In case the gas
pressure and volume change together, then work will be
done on or by the gas. In this situation, Bernoulli’s
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Abstract: The work shows the g-deformation of Bernoulli’s equation, g-
derivative and g-calculus are used to form a g-analogous of Bernoulli’s
equation. We introduce the theorem of g-Bernoulli’s equation.
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equation in its incompressible flow form cannot be
assumed to be useful. However, if the gas process is
completely isobaric, or isochoric, then no work is done
on or by the gas, so the simple energy balance is not
disturbed. Consequently to the gas law, an isobaric or
isochoric process is generally the only way to prove
constant density in a gas. In mathematics, a g-analogues
of a theorem, is identify or expressed a generalization
that covering a new parameter g that finding the basic
theorem, identity or expression in the limitas g — 1. In
the most cases mathematicians are interested in Q-
analogues that arise basically, rather than in arbitrarily
formulate of g-analogues of definite results. The earliest
g-analogues studied in specifics of the basic
hypergeometric series, which was presented in the 19th
century. g-analogues are most commonly studied in the
mathematical fields of special functions and
combinatory. In these situations, the limit g — 1 is often
formal, as q is often discrete-valued, it may represent as
a prime power. g-analogues has applications in a number
of fields, involving the study of fractals and multi-fractal
measures and terms for the entropy of chaotic dynamical
systems. The relation between fractals and dynamical
systems results as due to many fractal patterns have the
symmetries of Fuchsian groups in general as the modular
group in particular. The relationship between hyperbolic
geometry and ergodic theory, where the elliptic integrals
and modular forms play a basic role; the g-series
themselves are approximately related to elliptic integrals.
g-analogues also can be seen in the study of quantum
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groups and in g-deformed super algebras (Abdi, 1962;
Adams, 1928; Gasper and Rahman, 1990; Jackson, 1910;
Leeuwen and Maassen, 1995). The g-calculus and g-
derivative have applications in number of areas such as
mathematics, hyperbolic geometry, number theory,
physics, engineering and quantum calculus. Rguigui
(2018b) reformed g-Euler equation, (Alanazi et al.,
2020) expanded that the falling body problem and
pointed that the exact solutions acquired by using g-
calculus decreased to the corresponding solutions in
classical mechanics when the quantum parameter q
approach to one. Kac and Cheung (2001) introduced a g-
analog of classical derivative of binomial theorem and
Taylor’s theorem. Adams (1928) solved transonic gas
equation by using g-derivative and show that the huge
different between classical solution and a new g-
analogous solution of transonic gas equation. Akca et al.
(2019) solved many differential equations by using g-
calculus. This article issued by follows. In section 2 we
give some notations and definitions of g-calculus,
section 3 includes the main principles of g-derivative.
Finally, section 4 introduced g-deformation of
Bernoulli’s equation by using g-derivative.

g-Calculus

In this part, some notations and definitions on the g-
calculus are submitted.

Definition 2.1

A g-analogues of a number is define by:

[n], =

_l+q+q +.. +q“[0] =0.

1

1-

lim 42—

lim [n] = .
N+ —

n—-+o0

Definition 2.2

A g-Factorial of natural number [n]q! is define by:

[n]q!_{lnhx[n—lqu---x[equmq,

1

n=12,..
n=0.

Definition 2.3

A g-Binomial coefficients is define by:
[ty
k] [k],[n-k],!

Definition 2.4
A g-analogues of (x-a)" is defined by:

215

n-1 n

=~

=0

g-Derivative

The derivativation of a function f with respect to x is
defined by:

There are different definitions of the derivative of a
function as p-Derivative and g-derivative. A g-derivative
Dqf of a function f is defined by:

_ () - f(ax)
(qu)_ (l—q)x

And (D4f)(0) = f ’(0) provide f '(0) exists. The key
concept is g-derivative operator defined as follows when
qe(0, 1):

X #0.

df
—=lim

dx g1

. f
=lim
q-1

(Daf)

if f is differentiable. For an example, we can calculate
the Dq(x%):

3 XS_(qX)3 2\ 2 3
D, (x ):W:(1+q+q )x* =3x
And:
X"~ (ax)"

Dq(x“):

=(1+q+g*+..)x" =[n] x™*

(1-a)x

If given f, g is differentiable functions, then Dq has the
property of the linearity, that for any constants a and b:

D, (af +bg)=aD, f +bD,g

The g-derivative of product and the quotient rule
applies:

Dq ( f (X)Q(X)) =f (X)Dqg(x)+ g(qx)Dq f (X)

9(x)g(ax)
The product and quotient rule are modified but it closed
to the ordinary product and quotient rule when g — 1.
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There is no general chain rule for g-derivative, an
exception is u(x) = ax®

D, f (u(x)) :(Dqk f )(u(x)) D,u(x).

For the higher order of g-derivative (Wang and Chu,
2018). It is known as:

DZf (x)=D,(D,) f(x)
and:
D; f (x)=D, (D) f(x) for n=2,34...
with the form that D;f(x)= f (x) for the operation of

identity. In general we preset the following explicit
formula:

3 (?qu) f(ax)

anywhere the g-shifted factorial of x is presented by (x;
Q)o=1and:

I (lfxq") forn=12,...
k=0

g-Deformation Bernoulli’s Equation

As an g-analogous of (1) we deduce a new formula of
g-Bernoulli’s equation as follows:

D,y +a(t)y=A(t)y" 2

Theorem 4.1

For ge(0, 1), the solution of the g-Bernoulli’s
equation is presented by:

y(t)=y(a't)
+§qi*1(1 q)[_a(qult)y(qult)+ﬂ(q"lt)yk (qj’lt)]
Proof

Let Dgy + oft)y = B(t)y* then, the g-derivative with
respect to tis:

y(t)-y(at)=-t(1-a)a(t)y(t)+t(1-a) A(t)y" ()
y(qt)-y(a’t)=—qt(1-q)a(qt)y(at)+qt(1-q)B(qt)y* (at)
y(a’t)-y(a’t) =—a’t(1-q)a(a’t) y(a’t) + a’t(1-q) B(a’t)y* (at)
y(a’t)-y(a* )= t(1-q)e(a’t)y(a’t)+at(1-a)B(a’t)y* (at)
y(q“t)—y(q‘t).=—q“t(l—q)a(qj’*)y(q"’t)+qj’lt(l—q)ﬂ(qj’]t)y“(q"”t)
Thus:
y(t)—y(qjt)=qu”t(l—q)[—a(q"’lt)y(qj’lt)+ﬂ(qj’1t)yk(q“t)]
y(0)=y(a't)+ ZQ’“ Q) -a(a”t)y(a" )+ p(a" 1)y (a )]
Remark 1
If j — oo we deduce that:
Y(0)-y(0)+ 20 t(1-0) (@ t)y(a )« (1) (0]
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Remark 2

In this study we introduced the g-analogue
Bernoulli’s equation. A free analogue of some nuclear
algebras of operators acting on space of holomorphic
functions on a free analogue complexification of real
nuclear space can be studied and we expect to develop a
new quantum white noise analogue of free-Bernoulli’s
equation (Rguigui, 2015; Parker, 2013; Rguigui, 2016a-
b; 2018a-b; Altoum, 2018).
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