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Introduction s 9k(9—0c) (1.4)
Kk — 7 \T . .
The optimization formula that we utilized is as (9 - QH)T Gy
follows:
:
min__ £ (x), Ly pR=O (1.5)
XeR gk—lgk—l
where f:R"—R is a nonlinear, continuously differentiable ol (g _g )
function, and its gradient is denoted by g(x), which should e o O T (1.6)
be available, when applied to solve the problem (1.1), Ok -1k
starting from an initial point x; € R" and follows the
iteration formula: o r
A= g , (L.7)
Xk+1 = Xk + akdk, k= 0, 1, 2, ey (12) K
where ok > 0 is a step-size. The step-size is determined by 5 - N (gk - oK —1) (18)
some line search and dy is the search direction defined by: ‘ df 0., '
-9 if k=0, or T
deo=¢ " _ w3 A =28 (L9)
g, +Ad, ~1ifk>1 (90— 9c)di
where, g« = Vf (x) is the gradient of f () and /i is a scalar. The other types of the conjugate gradient methods can
The famous classical CG methods formulas for 5 are: be obtained based on the corresponding different choices
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for important scalars f. Therefore, to get an efficiency in
practical computation and robust convergence, the scalar
must satisfy the global convergence and obtained choicely
performance in computation. Historically, the linear
Conjugate Gradient (CG) method had been suggested by
Hestenes and Stiefel (1952); for solving symmetric
positive definite linear systems of equations in
Hestenes and Stiefel (1952) and nonlinear conjugate
gradient scalar is proposed for solving linear systems of
equations, independent, that is:

s _ 9 (gk - gk—l) . (1.10)

(gk - gkf1)TdH

Polak and Ribiére (1969; Polyak, 1969), proposed
nonlinear conjugate gradient scalar for solving
unconstrained independent optimization problems, that is
given as the following:

PRP M (gk - gk—l)
= Hz

(1.11)
|91

The PRP and HS methods have excellent performance
in practical computation, due to their possession of an
approximate restart feature when jamming occurs.
Nevertheless, their convergence properties don’t seem to
be perfect(Jiang and Jian, 2019). The global convergence
of the PRP method with exact line search has been
established by (Polak and Ribiére, 1969) under a powerful
convexity assumption for f. The numerical performance
of the FR method (Fletcher and Reeves,1964); conjugate
gradient method has often been much slower than that of
the PRP conjugate gradient method (Awad Abdelrahman,
2020). (Gilbert and Nocedal, 1992), proceeded
classificatory analysis and an exhibited that the PRP method
is globally convergent if PRP is constrained to be non-
negative and axis determined by a line search step satisfying

.. .y 2 .
the sufficient descent condition gid, <—c|g,| . According

to, the standard Wolfe conditions (Liand Li, 2011), proposed
two derivative-free approaches stood on modified PRP
conjugate gradient techniques for solving large-scale
nonlinear equations. Moreover, the numerical efficiency of
the PRP method is principally associated with an automatic
restart feature that avoids jamming (Powell, 1977).

In this study, in order to obtain sufficient descent
condition without line search, we do a little analysis on
the method of PRP (1.11).

Analysis Attributes of PRP Method

Before narrating the attributes of PRP scalar, we
introduce the following assumption, which is a very
important to study the functions behavior.

Assumption A

f(x) is bounded below on the level set on R"and is
continuously and differentiable in a neighborhood N of
the level set T'= {x e R"| f (X) < f (x0)} at the initial point
Xo, there exists a constant B > 0 such that

IX —y|<B,vx,yeN. (2.2)

The gradient g(x) = Vf (x) is Lipschitz continuous in N
, S0 a constant L > 0 exists, such that;

la() - g(y)| < L|x~y]|, for any x,yeN (2.2)

By using the Assumption of f, there exists a constant
T 2 0 such that:

Hg(X)HSrVXeF. (2.3)

The following is significant attributes of PRP (1.11)
method, which have been utilized in establishing the
sufficient descent condition in the intervals (0,1) and (1,c0).

T —
o M P glgk; . (2.4)
o | Z

From (2.4), if gig,,<0 , then:

=00y [9cllod] _lo.]
[ L [

1 _gﬁngl <1+ Hgkle
lok| gk

From above inequality and (2.4), we have:

0< pB° Sﬂkm 4 Hng: - HgHH =B {1+ g“}
Joc s ol )

0< B uB™ ,where, u >1,/4:1+M

Jo

From (2.5), 77" is positive and belong to the interval
(1,00) and also.
—-gx0,, >3 >0, where 5¢(0, 1) and from (2.3):

<L (2.6)
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From (2.4) and if g/ g, , >0 , then:

<90 Jodloc] o
ol el el

00, Jodlo] _Jo.|
ol lad”  lod”

O<y<

where, v is small real number, ye (0,1):

|9,

gkgk1>1 Hg Hv
k

Multiply the above inequality by AR, we obtain:

1-y21-

ﬂkFR [1_ gk-l] ﬂkFR {1 gk O 1} ﬂkFR(l—V)x
o] Hng (2.7)
_ﬂkFR < ﬂkFR - % < IBPRP < ﬂ fl-p)< :BkFR
Oy
BT < B < BT whereg <00 < & <1. (2.8)

Observe that in case of g{g,, >0,the A" is in the

interval (0,1) and the PRP method may not satisfying the
sufficient descent condition in this interval (Gilbert and
Nocedal, 1992); So we try to overcome that defect by
obtaining the sufficient descent condition without line
search in this interval. Furthermore, from (2.7), we obtain
the following results:

Jo.[
o]

lo

oS
ol

- 2
|-

s

ol Hng ~00s _
gkfl

2
o]

2 (1_7)1

Multiply the above inequality by Hgk_lH2 we obtain:

o <loul ~loulloc.l < o[ - o7ow<Jo.l @,

Subtractions the above inequality by ||gk||2 , We obtain:

2o <fo.lloc| < -gisc-rlad

From above inequality, we get:

7o <loci<2]ol: (2.9)

13

and:

0<glg.,<2]o." (2.10)

Sufficient Descent Condition

The following theorems present the proof of the
sufficient descent condition for the PRP method without
using the line search.

Theorem 3.1 Let 991 =0 where 4= AP < uAF®
if u >1 given in (2.5). For any X: € R" consider the
sequence {x«}, which is generated by (1.2) and (1.3), then
the following inequality holds:

07d, <—cfg,[ vk >0, (3.1)

where:

52

c=2- .
6% — ur?

Proof. We prove this Theorem by induction. We begin
proving the descent condition g;d, <0 as follows. For k
=0, is true g!d, =—H90H2§0, supposing that g'd, <0
holds for i<k-1we deduce that the sufficient descent
condition holds by proving that g'd, <0 holds for i =k

as follow. Consider i = k, we have the following properties
without line search:

dy ==9¢ + By - (3.2)
We multiply (3.2) by g**, to obtain:
Okt = =9k s + A Giabiss
Gk1 k[ J ~¢ Gt + A9,
3.3
H H )7 Ok 9s + B Geabiss 53
gl _ 1+ B9 1di Y
Hngz gk (4
Also we multiply (3.2) by g, * we get:
g:dk :_Hngz +ﬁkgl— k-11
g:dk 1+ B9y (3:4)
2
o Jof
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From (3.3) and (3.4), we have:

ﬁkglfldkflz_ ﬂkgkl kl
Oy G
%0 Jo.[f 35)
9ty _ 9ydiy
50 o

We substitute (3.5) in (3.4) and from (2.5), we get:

‘qukHz gl:—ldk—l
o] 970,

9.9, _
2
o]

< 14 ‘ugklkl Hng
lo [ | 970 |

From (3.6) and (2.6), we obtain:

Be9ibis —<_
OcOis

(3.6)

2 T
r Ol s

9¢d,
=-1+u
% o

Jo.J

Repeating this process and using the fact that

2

gld1 :_Hg1 )

e _
2
o]

which implies that:
52
8% —ur

>

Therefore, we can deduce that (3.1) holds fork >1.

Theorem 3.2. Let 991> Owhere, 4= APRP < £ AR
such that 0 < &< 1 is given as (2.8). For any x; € R",
consider the sequence {xx} generated by (1.2) and (1.3),
then the following inequality holds:

g[dkg—cHng2 vk >0, (3.7

where:

2

r2—2&

c=<2-

Proof. We prove this Theorem by induction. We begin
to prove the descent condition g;/d, <0 as follows. For k
=0, is true gld, :—Hgonso, supposing that g'd, <0
holds for < k -1,we deduce that the sufficient descent
condition holds by proving that g/d, <0 holds fori =k as

follow. Consider i = k, we have the following properties
without line search.

14

We multiply (3.2) by gk we obtain:

gldk = _Hngz + B g:dk—l’

ord, <o + &8 gldy =] + &4

o]
Jow

From (2.9), (2.10) and the above inequality, we get:

ol . o

|9

2 g;gkfl

ord, <o, +¢

|-

o+ Z o S,
o
g,d, <_ gggfldtﬂ
2= 2 7
o |9

Repeating this process and using the fact that

o7d, =|a,[" , which implies that:
g:dk < o4 7 .
o~ 772

Therefore, we can deduce that (3.7) holds for k > 1.

Conclusion

In this study, based on (Polyak, 1969), we have
established only sufficient descent condition without
line search. The proofs of the sufficient descent
condition under the following conditions 0 < &PRP < g
BfRand 1 < APRP < & PR, where 0 < £ < 1and u >1,
for the method of PRP. Moreover, this study opened
many keys for established the global convergence of
the method of PRP in two cases.
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